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Fall 2024

This entire exam is an exact replica of Fall 2013.

Spring 2024

Spring 2024-1. (a) Show that the Lie group SL2pRq “ tA P M2ˆ2pRq | detpAq “ 1u is diffeomorphic
to S1 ˆ R2.

(b) Show that the Lie group SL2pCq “ tA P M2ˆ2pCq | detpAq “ 1u is diffeomorphic to S3 ˆ R3.

(Hint to both parts: normalize the first row vector.)

Hint: Polar decomposition for both parts, orthogonal/unitary and positive definite hermitian/symmetric.
Then SO2pRq – S1 and SU2pCq – S3.

This is exactly Fall 2012-1.

Spring 2024-2. Let
RPn “ pRn`1 ´ t0uq{px0, . . . , xnq „ tpx0, . . . , xnq,

for all px0, . . . , xnq P Rn`1 ´ t0u and t P R ´ t0u be the real n-dimensional projective space, and let
X “ trpx0, . . . , xnqs P RPn | x0 “ 0u, where rpx0, . . . , xnqs is the equivalence class of px0, . . . , xnq. Is it
possible to find a smooth map f : RPn Ñ R with 0 P R as a regular value and preimage f´1p0q “ X?

Hint: Not possible. RPn´X is connected so f is either always positive or always negative on RPn´X which
means that it has local minima (or maxima) at points in X. Thus, df “ 0 at points in X, contradicting 0
being a regular value and f´1p0q “ X.

No, this is not possible. Suppose f : RPn Ñ R was such a map. Note that we have

RPn ´X “ trpx0, . . . , xnqs P RPn | x0 ‰ 0u.

This maps diffeomorphically to Rn by

rpx0, . . . , xnqs ÞÑ

ˆ

x1
x0
, . . . ,

xn
x0

˙

;

in fact, this map is exactly one of the natural charts that make RPn into an n-manifold. Thus RPn ´ X is
connected. In particular, this implies that f is either always positive or always negative on RPn ´ X since
R´ t0u has R` and R´ for connected components and fpRPn ´Xq Ă R´ t0u must be connected. Without
loss of generality, assume f is always positive on RPn ´X.

Now, we know that f is zero on X so f is always nonnegative, implying that f has (local) minima at all
points in X. Take p P X, let v P TpRPn and let γ : p´ϵ, ϵq Ñ RPn be such that γp0q “ p, γ1p0q “ v. Then,

dfppvq “ dfppγ1p0qq “ dfppdγ0p
d

dt
qq “ dpf ˝ γq0p

d

dt
q “

d

dt
pf ˝ γq|t“0 “ 0,

where the last equality comes from f ˝ γ having a (local) minimum at t “ 0. But this was true for arbitrary
v P TpRPn, showing that dfp : TpRPn Ñ T0R – R is identically 0 so p is not a regular point of f , implying
that 0 cannot be a regular value of f.

Spring 2024-3. Let M Ă N a compact submanifold of codimension ě 3. Show that if N is connected
and simply connected, then so is the complement N ´M .
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Hint: Homotope a path in Rn to one that is transversal to M and show this must not intersect M . Use
extension theorem on a homotopy from r0, 1s ˆ r0, 1s Ñ M with C “ t0, 1u ˆ r0, 1s Y r0, 1s ˆ t0, 1u a closed
subset with the image of H|C transverse to M .

This is exactly Fall 2015-6 (changing Rn for N doesn’t change anything as long as N is connected and simply
connected).

Spring 2024-4. Let M,N be closed oriented n-manifolds with N connected. Show that if f :M Ñ N
has nonzero degree, then f˚ : H˚

dRpN ;Rq Ñ H˚
dRpM ;Rq is injective. (Hint: First show that f˚ :

Hn
dRpN ;Rq Ñ Hn

dRpM ;Rq is injective.)

Hint: Use definition of degree as f˚ being multiplication by degpfq to show the hint. Then, use Poincaré
duality, non-degenerate pairing.

First, we note that the degree of f satisfies

f˚ : Hn
dRpN ;Rq “ R Ñ Hn

dRpM ;Rq “ R is given by a ÞÑ degpfq ¨ a.

I.e., on top cohomology, f˚ is precisely multiplication by degpfq. Thus, if degpfq ‰ 0, it is clear that
f˚ : Hn

dRpN ;Rq Ñ Hn
dRpM ;Rq is injective. Now, suppose that ω P Hk

dRpN ;Rq is nonzero. Then, ω ^ η ‰ 0
for some η P Hn´k

dR pN ;Rq by Poincaré duality as the pairing Hk
dRpN ;Rq ˆ Hn´k

dR pN ;Rq Ñ Hn
dRpN ;Rq is

non-degenerate. Since f˚ is injective on top cohomology, we have f˚pωq ^ f˚pηq “ f˚pω ^ ηq ‰ 0, implying
that f˚pωq ‰ 0 so indeed f˚ is injective in all degrees of cohomology so is injective on the cohomology ring.

Spring 2024-5. Find two vector fields X and Y on R3 such that X,Y, rX,Y s are everywhere linearly
independent.

Hint: X “ ex B
Bx , Y “ ey B

By `x, rX,Y s “ 1. Corresponding matrix is upper triangular with nowhere vanishing
determinant.

Using the standard x, y, z coordinates on R3, take

X “ ex
B

Bx
, Y “ ey

B

By
` x, rX,Y s “ 1.

At the point p “ px, y, zq P R3, the matrix corresponding to Xp, Yp, rX,Y sp is

A “

¨

˝

ex x 0
0 ey 0
0 0 1

˛

‚,

which has determinant detpAq “ exey “ ex`y. This is never 0 since ex`y ą 0 for all x, y P R so these Xp, Yp,
and rX,Y sp are everywhere linearly independent.

Spring 2024-6. Let X be a topological space and p P X. Let Y be the topological space obtained
from X ˆ r0, 1s by contracting pX ˆ t0, 1uq Y ptpu ˆ r0, 1sq to a point. Describe the relation between the
homology groups of X and Y .

Hint: rHnpΣXq “ rHnpSXq “ rHn´1pXq for all n ě 1 and H0pΣXq “ Z. Because ΣX “ SX{ptpu ˆ r0, 1sq so

look at long exact sequence. Get rHnpSXq from Mayer-Vietoris.

This is exactly Spring 2016-9.
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Spring 2024-7. Exhibit a space whose fundamental group is isomorphic to pZ{mZq ˚ pZ{nZq, where
Z{kZ denotes the integers modulo k and ˚ denotes the free product. Also exhibit a space whose
fundamental group is isomorphic to pZ{mZq ˆ pZ{nZq.

Hint: Attach via z ÞÑ zk to get Z{kZ. Wedge sum and product of these spaces.

This is exactly Spring 2016-7.

Spring 2024-8. (a) Define what it means for a covering space to be regular.
(b) Give an example of an irregular covering space of the wedge sum S1 _ S1.

Hint: Subgroup xa2, b2, aba´1, bab´1y Ă xa, by. Corresponding cover has three vertices with a loop on left
one, b loop on right one and base point in the middle.

This is exactly Spring 2014-7.

Spring 2024-9. (a) Show that a nonsingular linear A : Cn`1 Ñ Cn`1 induces a smooth map ΦA :
CPn Ñ CPn.

(b) Show that the fixed point of ΦA correspond to eigenvectors of the original matrix.
(c) Show that ΦA is a Lefschetz map if the eigenvalues of A all have multiplicity 1.
(d) Show that the Lefschetz number of ΦA is n` 1.

Hint: pdϕAqx has no fixed points for any eigenvector x of A. Use local coordinates. Since we can homotope
anywhere by connectedness, use A “ diagp1, 2, . . . , n` 1q to use part (c) so Lefschetz number is sum of local
Lefschetz numbers which are all `1 so answer is n` 1.

This is exactly Spring 2013-6.

Spring 2024-10. Consider the following subsets of R3:

A “ tp0, 0, zq | z P Ru,

B “ tpcos θ, sin θ, 0q | θ P Ru,

C “ tpcos θ, sin θ ` 5, 0q | θ P Ru.

Show that R3 ´A´B and R3 ´A´ C are not homeomorphic.

Hint: Fundamental groups of R3 ´ pAYBq and R3 ´ pAY Cq are different.

This is essentially the same as Fall 2021-10.

Fall 2023

Fall 2023-1. Consider the space of all straight lines in R2 (not necessarily those passing through the
origin). Explain how to give it the structure of a smooth manifold. Is it orientable?

Hint : f : X Ñ RP2, ax ` by ` c “ 0 ÞÑ ra : b : cs P RP2 is a bijection onto its image which is
RP2

´ tr0 : 0 : 1su. Not orientable since RP2 is not, double cover S2 Ñ RP2.

This is exactly Spring 2016-1.
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Fall 2023-2. Let ω be a closed 2-form on a smooth manifold M and let X,Y be smooth vector fields
on M . Show that if iXω “ iY ω “ 0, then irX,Y sω “ 0.

Hint: Show irX,Y sω “ rLX , iY s: Compute right hand side using piY ωqpV1, . . . , Vk´1q “ ωpY, V1, . . . , Vk´1q

and pLXωqpV1, . . . , Vkq “ XpωpV1, . . . , Vkqq ´
řk
i“1 ωpV1, . . . , Vi´1, rX,Vis, Vi`1, . . . , Vkq. Or use chain rule

for Lie derivative. Then Cartan’s magic formula and assumptions finish it.

By Spring 2020-4, we have

irX,Y sω “ rLX , iY sω “ LX iY ω ´ iY LXω “ ´iY pdiXω ` iXdωq “ 0,

where we have used Cartan’s magic formula, the fact that dω “ 0 since ω is closed, and the assumption that
iXω “ iY ω “ 0.

Fall 2023-3. Consider the map df : ΩipMq Ñ Ωi`1pMq given by ω ÞÑ dω ` df ^ ω, where M is a
smooth manifold, ΩipMq is the set of smooth i-forms on M , and f is a smooth function on M .

(a) Show that df is a cochain map, i.e., df ˝ df “ 0.
(b) LetHi

f pMq be the ith cohomology group of the cochain complex pΩipMq, df q. Show thatH0
f pMq –

R when M is the real line R.

Hint: Just directly compute. Ω1pRq “ tgdx | g P Ω0pRqu. Then d : Ω0pRq Ñ Ω1pRq is just taking the
derivative under this identification so df : g ÞÑ g1 ` gf 1 has kernel tae´f | a P Ru which is isomorphic to R.

(a) Let ω P ΩipMq. We compute

df pdf pωqq “ df pdω ` df ^ ωq “ dpdω ` df ^ ωq ` df ^ pdω ` df ^ ωq

“ ddω ` ddf ^ ω ´ df ^ dω ` df ^ dω ` df ^ df ^ ω

“ 0 ` 0 ´ df ^ dω ` df ^ dω ` 0 “ 0,

where we use the facts that d2 “ 0 and that df ^ df “ 0 since df is a 1-form.

(b) By definition, Ω´1pMq “ 0 so

H0
f pMq “ kerpdf : Ω0pMq Ñ Ω1pMqq.

With M “ R, we know that Ω0pRq “ C8pRq is simply the group of smooth functions from R to R under
addition. By Poincaré duality, we can canonically identify Ω1pRq with the group of smooth functions from
R to R since every 1-form on R is equal to fdx for a unique smooth function f : R Ñ R.

With this identification, we note that the standard differential operator d : Ω0pRq Ñ Ω1pRq sends a function
g to its standard derivative g1. So df sends g to g1 ` gf 1. We can solve g1 ` gf 1 “ 0 using integrating factor
to get kerpdf q “ tae´f | a P Ru. Clearly this is isomorphic to R via a ÞÑ ae´f .

Fall 2023-4. Let X and Y be submanifolds of Rn. Prove that, for almost all a P Rn, the translate
X ` a :“ tx` a | x P Xu intersects Y transversely.

Hint: Show F : X ˆ Rn Ñ Rn, F px, aq “ x` a is transverse to Y . Thom’s transversality theorem.

This is exactly Spring 2016-2.

Fall 2023-5. Let T 2 “ R2{Z2 be the 2-dimensional torus and let C be the curve which is the image of
the line t2x´ 5y “ 0u Ă R2 under the projection R2 Ñ R2{Z2.

(a) Write a differential form on T 2 which represents the Poincaré dual to C.

(b) Is there a differential form which represents the Poincaré dual to C and is zero on a neighborhood
of the point p0, 0q P T 2?
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Hint: Expand and solve in terms of the generators of the exterior algebra dx and dy. (b): Ball diffeomorphic
to to open ball in Rn. Bump function ϕ. i˚pωq closed implies exact so find η with dη “ i˚pωq. τ “ ω´dpϕηq

works.

(a) This is exactly the same as Spring 2014-5 but with the line 2x “ 5y instead so the dual is 2dx´ 5dy.

(b) Yes: since T 2 is a closed manifold, this follows from Spring 2022-2.

Fall 2023-6. Compute the integral homology groups of the complex projective space CPn. If n is even,
prove that it does not cover any manifold except itself.

Hint: Attach by ϕn : e2n Ñ CPn, pz0, . . . , zn´1q ÞÑ rz0, . . . , zn´1, ts, t “

b

1 ´
řn´1
i“1 zizi. H˚pCPnq “

Zp0q ‘ Zp2q ‘ ¨ ¨ ¨ ‘ Zp2nq. π1pXq acts on CP2n via deck transformations. Any map g : CP2n
Ñ CP2n has a

fixed point by Lefschetz trace formula so they are all the identity.

(a) This was done in Spring 2021-5.

(b) This is exactly Spring 2020-5.

Fall 2023-7. Let X “ Σg and Y “ Σh be surfaces of genus g and h respectively, with 0 ă g ă h. Prove
that every map X Ñ Y induces the zero map on the second homology H2. Construct a map X Ñ Y
which induces a non-zero map on the first homology H1.

Hint: Suffices to show H2pY q Ñ H2pXq is zero by universal coefficient theorem. Use the cohomology ring
structure on genus g surface which has 2g generators in degree 1 so that all pairwise products are 0 except
aibi “ σ, the generator in degree 2. Then h ą g forces the induced map to be zero. Map X Ñ Σ1 Ñ S1 Ñ Y
in such a way that a loop in X is sent to a nontrivial loop in Y .

We know the homology of a surface of genus g is

HkpΣgq “

$

’

&

’

%

Z k “ 0, 2

Z2g k “ 1,

0 otherwise.

Since these are all free, it suffices to show that the induced map H2pY q Ñ H2pXq is zero as then so too is
the map H2pXq Ñ H2pY q by the universal coefficient theorem. For this, we note that the cohomology ring
structure of Σg is generated as a Z-module by the element 1 in degree 0, the elements a1, . . . , ag, b1, . . . bg
in degree 1, and the element σ in degree 2. This then has product structure aiaj “ bibj “ 0 for all i, j and
aibj “ ´bjai “ δijσ where δij is the Kronecker delta function.

Now, note that dimpH1pY qq “ 2h ą 2g “ dimpH1pXqq so H1pY q Ñ H1pXq has nonzero kernel. Let
x “ c1a1 ` . . . ` chah ` d1b1 ` . . . ` dhbh be in the kernel and without loss of generality, suppose c1 ‰ 0.
Then, xb1 “ c1σ ‰ 0 is a generator of H2pY q. But c1f

˚pσq “ f˚pc1σq “ f˚pxb1q “ f˚pxqf˚pb1q “ 0 so
f˚ : H2pY q Ñ H2pXq must be the zero map.

For the second part, we first map X Ñ S1 in a way that induces a nonzero map on first homology. This is
done by composing a surjective continuous map X Ñ Σ1 which is nonzero on first homology with the classic
surjection Σ1 Ñ S1 that is projection onto the circle that goes around the inside of the donut. Finally, we
map S1 Ñ Y making sure that we hit a loop that is a generator of H1pY q such that this induced composition
map is nonzero on first homology.

Fall 2023-8. Consider the following group with 2n generators and 1 relation

Gn “ xa1, b1, a2, b2, . . . , an, bn | a1b1a
´1
1 b´1

1 a2b2a
´1
2 b´1

2 ¨ ¨ ¨ anbna
´1
n b´1

n y.

For which pairs pm,nq does Gn contain a finite index subgroup isomorphic to Gm?
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Hint: m “ 1`kpn´1q for some k P N. Corresponds to coverings of an n-torus, which are exactly the m-tori
such that χpTnq “ 2 ´ 2n | 2 ´ 2m “ χpTmq.

This is exactly Spring 2020-9.

Fall 2023-9. Define the orientation double cover of a manifold. Explicitly identify the space which is
the orientation double cover of the real projective plane RPn. (Hint: RPn is the quotient of Sn by the
antipodal map; is the antipodal map orientation-preserving or orientation-reversing?)

Hint: Unique two-fold orientable covering space with orientation reversing non-trivial deck transformation.
RPn \ RPn with interchanging copies if n is odd and Sn with antipodal map if n is even.

This is exactly Spring 2021-6.

Fall 2023-10. Let D2 be the unit disk in C, and let S1 “ BD2. let X “ D2 ˆ S1 ˆ t0, 1u{ „ where

px, y, 0q „ pxy5, y, 1q

for all x, y P S1. Compute the homology groups of X.

Hint: H˚pXq “ Zp3q‘Zp2q‘Zp1q‘Zp0q.Mayer Vietoris for neighborhoods aroundD2ˆS1ˆt0u, D2ˆS1ˆt1u.
Then AXB » BD2 ˆ S1 “ S1 ˆ S1.

This is exactly Spring 2020-10.

Spring 2023

Spring 2023-1. Let M,N be smooth manifolds and F :M Ñ N a smooth proper map.

(a) Show that F maps closed sets to closed sets.
(b) Show that the set of regular values is open.
(c) Let C Ă N be compact. Show that for every open set U Ă M containing F´1pCq there is an open

set V Ă N containing C, such that F´1pV q Ă U.

Hint: Sequence definition of closed. Show regular points is open, used closedness. Let V “ pF pU cqqc.

(a) By definition of being proper, the inverse image of a compact set V Ă N is compact inM . Let A Ă M be
closed. Let yn be a sequence of points in F pAq such that yn Ñ y (where we inherently use the metrizability
of any smooth manifold). As yn P F pAq, there is some xn P A for each n such that F pxnq “ yn. The set
K “ tynunPN Y tyu is compact in N since any open cover contains a neighborhood of y which contains
infinitely many of the points and then we can just take finitely many opens to cover the rest of the points.

Hence F´1pKq is compact and moreover each xn P F´1pKq. Now, F´1pKq is sequentially compact as
in a metrizable space, compact and sequentially compact are equivalent, so there is some x P F´1pKq

and a subsequence of xn so that xnk
Ñ x. Since F is continuous, we know that F pxnk

q Ñ F pxq but
F pxnk

q “ ynk
Ñ y so F pxq “ y by uniqueness of limits in Hausdorff spaces. Hence, y P F pAq so F pAq is

closed as it contains all of its limit points.

(b) Let A Ă M be the set of regular points of F and B Ă N be the set of regular values. Let x P A and
choose coordinate charts ϕ, ψ centered at x, F pxq respectively. Since x is a regular point, the derivative
dpψ ˝ F ˝ ϕ´1q is surjective at ϕpxq. So there is an n ˆ n minor of the matrix with non-zero determinant
(where n “ dimpNq). But det is a continuous map so there is a neighborhood of ϕpxq so that dpψ ˝ f ˝ ϕ´1q

is surjective for every point in the neighborhood (as the same nˆn minor has non-zero determinant). Since
ϕ is a diffeomorphism, this means there is a neighborhood of x for which F has rank n at each point in the
neighborhood. This neighborhood is a subset of A so A is open.
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Now, note that y P B if and only if F´1pyq Ă A by definition of being a regular value. So y P B if and only
if F pxq ‰ y for all x P Ac which is equivalent to y R F pAcq so B “ pF pAcqqc. A is open so Ac is closed so
F pAcq is closed since F is a closed map, so B is open as desired.

(c) Let V “ pF pU cqqc which is open by the same logic as in the last paragraph. Suppose that C Ć V . Then,
there is some y P C such that y R V. So y P F pU cq implying that there is some x P U c with F pxq “ y. But
y P C so x P F´1pCq Ă U , a contradiction. Hence, C Ă V. Similarly, suppose that F´1pV q Ć U. Then, there
is some x P F´1pV q such that x R U . So F pxq P V means that F pxq R F pU cq, contradicting the fact that
x R U . Hence, F´1pV q Ă U , showing this V is as desired.

Spring 2023-2. Consider a smooth map F : CPn Ñ CPn.

(a) When n is even show that F has a fixed point.
(b) When n is odd give an example where F does not have a fixed point.

Hint: Lefschetz fixed point theorem. H˚pCP2k;Zq “
Zrαs

α2k`1 , |α| “ 2 so LpF q “
ř2k
j“0m

j for some m P Z.
Counterexample is rz0 : z1 : . . . : zn : zn`1s ÞÑ r´z1 : z0 : . . . : ´zn`1 : zns.

Referenced in: Spring 2020-5, Spring 2011-9.

(a) By the Lefschetz fixed point theorem, it suffices to show that LpF q ‰ 0. Let n “ 2k. We know that the
cohomology ring for CP2k is

H˚pCP2k;Zq “
Zrαs

α2k`1
, |α| “ 2.

Note that we only have nonzero cohomology in even degree. Let m P Z be such that F˚pαq “ mα. By the
cup product (multiplicative structure) of the cohomology ring, we have

F˚pαjq “ mjαj ,

where αj is a generator of H2jpCP2k;Zq. Moreover, by the above calculation, we know that

TrpF˚ : H2jpCP2k;Qq Ñ H2jpCP2k;Qqq “ TrpF˚ : H2pCP2k;Qq Ñ H2pCP2k;Qqqj “ mj .

Thus, we have LpF q “

4k
ÿ

j“0

p´1qjTrpF˚ : HjpCP2k;Qq Ñ HjpCP2k;Qqq “

2k
ÿ

j“0

TrpF˚ : H2jpCP2k;Qq Ñ H2jpCP2k;Qqq “

2k
ÿ

j“0

mj .

If m “ 1, then clearly LpF q ‰ 0. If m ‰ 1, then

2k
ÿ

j“0

mj “
m2k`1 ´ 1

m´ 1
‰ 0

since 2k ` 1 is odd.

(b) Write n “ 2k ´ 1 and let F : C2k ´ t0u Ñ C2k ´ t0u be defined by

pz0, z1, . . . , z2k´2, z2k´1q ÞÑ p´z1, z0, . . . ,´z2k´1, z2k´2q.

Then F pλzq “ λF pzq so F factors through the projection map π : C2k ´ t0u Ñ CP2k´1 to give a map
rF : CP2k´1

Ñ CP2k´1 defined by

rz0 : z1 : . . . : z2k´2 : z2k´1s ÞÑ r´z1 : z0 : . . . : ´z2k´2 : z2k´1s.

Suppose that this rF had a fixed point rz0 : z1 : . . . : z2k´2 : z2k´1s P CP2k´1. So there is some λ P C ´ t0u

such that for each 0 ď i ď k´ 1, we have z2i “ ´λz2i`1 and z2i`1 “ λz2i so z2i “ ´λλz2i “ ´|λ|2z2i. Since
λ ‰ 0, this forces z2i “ 0 and hence z2i`1 “ 0 for each 0 ď i ď k ´ 1, a contradiction as not all zj can be
zero. Thus F does not have a fixed point.
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Spring 2023-3. Let

ω “
xdy ^ dz ` ydz ^ dx` zdx^ dy

px2 ` y2 ` z2q3{2

be a 2-form defined on R3 ´ t0u and S2 Ă R3 be the unit sphere.

(a) Compute
ş

S2 i
˚ω, where i : S2 Ñ R3 is the inclusion.

(b) Compute
ş

S2 j
˚ω, where j : S2 Ñ R3 is defined by jpx, y, zq “ p2x, 3y, 5zq.

Hint : Both are 4π. Use Stokes. Show that ω is closed so
ş

E
k˚pdωq “ 0 where E “ jpS2q ´ S2 and

k : E ãÑ R3 ´ t0u.

Referenced in: Spring 2015-6.

(a) On S2, we have x2 ` y2 ` z2 “ 1 for any x, y, z P S2. So

i˚ω “ xdy ^ dz ` ydz ^ dx` zdx^ dy.

Hence, we can compute:

ż

S2

i˚ω “

ż

S2

xdy ^ dz ` ydz ^ dx` zdx^ dy

“

ż

D3

dpxdy ^ dz ` ydz ^ dx` zdx^ dyq

“

ż

D3

3dx^ dy ^ dz

“ 4π,

where the second equality is from Stokes’ theorem.

(b) Note first that jpS2q is an ellipsoid that contains S2. Let E “ jpS2q ´ S2. Let α “ xdy ^ dz ` ydz ^

dx` zdx^ dy and f “ px2 ` y2 ` z2q´3{2 so ω “ fα. Then,

dω “ dpfαq “ df ^ α ` fdα.

As above, we have dα “ 3dV . Also,

df “ ´px2 ` y2 ` z2q´5{2p3xdx` 3ydy ` 3zdzq,

so
dω “ ´px2 ` y2 ` z2q´5{2p3x2 ` 3y2 ` 3z2qpdx^ dy ^ dzq ` f ¨ 3dV “ ´3fdV ` 3fdV “ 0

implying that ω is closed. Now, we consider the inclusion k : E ãÑ R3 ´ t0u. Since dω “ 0, we have

0 “

ż

E

k˚pdωq “

ż

E

dk˚pωq “

ż

BE

ω|BE “

ż

S2

j˚ω ´

ż

S2

i˚ω

by Stokes’ theorem, which implies that

ż

S2

j˚ω “

ż

S2

i˚ω “ 4π.

Spring 2023-4. Let M be a connected compact manifold with non-empty boundary BM. Show that
M does not retract onto BM.
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Hint: Use Z{2Z coefficients in order to apply Lefschetz duality to simplify the long exact sequence for the pair
pM, BMq. Get kerpHn´1pBMq Ñ Hn´1pMqq – Z{2Z, contradicting the fact that it should be an injection if
r :M Ñ BM is a retraction.

Referenced in: Fall 2013-2, Spring 2013-5, Fall 2011-8.

Let n “ dimpMq and note that pM, BMq is a good pair so we have the following long exact sequence

¨ ¨ ¨ Ñ HnpBMq Ñ HnpMq Ñ HnpM, BMq
δ

ÝÑ Hn´1pBMq
i˚

ÝÑ Hn´1pMq Ñ Hn´1pM, BMq Ñ ¨ ¨ ¨ .

We will work with Z{2Z coefficients so that M is orientable and we can apply Lefschetz duality. I.e.,

HnpM ;Z{2Zq “ H0pM, BM ;Z{2Zq “ H0pM, BM ;Z{2Zq “ rH0pM{BM ;Z{2Zq “ 0,

also using the univerisal coefficient theorem and since M{BM is connected. On the other hand,

HnpM, BM ;Z{2Zq “ H0pM ;Z{2Zq “ H0pM ;Z{2Zq “ Z{2Z

as M has one connected component. Hence, we have

0 Ñ Z{2Z δ
ÝÑ Hn´1pBMq

i˚
ÝÑ Hn´1pMq.

So δ is injective and kerpi˚q “ impδq – Z{2Z. Now, if r :M Ñ BM is a retraction, then id˚ “ pr˝iq˚ “ r˚ ˝i˚
so i˚ is injective, a contradiction. Thus, no such retraction exists.

Spring 2023-5. Let Mm Ă Rn be a closed connected submanifold of dimension m.

(a) Show that Rn ´Mm is connected when m ď n´ 2.
(b) When m “ n ´ 1 show that Rn ´ Mm is disconnected by showing that the mod 2 intersection

number I2pf,Mq “ 0 for all smooth maps f : S1 Ñ Rn.

Hint: Homotope a path in Rn to one that is transversal to M and show this must not intersect M . Slice
chart with one 0. Take linear path between px1, . . . , xm, εq and px1, . . . , xm,´εq and make into loop to get
contradiction.

Referenced in: Fall 2015-6, Fall 2014-2.

(a) Let x, y P Rn ´M . Let f : r0, 1s Ñ Rn be a path with fp0q “ x and fp1q “ y and let S “ t0, 1u Ă r0, 1s.
By the transversality extension theorem, since M Ă Rn is closed, S Ă r0, 1s is closed, and f |S is (vacuously)
transverse to M , we know that f is homotopic to a map g : r0, 1s Ñ Rn that is transverse to M Ă Rn and
so that f and g agree on S. We claim that gptq R M for all t P r0, 1s so we could take g : r0, 1s Ñ Rn ´M a
path connecting x and y, as desired.

To see this, suppose gptq “ z P M . Then, using the definition of transversality, we have

dgtpTtr0, 1sq ` TzM “ TzRn ùñ dimpdgtpTtr0, 1sqq ` dimpMq ě dimpRnq.

However, dimpdgtpTtr0, 1sqq ď 1,dimpMq “ m while dimpRnq “ n which is impossible as m ď n´2, showing
that there is no gptq “ z P M .

(b) As Rn is simply connected, we may homotope f to some constant map g : S1 Ñ Rn such that gpS1q “

p R M . Since mod 2 intersection numbers are invariant under homotopy, we have I2pf,Mq “ I2pg,Mq “ 0
since gpS1q doesn’t intersect M at all.

Now, suppose that Rn ´M is connected. Since M is a closed submanifold of dimension m “ n´ 1, for any
p P M , we can find a slice chart for M , namely an open neighborhood U of p with coordinate x such that

U XM “ tpx1, . . . , xm, xm`1q P Rn | xm`1 “ 0u.
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Since U is open, there is an ε ą 0 so that

q “ px1, . . . , xm, εq, r “ px1, . . . , xm,´εq P U,

for some choice of x1, . . . , xm. Let γ0 : r0, 1s Ñ Rn be the path defined by

γ0ptq “ px1, . . . , xm, p1 ´ 2tqεq,

which goes from q to r. Then I2pγ0,Mq “ 1 since γ´1
0 pMq “ γ´1

0 pUXMq “ t0.5u. Since Rn´M is connected,
we can find a path γ1 from r to q that is contained in Rn ´M . Thus, I2pγ1,Mq “ 0. Let γ “ γ0 ¨ γ1 be the
concatenation of these two paths which is a loop in Rn. Then, γ has mod 2 intersection equal to

I2pγ,Mq “ I2pγ0,Mq ` I2pγ1,Mq “ 1,

contradicting the fact that any map S1 Ñ Rn has mod 2 intersection 0 with M . Thus Rn ´ M is not
connected.

Spring 2023-6. (a) If X is a finite CW complex and rX Ñ X is a path-connected n-fold covering
map, then show that the Euler characteristics are related by the formula

χp rXq “ nχpXq.

(b) Let X “ Σg be a closed genus g surface. What path-connected, closed surfaces can cover X?

Hint: Lift characteristic maps, n k-cells for each k-cell in X. Just require 2 ´ 2k “ np2 ´ 2gq.

Referenced in: Fall 2020-9, Spring 2020-9, Spring 2009-11.

(a) Let X be an m-dimensional CW complex and let rX be a path-connected n-fold covering of X. Then, we

can lift the CW structure on X to a CW structure on rX by lifting the characteristic maps ϕi : D
k Ñ X via

the covering p : rX Ñ X since π1pDkq “ 0. There are exactly n lifts of ϕi to rX so for each k-cell eki in X,

there are n k-cells in the lifted CW structure on rX, each of which is mapped homeomorphically down onto
eki . Hence, we can calculate

χp rXq “

m
ÿ

i“0

p´1qi rCi “

m
ÿ

i“0

p´1qinCi “ n
m
ÿ

i“0

p´1qiCi “ nχpXq,

where rCi, Ci are the number of i-cells in rX,X respectively.

(b) Let rX be a path-connected, closed surface covering X. Then, rX is either a sphere or a genus g torus

since the cover of an orientable surface is orientable. So χp rXq “ 2 or 2 ´ 2k for some k P N. Similarly,

χpXq “ 2 ´ 2g and by part (a), we have χp rXq “ nχpXq for some n P N. So rX is not a sphere and must

have χp rXq “ 2 ´ 2k. Then, 2 ´ 2k “ np2 ´ 2gq ùñ 1 ´ k “ np1 ´ gq ùñ k “ 1 ` npg ´ 1q. Thus, the only

possibilities for rX are the genus k tori for k “ 1` npg´ 1q for n P N. To see that all of these possibilities do

work, we can cut n loops out of rX surrounding a central hole of rX (so there are npg ´ 1q other ones) and
identify them to get an n-fold covering of X.
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Spring 2023-7. A group G is divisible if for all n, the map g ÞÑ gn from G to itself is surjective.
Show that if X is a path-connected CW-complex and if π1pX,xq is a divisible group, then the only
path-connected finite cover of X is X itself. (Hint: this can be proven directly or by first showing that
a divisible group has no finite index subgroups.)

Hint: Consider action of G on left cosets G{H, homomorphism G Ñ Sn. Then g P G´H ùñ hn! “ g for
some h P G a contradiction. Use Galois correspondence.

We show the hint. Let G be a divisible group and suppose H Ĺ G is a finite index subgroup with rG : Hs “ n.
Let G act on the left cosets G{H by left multiplication. This induces a group homomorphism ψ : G Ñ Sn.
Then for any g P G, we have ψpgn!q “ ψpgqn! “ idSn

since Sn is a finite group with order n!. Since H ‰ G, we
can find g1 P G´H and since G is divisible we can find g P G such that gn! “ g1. But we know ψpg1q ‰ idSn

since g1 R H while ψpgn!q “ idSn , a contradiction.

Now, let p : rX Ñ X be a path-connected finite covering space of X. So p˚pπ1p rX, rx0qq Ă π1pX,x0q

corresponds to a finite index subgroup of π1pX,x0q. But the only finite index subgroup of π1pX,x0q is itself

so p˚pπ1p rX,x0qq “ π1pX,x0q implying that rX is just X itself.

Spring 2023-8. Let M be an n-manifold, and consider a small disk Dn embedded in M . Show that
the inclusion

M ´Dn ãÑ M

induces an isomorphism on π1 if n ě 3 and a surjection if n ě 2.

Hint: Van Kampen’s with M ´Dn, Dn.

First, note that M “ M ´Dn YDn and Sn´1 – M ´Dn XDn. Since Sn´1 is connected, we can apply Van
Kampen’s theorem. In particular, we have that

f : π1pDnq ˚ π1pM ´Dnq Ñ π1pMq

is a surjection. For n ě 2, Dn is simply connected so π1pDnq is the trivial group so the map i˚ :
π1pM ´Dnq Ñ π1pMq is a surjection for n ě 2. We also know by Van Kampen’s that we quotient out
by the normal subgroup generated by cycles of the intersection to get an isomorphism. However, if n ě 3,
then Sn´1 is itself simply connected so has trivial fundamental group and so i˚ is indeed an isomorphism.

Spring 2023-9. Find, as a function of n and m, the homology groups

H˚pRPn`m,RPn;Zq.

Hint: Give RPn`m a CW structure with one cell in each dimension. Then, relative chain complex is just
sequence of Z’s followed by a sequence of 0’s. Split into n even/odd cases. Funny business only for i “ n` 1
when n is odd.

Referenced in: Fall 2019-2.

We inductively give RPn`m a CW structure such that its k-skeleton is RPk for all 0 ď k ď n ` m. To do
this, we attach a k-cell via the boundary map ϕk : Sk´1 Ñ RPk´1 which is the quotient by the antipodal
identification, x,´x ÞÑ rxs. Then, the chain complex for RPn`m has Z in degree k for 0 ď k ď n`m and 0
elsewhere while that of RPn has Z in degree k for 0 ď k ď n and 0 elsewhere.

Thus, the relative chain complex for the pair pRPn`m,RPnq has Z in degree k for n` 1 ď k ď n`m and we
know that the boundary maps Bk : CkpRPn`m,RPnq Ñ Ck´1pRPn`m,RPnq are multiplication by 1 ` p´1qk
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(for n ` 2 ď k ď n ` m) since ϕk has degree 1 ` p´1qk. Splitting into cases depending on the parity of n
and m, we can compute the relative homology to be:

HipRPn`m,RPn;Zq –

$

’

&

’

%

Z i “ n`m and n`m is odd, or i “ n` 1 and n is odd,

Z{2Z i odd and n ă i ă n`m,

0 otherwise.

Spring 2023-10. Consider the CW-complexes A “ Sn_Sn, X “ SnˆSn, and B “ Snˆr0, 1s{˚ˆr0, 1s,
where ˚ is the basepoint of Sn. There are inclusions A ãÑ X given by the pairs of points where at least
one is the basepoint and A ãÑ B which takes one Sn to Sn ˆ 0 and the other to Sn ˆ 1. Compute the
homology of

Y “ X YA B.

Hint: HipY q “ Z for i “ 0, n, 2n and 0 otherwise. Use H˚pAq “ Z2
pnq

‘Zp0q, H˚pXq “ Zp2nq ‘Z2
pnq

‘Z2
p0q
, and

H˚pBq “ Zpnq ‘Zp0q (from Van Kampen’s and Künneth) and then use Mayer Vietoris for reduced homology.

Let U and V be neighborhoods of X and B respectively formed by thickening them slightly. So U X V
deformation retracts to A and we get the following long exact sequence via Mayer Vietoris:

¨ ¨ ¨ Ñ HipAq Ñ HipXq ‘HipBq Ñ HipY q Ñ Hi´1pAq Ñ ¨ ¨ ¨ .

We can compute the homology of A by Van Kampen’s theorem to be

rHipAq “ rHipS
nq ‘ rHipS

nq “

#

Z2 i “ n,

0 otherwise.
.

We can also compute the homology of X, this time using the Künneth theorem:

HipXq “
à

j`k“i

HjpS
nq bHkpSnq “

$

’

&

’

%

Z i “ 2n,

Z2 i “ 0, n,

0 otherwise.

Further, we can see that B deformation retracts onto Sn so HipBq “ HipS
nq. Now, note that X and B are

both path connected so Y is also path connected after we glue X and B together. Thus H0pY q “ Z. To
compute the higher homology, we split into cases: n “ 1 and n ą 1.

In the first, we have

0 Ñ H2pXq ‘H2pBq
f˚

ÝÝÑ H2pY q
g˚

ÝÝÑ H1pAq
h˚

ÝÝÑ H1pXq ‘H1pBq Ñ H1pY q Ñ 0

where h˚ is induced by the relations on the boundary. By construction, h˚ : Z2 Ñ Z3 is given by pa, bq ÞÑ

pa, b, a ` bq which is injective. Thus, g˚ “ 0 so f˚ is an isomorphism (and we know H2pBq “ 0), so we get
H2pXq – H2pY q. Thus, H2pY q – Z. Then,

H1pY q – cokerph˚q “ Zxa, b, cy{Zxa, b, a` by – Z.

In the n ą 1 case, we have the following two portions of the long exact sequence to consider:

0 Ñ H2npXq ‘H2npBq Ñ H2npY q Ñ 0

and

0 Ñ 0 Ñ Hn`1pY q Ñ HnpAq
h˚

ÝÝÑ HnpXq ‘HnpBq Ñ HnpY q Ñ 0.

From the first one, we have H2npY q – H2npXq ‘H2npBq – Z and from the second, we again have h˚pa, bq “

pa, b, a ` bq is injective so Hn`1pY q “ 0 and HnpY q – cokerph˚q – Z. To summarize, (independent of the
case) we have

HipY q “

#

Z i “ 0, n, 2n,

0 otherwise.
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Fall 2022

Fall 2022-1. The Grassmanian Grpk, nq is the set of all k-dimensional subspaces of Rn. Explicitly
construct the structure of a smooth manifold on Grpk, nq using atlases. What is its dimension?

Hint: Grpk, nq „ MatknˆkpRq{ „. Define charts on the subsets with each certain k ˆ k submatrix invertible
by reading out the other rows of AA´1

i1,...,ik
. Dimension is pn´ kq ˆ k.

Referenced in: Fall 2008-1.

First, note that we can identify the Grassmanian as

Grpk, nq „ MatknˆkpRq{ „,

where MatknˆkpRq is the space of n ˆ k real-valued matrices of rank k and A „ B if and only if there is a
matrix C P GLkpRq such that A “ BC. The identification sends a k-dimensional subspace V Ă Rn to any
matrix in MatknˆkpRq whose image is V (for example, a projection matrix), noting that two matrices are
equivalent if and only if they have the same image. This gives a topology on Grpk, nq, namely the quotient
topology induced from the standard topology on real matrices.

Now, for each ordered set 1 ď i1 ă ¨ ¨ ¨ ă ik ď n, define Ui1,...,ik to be the set of elements A P Grpk, nq whose
k ˆ k submatrix Ai1,...,ik is invertible. This is open since this k ˆ k minor has nonzero determinant and we
know that the determinant is continuous. Finally, we define φi1,...,ik : Ui1,...,ik Ñ Rpn´kqˆk by sending a
matrix A to the entries of the rows of the pn´kqˆk matrix AA´1

i1,...,ik
that are complementary to pi1, . . . , ikq.

Note that we will have
pAA´1

i1,...,ik
qi1,...,ik “ Ik,

and our maps just read off the rest of the entries. The φi1,...,ik are clearly homeomorphisms. Smoothness
of the transition functions follows from smoothness of the entries of the products and inverses of matrices.
Thus, Grpk, nq has dimension pn´ kq ˆ k.

Fall 2022- 2. The orthogonal group Opnq is the set of n ˆ n matrices M satisfying MTM “ Id.
Construct the structure of a smooth manifold on Opnq by viewing it as the preimage of a regular value

of a smooth map Rn2

Ñ Rnpn`1q{2. Prove that its tangent bundle is trivializable.

Hint: F : MatnˆnpRq Ñ SymnˆnpRq by M ÞÑ MTM . Then dFAp 1
2ACq “ C. Show that all Lie groups are

parallelizable by finding a global frame. Take a basis v1, . . . , vn for TeG and define Xipgq “ dLg|epviq.

Referenced in: Fall 2021-1, Fall 2020-10, Fall 2017-2, Spring 2010-1.

Define F : MatnˆnpRq Ñ SymnˆnpRq by M ÞÑ MTM , where SymnˆnpRq “ tA P MatnˆnpRq | A “ AT u is
the set of symmetric matrices. Note that pMTMqT “ MT pMT qT “ MTM so F pMq is symmetric and F is
well-defined. By definition, Opnq “ F´1pIdq and we claim that Id is a regular value of F .

Since MatnˆnpRq is an R-vector space naturally endowed with a smooth structure, its tangent space is itself
and similarly for SymnˆnpRq. So we can use the standard definition of the differential for vector-valued
functions. Namely, we want to show that for any A P F´1pIdq,

dFA : MatnˆnpRq Ñ SymnˆnpRq, B ÞÑ lim
tÑ0

F pA` tBq ´ F pAq

t

is surjective. For this, let C P SymnˆnpRq be arbitrary and set B “ 1
2AC. Noting that ATA “ Id since
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F pAq “ Id and C “ CT as C P SymnˆnpRq, we have

dFApBq “ lim
tÑ0

F pA` tBq ´ F pAq

t
“ lim
tÑ0

pA` tBqT pA` tBq ´ATA

t

“ lim
tÑ0

ATA` tpBTA`ATBq ` t2BTB ´ATA

t

“ lim
tÑ0

pBTA`ATBq ` tBTB “ BTA`ATB “
pACqTA`AT pACq

2

“
CTATA`ATAC

2
“
CT ` C

2
“ C.

It is well-known that Opnq is a Lie group so to show that Opnq has trivializable tangent bundle, we instead
show that any lie group G is parallelizable by exhibiting a global frame on G. Choose a basis v1, . . . , vm for
TeG. For each vi P TeG, define the vector field Xi by Xipgq “ dLg|epviq P TgG. To see that Xi is smooth,
note that Lg : G Ñ G is smooth in g since Lgphq “ Rhpgq and Rh : G Ñ G is also smooth for fixed h. Thus,
dLg|e : TeG Ñ TgG is also smooth. Finally, since Lg is a diffeomorphism, we know that dLg|e is a vector
space isomorphism for any g P G, showing that X1pgq, . . . , Xmpgq is a basis for TgG and X1, . . . , Xm is a
global frame for G.

Fall 2022-3. Let M be a closed oriented smooth n-manifold. Prove that for every k P Z, there exists
a smooth map f :M Ñ Sn of degree k.

Hint: Construct fk : Sn Ñ Sn of degree k using z ÞÑ zk in S1 and suspending. B Ă M homeomorphic to Rn,
show q : M Ñ M{pM ´ Bq – Sn has degree 1 using a commutative square. Use Whitney’s approximation
theorem to get smooth map.

Referenced in: Fall 2013-8, Fall 2012-4, Spring 2010-8.

The degree of a map f :M Ñ Sn is the integer d P Z so that f˚ : HnpMq Ñ HnpSnq is multiplication by d.
First, define fk : S1 Ñ S1 by fkpzq “ zk. It is easy to see that fk has degree k. We claim that the suspension
of a map preserves its degree. I.e., degpSfq “ degpfq for any f :M Ñ N. By a standard argument (see Fall

2020-6), we have isomorphisms rHipSMq – rHi´1pMq for all i. Moreover, this is natural since S is a functor
in the sense that we have the following commutative diagram:

rHn`1pSMq rHnpMq

rHn`1pSNq rHnpNq

–

Sf˚ f˚

–

In particular f˚ and Sf˚ are the same map up to isomorphism so Sf must have the same degree as f . Hence,
taking repeated suspensions of the map fk : S1 Ñ S1 gives a map rfk : Sn Ñ Sn of degree k.

Now, we construct a map g :M Ñ Sn of degree 1. To do this, let B Ă M be an open set homeomorphic to an
open ball in Rn. Let q :M Ñ M{pM ´Bq be the quotient map. Note that M{pM ´Bq – Sn. Considering
the good pair pM,M ´Bq, the induced long exact sequence is natural so we have a commutative diagram:

rHnpMq rHnpM,M ´Bq

rHnpM{pM ´Bqq rHnpM{pM ´Bq, pM ´Bq{pM ´Bqq

q˚

The top map is an isomorphism since M is orientable. The bottom map is an isomorphism since pM ´

Bq{pM ´ Bq is just a single point so has trivial reduced homology. The right map is an isomorphism

using excision. Hence q˚ is an isomorphism so q has degree 1. Then, let f “ rfk ˝ q which has degpfq “

degp rfkq ˆ degpqq “ k. Finally, note that degree is (by definition) invariant under homotopy so by Whitney’s
Approximation theorem, we may homotope f to a smooth map that has the same degree, as desired.
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Fall 2022-4. Let M be a smooth manifold and let ω P Ω1pMq be a nowhere vanishing smooth 1-form.
Prove that the following are equivalent.

(a) kerpωq is integrable.
(b) ω ^ dω “ 0.
(c) There exists some α P Ω1pMq such that dω “ α ^ ω.

Hint: kerpωq “ spanp B
Bx1 , . . . ,

B
Bxm´1 q, ω|U “ fUdx

m. Set α|U “
dfU
fU

and put together with partition of unity.

For (b) ùñ (a), use Frobenius’s theorem with dωpX,Y q “ ´ωprX,Y sq to show rX,Y s P kerpωq.

Referenced in: Fall 2018-3, Fall 2018-4, Spring 2015-5, Fall 2014-5, Fall 2013-5, Fall 2008-4.

(a) ùñ (c). Let kerpωq be integrable. Then, for every p P M , there exists some chart pU, xq such that,
without loss of generality,

kerpωq “ spanp
B

Bx1
, . . . ,

B

Bxm´1
q

where m “ dimpMq since ω is a 1-form so its kernel is pm ´ 1q-dimensional. Then, ω|U “ fUdx
m for some

nowhere vanishing function fU : U Ñ R so dω|U “ dfU ^ dxm. Choose

αU “
dfU
fU

so that dω|U “
dfU
fU

^ fUdx
m “ pαU ^ ωq|U .

Cover M by such charts U and let tϕUu be a partition of unity subordinate to tUu and define

α “
ÿ

U

ϕUαU .

So at every p P M , we have

α ^ ω “

˜

ÿ

U

ϕUαU

¸

^ ω “
ÿ

U

ϕU pαU ^ ωq|U “
ÿ

U

ϕUdω|U “ dω

as desired.

(c) ùñ (b). Since dω “ α ^ ω, we have

ω ^ dω “ ω ^ pα ^ ωq “ 0,

since ω ^ ω “ 0 as ω P Ω1pMq is a 1-form.

(b) ùñ (a). Suppose ω ^ dω “ 0. We show that kerpωq is involutive which is equivalent to integrable by
Frobenius’s theorem. Let X,Y P kerpωq. Since ω is a 1-form, we have

dωpX,Y q “ XpωpY qq ´ Y pωpXqq ´ ωprX,Y sq “ ´ωprX,Y sq.

Since ω is nowhere vanishing, for any p P M , we can find a Z P XpMq so that ωppZq ‰ 0. Hence

0 “ ω ^ dωppX,Y, Zq “ ωppXqdωppY, Zq ` ωppY qdωppZ,Xq ` ωppZqdωppX,Y q

“ ωppZqdωppX,Y q,

so dωppX,Y q “ 0. Thus, we must have dωpX,Y q “ 0 implying that ωprX,Y sq “ 0 so rX,Y s P kerpωq and
thus kerpωq is indeed involutive.

Fall 2022-5. Let M be a 2n-dimensional manifold. A symplectic form on M is a smooth closed 2-form
in Ω2pMq so that ω ^ . . .^ ω P Ω2npMq is a volume form. (That is, nowhere vanishing). Determine all
pairs of positive integers pk, lq so that Sk ˆ Sl has a symplectic form.
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Hint: p1, 1q and p2, 2q only. Mostly Künneth’s formula for the rest. Subtlety for S2 ˆS4 and showing S2 ˆS2

works involving π˚
i for the projection maps and a volume form η on S2.

We claim the only pairs are p1, 1q and p2, 2q. First, note that Sk ˆ Sl is closed so for it to have a symplectic
form ω, we require ωn to not be exact. Also rωns “ rωks ^ rωn´ks so the de Rahm cohomology in any even
degree must be nontrivial since the one in the 2nth degree is nontrivial. Moreover, it is clear that k` l “ 2n
must be even.

Throughout this answer, we use the fact that

HipSnq “

#

Z if i “ 0, n,

0 otherwise.

First, suppose that k ą 2 and l ą 2. Then, by Künneth’s formula, H2pSkˆSlq “
À

i`j“2H
ipSkqbHjpSlq “

0 which means that no such ω exists. Similarly, if k “ 2 and l ą 4, we have H4pS2 ˆ Slq “ 0. Also by
Künneth’s formula, we have

H2pS2 ˆ S4q “ H2pS2q bH0pS4q – Z.

Consider the projections π1 : S2 ˆ S4 Ñ S2 and π2 : S2 ˆ S4 Ñ S4. Since H2pS2 ˆ S4q – Z, it is spanned
by π˚

1 η for some volume form η on S2. If ω was a symplectic form on S2 ˆ S4, then rωs “ crπ˚
1 ηs implying

that rω3s “ c3rπ˚
1 η

3s “ 0, contradicting the fact that ω3 is not exact.

Hence, our only choices left are k “ l “ 1 and k “ l “ 2 which we will show are both symplectic. First S1ˆS1

is an orientable two dimensional manifold (since it is the product of orientable manifolds) and so any volume
form is our desired symplectic form. For S2 ˆ S2, we again consider the projections π1,2 : S2 ˆ S2 Ñ S2.
Let η be a volume form on S2 which exists since S2 is orientable. Then by Künneth’s formula, we have
π˚
1 η^π˚

2 η is a volume form on S2 ˆS2. Then, if we take ω “ π˚
1 η`π˚

2 η, we have ω^ω “ 2π˚
1 η^π˚

2 η, since
π˚
1 η ^ π˚

1 η “ π˚
1 pη ^ ηq “ 0 as η ^ η is a 4-form on S2 and similarly π˚

2 η ^ π˚
2 η “ 0 so ω is a closed 2-form

with ω2 a volume form as desired. Note that ω is closed because η is a 2-form on S2 so is itself closed.

Fall 2022-6. Let C˚ be a chain complex of free abelian groups. Let A˚ “ C˚ b Z{p and let B˚ “

C˚ b Z{p2 be the chain complexes we get by tensoring C˚ degreewise with Z{p and Z{p2 respectively.

(a) Show that we have a short exact sequence of chain complexes

0 Ñ A˚ Ñ B˚ Ñ A˚ Ñ 0

induced by the corresponding sequences of abelian groups

0 Ñ Z{p Ñ Z{p2 Ñ Z{p Ñ 0.

(b) Show how to define a Bockstein natural transformation

β : HkpA˚q Ñ Hk´1pA˚q

such that we have an associated long exact sequence

¨ ¨ ¨ Ñ HkpA˚q Ñ HkpB˚q Ñ HkpA˚q
β

ÝÑ Hk´1pA˚q Ñ ¨ ¨ ¨

(c) Show that if x and y are elements such that dpxq “ py, then

βpxq “ y,

where the bars indicate the reduction modulo p of the corresponding classes.
(d) Show conversely that given an element x P HkpA˚q, if βpxq “ 0, then we can find elements

x, y P C˚ such that x reduces to x modulo p and dpxq ” p2y modulo p3.
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Hint : C˚ b ´ is an exact functor degreewise. Snake lemma. Follow proof of snake lemma for (c). (d)
equivalent to dpxq ” 0 mod p2.

Referenced in: Fall 2019-9, Spring 2013-10, Spring 2012-5, Spring 2011-6.

(a) This is just because C˚ is a chain of free abelian groups (i.e. Zn) which are all flat so Zn b ´ is an exact
functor. Hence C˚ b ´ is degreewise an exact functor giving us the desired short exact sequence of chain
complexes.

(b) This is exactly the snake lemma. By part (a), we have the following commutative diagram with exact
rows:

...
...

...

0 Ak Bk Ak 0

0 Ak´1 Bk´1 Ak´1 0

...
...

...

f

B1

g

B2 B3

f 1 g1

Let a P Ak with B3paq “ 0. Since g is surjective, there is some b P Bk with gpbq “ a. Then, by commutativity
of the right square, we have g1 ˝ B2pbq “ B3 ˝ gpbq “ B3paq “ 0 so B2pbq P kerpg1q. By exactness of the second
row at Bk´1, kerpg

1q “ impf 1q so there is some a1 P Ak´1 such that f 1pa1q “ B2pbq. In fact, a1 is unique since
f 1 is injective. Define βpaq “ a1.

To show that this is well-defined, suppose that b P Bk was some other element with gpbq “ a. Now,
gpb´ bq “ gpbq ´ gpbq “ a´ a “ 0 so b´ b P kerpgq “ impfq by exactness of the first row at Bk. Thus, there
is some a P Ak so that fpaq “ b ´ b. Again, we find a1 P Ak´1 such that f 1pa1q “ B2pbq. By commutativity
of the left square, we have f 1 ˝ B1paq “ B2 ˝ fpaq “ B2pb ´ bq “ B2pbq ´ B2pbq “ f 1pa1q ´ f 1pa1q “ f 1pa1 ´ a1q.
Now, f 1 is injective by exactness of the second row so B1paq “ a1 ´ a1 which implies that a1 ´ a1 P impB1q,

showing that β : kerpB3q Ñ Hk´1pA˚q “
kerpB1q

impB1q
is well-defined.

In addition, we need to show that for any a P impB3q, we have βpaq “ 0 P Hk´1pA˚q so that β descends to
a map HkpA˚q Ñ Hk´1pA˚q. So let a P Ak be such that a “ B3pa1q for some a1 P Ak`1 and let b P Bk be
such that gpbq “ a. Then, we can find b1 P Bk`1 such that g#pb1q “ a1 where g# : Bk`1 Ñ Ak`1 is the
surjective map in degree k ` 1. Then, consider b ´ B2pb1q P Bk which we know gets sent to gpb ´ B2pb1qq “

gpbq ´ gpB2pb1qq “ a ´ B3pg#pb1qq “ a ´ B3pa1q “ a ´ a “ 0 by g. So then, there exists ra P Ak such that
fpraq “ b ´ B2pb1q and f 1pB1praqq “ B2pfpraqq “ B2pb ´ B2pb1qq “ B2pbq since B2

2 “ 0. So βpaq “ B1praq P impB1q

as desired.

(c) Let x P Ck and y P Ck´1 so that dpxq “ py. Clearly B3pxq “ py “ 0 where x is reduction of x modulo
p. Let px be reduction of x modulo p2 and we note that px P Bk satisfies gppxq “ x. Then, B2ppxq “ xpy and
y P Ak´1 satisfies f 1pyq “ xpy so βpxq “ y as desired using the definition of β described in part (a).

(d) Suppose βpxq “ 0. Let px P Bk be such that gppxq “ x and take py “ B2ppxq. Then, let y P Ak´1 be
such that f 1pyq “ py. In particular, y “ βpxq “ 0 in cokerpB1q so y P impB1q, say with y1 P Ak having

B1py1q “ y. Then, B2pfpy1qq “ f 1pB1py1qq “ f 1pyq “ py “ B2ppxq. Let x1 P Ck be such that px1 “ px´ fpy1q. Then

x1 “ px´ fpy1q “ px´ py1 “ x´ 0 since py1 “ 0 and so px “ x. In addition, we have B2p px1q “ B2ppx´ fpy1qq “ 0
which implies that dpx1q ” 0 mod p2 which suffices to show the result.

Fall 2022-7. Let H be a union of n lines through the origin in R3. Compute π1pR3 ´Hq.

Hint: ˚1ďiď2n´1Z. Deformation retract to S2 minus 2n points and then homotopy to R2 minus 2n ´ 1
points and finally to the wedge sum of 2n´ 1 copies of S1. Use induction/Van Kampen’s to prove.
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Referenced in: Spring 2021-3, Spring 2016-8.

Note first that R3 ´H deformation retracts onto S2 ´ J where J is a collection of 2n points. But we know
that S2 ´ tpu is homotopy equivalent to R2 so S2 ´ J is homotopy equivalent to R2 ´ K where K is a
collection of 2n´ 1 points. We claim that

π1pR2 ´Kq – ˚1ďiď2n´1Z

is the free product of 2n ´ 1 copies of Z. We prove this by induction for any collection of k points. The
base case k “ 0 is clear, π1pR2q “ 0 and for k “ 1, we have R2 ´ tpu deformation retracts to S1 which has
fundamental group Z.

For any collection K of k points, R2 ´K is homotopy equivalent to R2 ´ tp0, 0q, p1, 0q, . . . , pk, 0qu so we may
assume K “ tp0, 0q, p1, 0q, . . . , pk, 0qu. Now, consider the following two open subsets of R2 ´K

A “ tpx, yq P R2 ´K | x ă 0.55u, B “ tpx, yq P R2 ´K | x ą 0.45u.

We have H1 Y H2 “ R2 ´ K and H1 X H2 “ tpx, yq P R2 | 0.45 ă x ă 0.55u which is simply connected. So,
applying Van Kampen’s theorem gives us an isomorphism

π1pR2 ´Kq – π1pAq ˚ π1pBq

but A is homotopy equivalent to S1 since it is homotopy equivalent to R2 minus a single point so π1pAq – S1

while B is homotopy equivalent to R2 minus k ´ 1 points. So by induction, π1pBq – ˚1ďiďk´1Z and we
conclude that π1pR2 ´Kq – ˚1ďiďkZ as claimed.

Fall 2022-8. Let X be a path connected, locally path connected, semilocally path connected space.
Recall that a path connected covering space rX Ñ X is abelian if π1p rXq is normal in π1pXq and the

quotient is abelian. Show that there is a universal abelian cover: this is an abelian cover rX Ñ X such
that for any other abelian cover rY Ñ X, there is a covering map rX Ñ rY factoring the map rX Ñ X.

Hint : Universal cover. Galois correspondence gives p : rX Ñ X with p˚pπ1p rX, ˚qq “ rG,Gs. Show the
factorization is a cover.

We know that X admits a universal cover X Ñ X since it has all those nice adjectives. Let π1pXq “ G and
let H “ rG,Gs Ă G be the commutator subgroup of G. By the Galois correspondence, we know there is a

covering space p : rX Ñ X such that p˚pπ1p rX, ˚qq “ H. We know that H is normal in G and G{H “ Gab is
the abelianization of G. I.e., for any normal subgroup N Ă G, we have G{N is abelian if and only if H Ă N .

Now, if q : Y Ñ X is an abelian cover, then q˚pπ1pY, ˚qq is normal in G and G{q˚pπ1pY, ˚qq is abelian so

p˚pπ1p rX, ˚qq Ă q˚pπ1pY, ˚qq.

Now, by the lifting property of covering maps, there is some j : rX Ñ Y such that p “ q ˝ j which we claim
to be a covering map itself. Let y P Y . Then, there is a neighborhood U Ă X of qpyq such that q´1pUq is
a disjoint union of open sets that are mapped homeomorphically to U by q since q is a covering map. Also
j´1pq´1pUqq “ p´1pUq is a disjoint union of open sets that are mapped homeomorphically to U by q ˝ j.
This forces it to be a disjoint union of opens mapped homeomorphically to q´1pUq by j so j is a covering
map, completing the proof.

Fall 2022-9. The space S1 ˆ S1 is the mapping cone of the map

ra, bs : S1 Ñ S1 _ S1,

representing the commutator of the inclusion of the left summand a : S1 Ñ S1 _S1 and the inclusion of
the right summand b : S1 Ñ S1 _ S1. Use this and the long exact sequence to compute the homology.
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Hint: General Mayer Vietoris sequence for mapping cylinder and mapping cone. Use knowledge of homology
of S1 and S1 _ S1. Use formula to get ra, bs˚ “ 0 so HipS

1 ˆ S1q “ Zp0q ‘ Z2
p1q

‘ Zp2q.

Referenced in: Fall 2015-9.

By definition of the mapping cone, we have

S1 ˆ S1 “

´

pS1 ˆ r0, 1sq
ğ

pS1 _ S1q

¯

{ „

where px, 1q „ ra, bspxq for all x P S1 and px, 0q „ px1, 0q for any x, x1 P S1. We first show that we obtain the
following long exact sequence:

¨ ¨ ¨ Ñ rHnpS1q
ra,bs˚

ÝÝÝÝÑ rHnpS1 _ S1q Ñ rHnpS1 ˆ S1q Ñ ¨ ¨ ¨ .

In general, let f : X Ñ Y be a continuous map between topological spaces, let A “ X ˆ t0u Ă X ˆ r0, 1s

and define
Mf “

´

pX ˆ r0, 1sq
ğ

Y
¯

{ „, Cf “ Mf {A,

where px, 1q „ fpxq for all x P X, to be the mapping cylinder and mapping cone of f respectively. Then
pMf , Aq forms a good pair since A is closed in Mf and A has a neighborhood, say X ˆ r0, 0.5q, that

deformation retracts onto A. Hence, we have HipMf , Aq – rHipMf {Aq “ rHipCf q for all i and the long exact
sequence for the pair is

¨ ¨ ¨ Ñ Hi`1pAq
i˚

ÝÑ Hi`1pMf q Ñ rHi`1pCf q Ñ HipAq
i˚

ÝÑ HipMf q Ñ ¨ ¨ ¨ ,

where i : A ãÑ Mf is the inclusion. The natural map X ãÑ A is a homeomorphism so HipXq
„

ÝÑ HipAq

for all i where the map on homology takes a chain in X to the same chain in X ˆ t0u “ A. Moreover, Mf

deformation retracts onto Y in a way that provides a homotopy from the inclusion X ãÑ Mf to the map
f : X Ñ Mf given by enlarging the codomain. In particular, if we replace HipAq with HipXq and HipMf q

with HipY q, we change i˚ to f˚ and we get the exact sequence

¨ ¨ ¨ Ñ Hi`1pXq
f˚

ÝÝÑ Hi`1pY q Ñ rHi`1pCf q Ñ HipXq
f˚

ÝÝÑ HipY q Ñ ¨ ¨ ¨ .

In our case, this gives us the following long exact sequence

¨ ¨ ¨ Ñ rHnpS1q
ra,bs˚

ÝÝÝÝÑ rHnpS1 _ S1q Ñ rHnpS1 ˆ S1q Ñ ¨ ¨ ¨

where we know the homologies rH˚pS1q “ Zp1q and rH˚pS1 _ S1q “ Z2
p1q

. So this simplifies to

0 Ñ rH2pS1 ˆ S1q Ñ Z ra,bs˚
ÝÝÝÝÑ Z2 Ñ rH1pS1 ˆ S1q Ñ 0.

On first homology, we have ra, bs˚pxq “ px, 0q ` p0, xq ´ px, 0q ´ p0, xq “ p0, 0q where x is the generator

of rH1pS1q. I.e., ra, bs˚ is zero so rH2pS1 ˆ S1q Ñ Z is an isomorphism by exactness, and similarly for

Z2 Ñ rH1pS1 ˆ S1q. Finally, S1 ˆ S1 is path connected since S1 and S1 _ S1 are, and by the definition of
the mapping cone so H0pS1 ˆ S1q – Z. Hence, we conclude

HipS
1 ˆ S1q “

$

’

&

’

%

Z i “ 0, 2,

Z2 i “ 1,

0 otherwise.

Fall 2022-10. Let f : X Ñ Y be a continuous, pointed map. Let Σnpfq : ΣnX Ñ ΣnY be the nth
(pointed) suspension of f . Show that if for some n, Σnpfq induces the trivial map on reduced homology,
then it does for all n.
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Hint: Use naturality of Mayer Vietoris to get a commutative diagram with rHkpΣXq – rHk´1pXq.

Referenced in: Fall 2018-9.

For any space X with basepoint p P X, we know that ΣX is defined by ΣX “ X ˆ r0, 1s{ „ where px, 0q „

px1, 0q and px, 1q „ px1, 1q for any x, x1 P X, and pp, tq „ pp, t1q for any t P r0, 1s. Let A “ X ˆ r0, 0.55q{ „

and B “ X ˆ p0.45, 1s{ „, which are both contractible so have trivial reduced homology. We also note that
A Y B “ ΣX and A X B “ X ˆ p0.45, 0.55q{ „ deformation retracts onto just X ˆ t0.5u – X. Thus, by
Mayer Vietoris, we get the following long exact sequence that is natural in X:

¨ ¨ ¨ Ñ 0 Ñ rHkpΣXq Ñ rHk´1pXq Ñ 0 Ñ ¨ ¨ ¨ .

This naturality exactly means that for any continuous map f : X Ñ Y , we have the following commutative
diagram

rHkpΣXq rHk´1pXq

rHkpΣY q rHk´1pY q

–

pΣfq˚ f˚

–

So we know that Σf induces the trivial map on reduced homology if and only if f does. Applying the above
logic to Σf : ΣX Ñ ΣY , we can see that ΣpΣfq “ Σ2f induces the trivial map on reduced homology if and
only if Σf does. Iterating this, we get the desired result: for any n, Σnf induces the trivial map on reduced
homology if and only if Σkf does for all k.

Spring 2022

Spring 2022-1. LetM be a closed (compact, without boundary) 2n-dimensional manifold, and let ω be
a closed 2-form on M which is non-degenerate, i.e., for any p P M , the map TpM Ñ T˚

pM , X ÞÑ iXωppq

is an isomorphism. Show that the de Rham cohomology groups H2k
dR ‰ 0 for 0 ď k ď n.

Hint: Show ωppq is a non-degenerate, bilinear, skew-symmetric form. Find basis X1, . . . , Xn, Y1, . . . , Yn P

TpM with ωppqpXi, Yjq “ δij and then ωnppqpX1, . . . , Xn, Y1, . . . , Ynq “ n! implies ωn vanishes nowhere so
M is orientable implies ωn is not exact since M closed.

It suffices to show H2n
dR ‰ 0 as rωns “ rωks ^ rωn´ks for any 0 ď k ď n so if rωks “ 0 for any 0 ď k ď n, then

rωns “ 0 as well. Thus, our goal is to show that ωn is closed but not exact so rωns ‰ 0 P H2n
dR. Define

f : TpM ˆ TpM Ñ R, X ˆ Y ÞÑ ωppqpX,Y q.

f is a bilinear form as ωppq is a multilinear map. Also, ω is alternating so

ωppqpX,Y q “ ´ωppqpY,Xq.

We now claim that ωppq is non-degenerate. Let X P TpM and suppose that ωppqpX,Y q “ 0 for all Y P TpM .
I.e., the map iXωppq : Y ÞÑ ωppqpX,Y q is exactly the zero map. Then since ω is non-degenerate by
assumption, we know that X “ 0 so ωppq is indeed non-degenerate. Thus, ωppq is a non-degenerate, bilinear,
skew-symmetric form. So there is a basis

X1, . . . , Xn, Y1, . . . , Yn P TpM

so that
ωppqpXi, Yjq “ δij , ωppqpXi, Xjq “ ωppqpYi, Yjq “ 0.

In particular, we then have

ωppq “

n
ÿ

i“1

X˚
i ^ Y ˚

i
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and raising to the nth power gives

ωnppq “ n!X˚
1 ^ ¨ ¨ ¨ ^X˚

n ^ Y ˚
1 ^ ¨ ¨ ¨ ^ Y ˚

n .

Then,
ωnppqpX1, . . . , Xn, Y1, . . . , Ynq “ n!

which means that ωn is nowhere vanishing since X1, . . . , Xn, Y1, . . . , Yn is a basis for TpM soM is orientable.
Finally, since ωn is nowhere vanishing, we have

ş

M
ωn ‰ 0 so since M is closed, we conclude that ωn is not

exact as claimed.

Spring 2022-2. LetM be a closed n-dimensional manifold. Let ω be a closed k-form onM , 1 ď k ď n.
Prove that for any p P M there is another closed k-form τ which vanishes on a neighborhood of p and
such that rωs “ rτ s P Hk

dRpMq.

Hint: Ball diffeomorphic to open ball in Rn. Bump function ϕ. i˚pωq closed implies exact so find η with
dη “ i˚pωq. τ “ ω ´ dpϕηq works.

Referenced in: Fall 2023-5.

Let ω P ΩkpMq be closed and let p P M . Let B Ă M be a neighborhood of p that is diffeomorphic to
an open ball in Rn and find U Ă U Ă B so that p P U . Let ϕ be a bump function that is supported on
B and so that ϕ ” 1 on U . Let i : B ãÑ M be the inclusion and consider i˚pωq. i˚pωq is closed since
di˚pωq “ i˚pdωq “ i˚p0q “ 0. Then, since HkpBq – HkpRnq “ 0, we know that i˚pωq is exact. So we may
find η P Ωk´1pBq such that dη “ i˚pωq. Define τ “ ω ´ dpϕηq. On U , ϕ ” 1 so τ “ ω ´ dη “ 0, and clearly
by construction rωs “ rτ s as they differ by the exact form dpϕηq.

Spring 2022- 3. Let M be a closed n-dimensional manifold and let Ω be a volume form (i.e., a
nonvanishing n-form) on M . Given a vector field X on M , its divergence divpXq is the smooth function
on M defined by the identity:

LXpΩq “ divpXqΩ

where LX denotes the Lie derivative with respect to X.

(a) Prove that
ş

M
divpXqΩ “ 0.

(b) Express divpXq in local coordinates.

Hint : Cartan’s magic formula, ω is top form, BM “ H. (b) is divpXq “
řn
i“1

1
f

Bf
BxiX

i ` BXi

Bxi for Ω “

fdx1 ^ ¨ ¨ ¨ ^ dxn.

(a) By Cartan’s magic formula, divpXqΩ “ LXpΩq “ dιXpΩq ` ιXdΩ. But dΩ “ 0 since Ω is a top form so

ż

M

divpXqΩ “

ż

M

dιXpΩq “

ż

BM

ιXpΩq

by Stokes’ theorem. Since M is closed, we have BM “ H so
ş

BM
ιXpΩq “ 0 as desired.

(b) Let p P M and let pU, xq be a chart centered at p. So, locally we have

Ω “ fdx1 ^ ¨ ¨ ¨ ^ dxn and X “

n
ÿ

i“1

Xi B

Bxi

for some f ‰ 0 and Xi P R. As above, we have divpXqΩ “ dιXpΩq so locally,

divpXqΩ “ dιXpfdx1 ^ ¨ ¨ ¨ ^ dxnq.
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Since f is a 0-form,

ιXpfdx1 ^ ¨ ¨ ¨ ^ dxnq “ fιXpdx1 ^ ¨ ¨ ¨ ^ dxnq ` ιXf ^ pdx1 ^ ¨ ¨ ¨ ^ dxnq “ fιXpdx1 ^ ¨ ¨ ¨ dxnq.

Also, we note that

ιXpdx1 ^ ¨ ¨ ¨ ^ dxnq “

n
ÿ

i“1

p´1qi´1dxipXq ^ dx1 ^ ¨ ¨ ¨ ^ xdxi ^ ¨ ¨ ¨ ^ dxn

“

n
ÿ

i“1

p´1qi´1Xidx1 ^ ¨ ¨ ¨ ^ xdxi ^ ¨ ¨ ¨ ^ dxn.

Thus,

dιXpfdx1 ^ ¨ ¨ ¨ ^ dxnq “ dpfιXpdx1 ^ ¨ ¨ ¨ ^ dxnqq “ df ^ ιXpdx1 ^ ¨ ¨ ¨ ^ dxnq ` fdιXpdx1 ^ ¨ ¨ ¨ ^ dxnq.

The first term becomes
n

ÿ

i“1

p´1qi´1 Bf

Bxi
Xidxi ^ dx1 ^ ¨ ¨ ¨ ^ xdxi ^ ¨ ¨ ¨ ^ dxn “

n
ÿ

i“1

Bf

Bxi
Xidx1 ^ ¨ ¨ ¨ ^ dxn,

and the second term becomes

fd

˜

n
ÿ

i“1

p´1qi´1Xidx1 ^ ¨ ¨ ¨ ^ xdxi ^ ¨ ¨ ¨ dxn

¸

“f
n

ÿ

i´1

p´1qi´1 BXi

Bxi
dxidx1 ^ ¨ ¨ ¨ ^ xdxi ^ ¨ ¨ ¨ ^ dxn

“

n
ÿ

i“1

f
BXi

Bxi
dx1 ^ ¨ ¨ ¨ ^ dxn.

Putting this together, we have

divpXqΩ “ dιXpfdx1 ^ ¨ ¨ ¨ ^ dxnq

“

n
ÿ

i“1

Bf

Bxi
Xidx1 ^ ¨ ¨ ¨ ^ dxn `

n
ÿ

i“1

f
BXi

Bxi
dx1 ^ ¨ ¨ ¨ ^ dxn

“

n
ÿ

i“1

ˆ

Bf

Bxi
Xi ` f

BXi

Bxi

˙

dx1 ^ ¨ ¨ ¨ ^ dxn

“

n
ÿ

i“1

ˆ

1

f

Bf

Bxi
Xi `

BXi

Bxi

˙

fdx1 ^ ¨ ¨ ¨ ^ dxn,

and so we conclude

divpXq “

n
ÿ

i“1

1

f

Bf

Bxi
Xi `

BXi

Bxi
.

Spring 2022-4. Let ω be a smooth 1-form on a manifold M and let X and Y be smooth vector fields
on M . Use the Cartan formula for Lie derivatives to derive the following formula:

dωpX,Y q “ XωpY q ´ Y ωpXq ´ ωprX,Y sq.

Hint: Use LX “ dιX ` ιXd and product rule for LX to compute pLXωqpY q in two ways and set equal.

Cartan’s magic formula is:
LX “ dιX ` ιXd

where X is a vector field. So we directly compute

pLXωqpY q “ dιXωpY q ` ιXdωpY q “ dpωpXqqpY q ` dωpX,Y q “ Y pωpXqq ` dωpX,Y q,

since ωpXq :M Ñ R is a linear functional. We also have the product rule for LX which states:

pLXωqpY q “ LXpωpY qq ´ ωpLXpY qq “ XpωpY qq ´ ωprX,Y sq,

as again, ωpY q :M Ñ R is a linear functional. Combining these two equations gives the result.
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Spring 2022-5. LetN Ă Rn´t0u be a compact submanifold of dimensionm. Show thatN is transverse
to almost all k-dimensional linear subspaces in Rn. Here “almost all” means the set of subspaces that
are not transverse to N has measure zero.

Hint: Define F : pRk ´ t0uq ˆU Ñ Rn by pa1, . . . , ak, v1, . . . , vkq ÞÑ
řk
i a

ivi where U Ă pRnqk is the open set
of k-tuples of linearly independent vectors in Rn. Show F is a submersion so is transversal to N and then
use Thom’s transversality theorem. Surjection P : U Ñ Grpk, nq is needed at the end.

Referenced in: Fall 2021-3.

Let U Ă Rn ˆ ¨ ¨ ¨ ˆ Rn be the set of k-tuples of linearly independent vectors in Rn. Note that U is open
since being linearly independent is an open condition. Define

F : pRk ´ t0uq ˆ U Ñ Rn, pa1, . . . , ak, v1, . . . , vkq ÞÑ

k
ÿ

i“1

aivi.

Note that the image of F must be contained in Rn ´ t0u since if
řk
i“1 a

ivi “ 0, then all ai “ 0 since the vi
are linearly independent. We claim that F is a submersion. Let pa1, . . . , ak, v1, . . . , vkq P pRk ´ t0uq ˆU and
w P Rn. There is some 1 ď i ď k such that ai ‰ 0 so we have

dFpa1,...,ak,v1,...,vkqp0, . . . , 0, 0, . . . ,
w

ai
, . . . , 0q

“ lim
tÑ0

F pa1, . . . , ak, v1, . . . , vi ` w
ai t, . . . , vkq ´ F pa1, . . . , ak, v1, . . . , vkq

t

“ lim
tÑ0

a1v1 ` . . . aipvi ` w
ai tq ` akvk ´ pa1v1 ` . . .` akvkq

t

“ lim
tÑ0

wt

t
“ w,

showing that dF is surjective at any point so F is a submersion. Then, F is trivially transverse to any
N Ă Rn ´ t0u. By Thom’s transversality theorem, for almost all v “ pv1, . . . , vkq P U , the map Fv :
Rk ´ t0u Ñ Rn ´ t0u is transverse to N . By construction, this is the same as saying that the k-dimensional
linear subspace spanned by the set v is transverse to N for almost all linearly independent sets of k vectors.
Finally, since there is a surjection P : U Ñ Grpk, nq to the space of k-dimensional linear subspaces of Rn,
this means that almost every k-dimensional linear subspace of Rn is transverse to N .

Spring 2022-6. Describe all the connected covering spaces of RP2
_ RP2. Here _ is the wedge sum.

Hint: Four cases. Always have RP2 on the end or loops back or goes to infinity.

Let X “ RP2
_ RP2. We know that the universal cover of RP2 is S2 and this is a double cover. Moreover,

the fundamental group of RP2 is Z{2Z so (by Van Kampen’s for example), π1pXq “ Z{2Z ˚Z{2Z “ G is the
group coproduct. So connected coverings of X correspond to subgroups of G.

The trivial subgroup corresponds to the universal cover which is an infinite chain of S2’s. The subgroups
isomorphic to Z are generated by either pabqn or pbaqn and have index 2n for some n ě 1. These correspond
to the “necklace” of 2n copies of S2. The subgroups isomorphic to Z{2Z are generated by pabqma or pbaqmb
for some m ě 0. These correspond to an RP2 attached to an infinite chain of S2’s extending in one direction.
Finally, there are proper subgroups isomorphic to Z{2Z ˚ Z{2Z, generated by pabqn and pabqma for m ď n.
These correspond to a finite chain of S2’s with an RP2 on both ends.

Spring 2022-7. Let X be a CW complex consisting of one vertex p, 2 edges a and b, and two 2-cells
f1 and f2, where the boundaries of a and b map to p, the boundary of f1 is mapped to the loop ab3

(that is first a and then b thrice), and the boundary of f2 is mapped to ba3.

(a) Compute the fundamental group π1pXq of X. Is it a finite group?
(b) Compute the homology groups of X with integer coefficients.
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Hint: Group presentation. π1pXq “ Z{8Z. H˚pX;Zq “ Zp0q ‘ Z{8Zp1q.

Referenced in: Spring 2015-8.

(a) By the CW construction, we know the fundamental group has presentation

π1pXq “ xa, b | ab3, ba3y.

We see that ab3 “ 1 ùñ a “ b´3 so ba3 “ 1 ùñ bpb´3q3 “ 1 ùñ b8 “ 1. Then, a “ b´3 “ b5 so in
fact π1pXq is generated by just b and we have the relation b8 “ 1 implying that π1pXq is a quotient group
of Z{8Z. But it is easy to see that we don’t have b4 “ 1 from the given relations so indeed π1pXq – Z{8Z, a
finite group.

(b) Clearly X is path connected so H0pXq “ Z. Also, HnpXq “ 0 for n ě 3 since X has only simplices
in dimensions ď 2. Moreover, we know that H1pXq “ π1pXqab “ Z{8Z. Hence, we are only concerned

with H2pXq “
kerpB2q

impB3q
where C3

B3
ÝÑ C2

B2
ÝÑ C1 is a part of the chain complex. We know that B3 “ 0 since

C3 “ 0 so we only need to investigate B2 : C2 Ñ C1. By the CW definition of X, we know that B2 sends
the two generators f1 and f2 of C2 to a ` 3b and b ` 3a respectively. Suppose B2pxf1 ` yf2q “ 0. Then,
xpa`3bq`yp3a`bq “ apx`3yq`bp3x`yq “ 0 so x`3y “ 0 and 3x`y “ 0 clearly implying that x “ y “ 0
so B2 is injective and thus H2pXq “ 0. To summarize, we have

HnpXq “

$

’

&

’

%

Z n “ 0,

Z{8Z n “ 1,

0 otherwise.

Spring 2022-8. Let X be a topological space and let Y “ pX ˆ r0, 1sq{ „, where px, 0q „ px1, 0q and
px, 1q „ px1, 1q for all x, x1 P X. Compute the homology groups of Y in terms of those of X.

Hint: rHkpY q “ rHk´1pXq for all k. Use Mayer-Vietoris.

This is exactly Fall 2020-6.

Spring 2022-9. Let M be a compact odd-dimensional manifold with nonempty boundary BM . Show
that the Euler characteristic of M and BM are related by χpMq “ 1

2χpBMq.

Hint: Glue two copies of M together along the boundary to make N . N is closed, odd-dimensional so has
χpNq “ 0 by Poincaré duality (use Z{2Z coefficients) and then use Mayer-Vietoris to get equation.

Referenced in: Spring 2019-10, Spring 2016-4, Fall 2012-8.

Take two copies M1 and M2 of M and glue them along the boundary to get the manifold

N “ M1 YBM M2.

Then, N is a closed odd-dimensional (say 2n` 1) manifold. By the definition of the Euler characteristic, we
have

χpNq “

2n`1
ÿ

i“0

p´1qiRankpHipN ;F qq

for any field F . Then, using F “ Z{2Z so that N is Z{2Z-orientable, we apply Poincaré duality to get
H2n`1´kpN ;Z{2Zq – HkpN ;Z{2Zq for any 0 ď k ď 2n` 1. Then, 2n` 1 ´ k and k have different parity so
we get

χpNq “

n
ÿ

i“0

`

p´1qiRankHipNqq ` p´1q2n`1´iRankpH2n`1´ipNqq
˘

“ 0.
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Take neighborhoods A and B of BM in M1 and M2 respectively that can be deformation retracted onto BM .
Now, we consider the Mayer-Vietoris sequence forN “ pM1YBqYpM2YAq where pM1YBqXpM2YAq “ AXB
is homeomorphic to BM . So we have

¨ ¨ ¨ Ñ Hn`1pNq Ñ HnpBMq Ñ HnpM1q ‘HnpM2q Ñ HnpNq Ñ Hn´1pBMq Ñ ¨ ¨ ¨ .

Now, we claim that in any exact sequence of finitely generated abelian groups, the alternating sum of the
ranks of the groups is equal to 0. Consider

0
f´1

ÝÝÑ X0
f0

ÝÑ X1
f1

ÝÑ X2
f2

ÝÑ ¨ ¨ ¨
fn´1

ÝÝÝÑ Xn
fn

ÝÑ 0.

For each i P t´1, . . . , nu, we have a short exact sequence

0 Ñ kerpfiq Ñ Xi Ñ impfiq Ñ 0

so RankpXiq “ Rankpkerpfiqq ` Rankpimpfiqq which implies that

n
ÿ

i“´1

p´1qiRankpXiq “

n
ÿ

i“´1

p´1qiRankpkerpfiqq ` p´1qiRankpimpfiqq.

But since the original sequence was exact, we know that kerpfi`1q – impfiq for all i so then this alternating
sum collapses to 0 since all the terms cancel out.

Thus, in our case, we have

2n`1
ÿ

i“0

p´1qiRankpHipNqq ´

2n`1
ÿ

i“0

p´1qiRankpHipBMqq `

2n`1
ÿ

i“0

p´1qiRankpHipM1q ‘HipM2qq “ 0

which implies that
χpNq ´ χpBMq ` 2χpMq “ 0

since RankpHipM1q ‘ HipM2qq “ RankpHipMqq ` RankpHipMqq as M1 “ M2 “ M so χpMq “ 1
2χpBMq as

desired since χpNq “ 0.

Spring 2022-10. Let A P GLpn` 1,Cq. It induces a smooth map

ϕA : CPn Ñ CPn, rpz0, . . . , znqs ÞÑ rApz0, . . . , znqs,

where rpz0, . . . , znqs is the usual equivalence class of pz0, . . . , znq in pCn`1 ´t0uq{ „ where pz0, . . . , znq „

pλz0, . . . , λznq, where λ P Cˆ. (You do not have to check the smoothness of ϕA.)

(a) Show that the fixed points of ϕA correspond to eigenvectors of A (up to multiplication by Cˆ).
(b) Show that ϕA is a Lefschetz map if the eigenvalues of A all have multiplicity 1.
(c) Compute the Euler characteristic of CPn be calculating the Lefschetz number of some ϕA.

Hint: pdϕAqx has no fixed points for any eigenvector x of A. Use local coordinates. Since we can homotope
anywhere by connectedness, use A “ diagp1, 2, . . . , n` 1q to use part (b) so Lefschetz number is sum of local
Lefschetz numbers which are all `1 so answer is n` 1.

Referenced in: Spring 2013-6.

(a) Suppose that ϕApxq “ x. Then rAxs “ rxs, i.e., Ax “ λx for some λ P Cˆ which is exactly what it
means for x to be an eigenvector of A (since A is invertible so can’t have 0 as an eigenvalue). Conversely,
Ax “ λx for λ P C implies that rϕApxqs “ rAxs “ rλxs “ rxs so indeed x is a fixed point of ϕA.

(b) Recall that a map f : X Ñ Y is a Lefschetz map if graphpfq :“ tpx, fpxqq | x P Xu is transversal to
∆ “ tpx, xq | x P Xu. This is equivalent to saying that dfx has no eigenvectors with eigenvalue 1 for all fixed
points x P X of f . I.e., we need only show for any eigenvector x of A, that pdϕAqx has no eigenvectors with
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eigenvalue 1. Let λ0, . . . , λn be the distinct eigenvalues with corresponding eigenbasis v0, . . . , vn. Since A is
invertible we know that λi ‰ 0 for all i. Using local coordinates, we compute

pdϕAqx

ˆ

z0
zi
, . . . , pzi, . . . ,

zn
zi

˙

“

ˆ

λ0
λi

z0
zi
, . . . , pzi, . . . ,

λn
λi

zn
zi

˙

.

Then, since all of the eigenvalues are distinct, it is easy to see that pdϕAqx has no eigenvector with eigenvalue
1.

(c) We know that χpCPnq “ Lpidq “ LpϕIq where Lpfq is the Lefschetz number of a map f : CPn Ñ CPn
and I P GLpn`1,Cq is the identity matrix. We know that the Lefschetz number of a map is invariant under
homotopy. Also, since GLpn` 1,Cq is connected, ϕI is homotopic to ϕA for any matrix A. Thus, let us take
A “ diagp1, 2, . . . , n ` 1q. Let e1, e2, . . . , en`1 P Cn`1 be the standard basis which is also the eigenvectors
for A corresponding to the distinct eigenvalues 1, 2, . . . , n` 1 respectively. Thus, we have

LpϕAq “

n`1
ÿ

i“1

LeipϕAq

since ϕA is a Lefschetz map by part (b). We also know that LeipϕAq “ ˘1 depending on whether dpϕAqei ´I
is orientation-preserving or orientation-inversing. Since A is a complex matrix, this will always preserve the
orientation (of R2n) so we get LpϕAq “

řn`1
i“1 1 “ n` 1 and we conclude that χpCPnq “ n` 1.

Fall 2021

Fall 2021-1. Let VkpRnq denote the space of k-tuples of orthonormal vectors in Rn. Show that VkpRnq

is a manifold of dimension k
`

n´ k`1
2

˘

. Hint: Use a map F : MnˆkpRq Ñ Rkpk`1q{2 such that VkpRnq

becomes the preimage of a regular value of F . (Here MnˆkpRq denotes the set of matrices with n rows
and k columns.)

Hint: Define F :MnˆkpRq Ñ SymkˆkpRq, F pAq “ ATA, dFAp 1
2ACq “ C shows this is a submersion.

We use the same map as in Fall 2022-6 and the proof is the same. Now the dimension is nk ´ kpk ` 1q{2 “

k
`

n´ k`1
2

˘

.

Fall 2021-2. Show that the product of two spheres Sp ˆ Sq is parallelizable provided p or q is odd.
(Here parallelizable means the tangent bundle is trivializable; equivalently, there exists pp ` qq vector
fields on Sp ˆ Sq which are everywhere linearly independent.)

Hint: Nowhere vanishing vector field on S2n´1 : px1, . . . , x2nq ÞÑ p´x2, x1,´x4, x3, . . . ,´x2n, x2n´1q. Gym-
nastics with vector bundles using projection maps and moving two copies of R2 over to get trivial bundle.

Referenced in: Spring 2010-2.

Without loss of generality, let p “ 2n´ 1 be odd. Define the map

X : Sp Ñ TSp, px1, . . . , x2nq ÞÑ p´x2, x1,´x4, x3, . . . ,´x2n, x2n´1q.

In fact, X is a vector field since

x ¨Xpxq “ px1, . . . , x2nq ¨ p´x2, x1,´x4, x3, . . . ,´x2n, x2n´1q

“ ´x1x2 ` x2x1 ´ x4x3 ` x3x4 ´ . . .´ x2n´1x2n ` x2nx2n´1 “ 0.

Define a one-dimensional vector bundle on Sp by Bx “ spanpXpxqq. B – Sp ˆ R. We can find the
orthogonal complement bundle BK so that TSp “ B ‘ BK. Note that the normal bundle NSp is trivial as
Sp has codimension 1 when embedded into Rp`1. Finally, we know that for any x P Sp, we have

TxRp`1 “ TxS
p `NxS

p,
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and similarly for Sq. So, letting π1 : Sp ˆ Sq Ñ Sp and π2 : Sp ˆ Sq Ñ Sq be the canonical projections, we
have the following chain of isomorphisms:

T pSp ˆ Sqq – π˚
1 pTSpq ‘ π˚

2 pTSqq

– π˚
1 pB ‘BKq ‘ π˚

2 pTSqq

– π˚
1 pBK ‘ Sp ˆ Rq ‘ π˚

2 pTSqq

– π˚
1 pBKq ‘ π˚

2 pTSq ‘ Sq ˆ Rq

– π˚
1 pBKq ‘ π˚

2 pTSq ‘NSqq

– π˚
1 pBKq ‘ π˚

2 pSq ˆ Rq`1q

– π˚
1 pBK ‘ Sp ˆ R2q ‘ Sp ˆ Sq ˆ Rq´1

– π˚
1 pTSp ‘NSpq ‘ Sp ˆ Sq ˆ Rq´1

– Sp ˆ Sq ˆ Rp`1 ‘ Sp ˆ Sq ˆ Rq´1

– Sp ˆ Sq ˆ Rp`q,

showing that Sp ˆ Sq is parallelizable.

Fall 2021-3. Let Mm Ă Rn ´ t0u be a compact smooth submanifold of dimension m. Show that M is
transverse to almost all k-dimensional linear subspaces in Rn. (Here “almost all” means that the set of
subspaces that are not transverse to M has measure zero.)

Hint: Define F : pRk ´ t0uq ˆU Ñ Rn by pa1, . . . , ak, v1, . . . , vkq ÞÑ
řk
i a

ivi where U Ă pRnqk is the open set
of k linearly independent vectors in Rn. Show F is a submersion so is transversal to N and then use Thom’s
transversality theorem. Surjection P : U Ñ Grpk, nq is needed at the end.

This is exactly Spring 2022-5.

Fall 2021-4. Let ω P Ωnc pRnq be a compactly supported n-form. Show that ω “ dη for some compactly
supported pn´ 1q-form η P Ωn´1

c pRnq if and only if
ş

Rn ω “ 0.

Hint: Split into n “ 1, n ą 1 cases. Find balls supppωq Ă B Ă B Ă B1. Find τ such that dτ “ ω by
Poincaré’s lemma, and look at the restriction of τ to Rn ´ B. Show that τ is exact on this domain (using
Stokes’, closedness, and assumption in question) so get γ on Rn ´ B and set η “ τ ´ dpϕγq for ϕ a bump
function. Note: need to look at isomorphism on de Rham cohomology induced by the inclusion S ãÑ Rn´B
for some sphere S.

If ω “ dη, then
ż

Rn

ω “

ż

BRn

η “ 0

by Stokes’ theorem which we may apply since η has compact support, and since BRn “ H. For the reverse
direction, we have two cases to consider.

If n “ 1, then ω “ fdx for some compactly supported f P C8pRq. Define F : R Ñ R by

F pxq “

ż x

´8

fptqdt.

By the fundamental theorem of calculus, dF “ F 1dx “ fdx “ ω. Now, since f is compactly supported,
there exists some R ą 0 such that supppfq Ă r´R,Rs. So when x ă ´R, we clearly have F pxq “ 0. But
also, when x ą R, we have

F pxq “

ż x

´8

fptqdt “

ż 8

´8

fptqdt “

ż

R
ω “ 0,
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so we have supppF q Ă r´R,Rs and dF “ ω as desired.

Secondly, if n ą 1, we instead pick B,B1 Ă Rn two open balls centered at 0 so that

supppωq Ă B Ă B Ă B1.

Now, ω is a top form so is closed. Hence, by Poincaré’s lemma, we know that ω is exact so there is a smooth
pn´ 1q-form τ on Rn such that dτ “ ω. Note, in particular, that dτ “ 0 on Rn ´B.

Consider the restriction of τ to Rn ´ B. By the above, τ is closed on this domain. Moreover, the inclusion
i : BB1 Ñ Rn ´B induces an isomorphism i˚ : Hn´1

dR pRn ´Bq Ñ Hn´1
dR pBB1q where BB1 is an pn´ 1q-sphere

contained in Rn ´B centered at the origin onto which Rn ´B deformation retracts. Then, since τ is closed
on Rn ´B, we know that τ is exact on Rn ´B if and only if i˚τ is exact on BB1 which is true if and only if
ş

BB1 i
˚τ “ 0. However, by Stokes’ theorem, we have

0 “

ż

Rn

ω “

ż

Rn´B1

ω `

ż

B1

ω “ 0 `

ż

B1

dτ “

ż

BB1

i˚τ

so τ is indeed exact on Rn ´ B. So we can find an pn ´ 2q-form γ on Rn ´ B such that τ “ dγ. Let ϕ
be a smooth bump function that is supported on Rn ´ B and equal to 1 on Rn ´ B1. So η “ τ ´ dpϕγq

is smooth on all of Rn, compactly supported (because on Rn ´ B1, ϕ ” 1 and η “ τ ´ dγ “ 0), and
dη “ dτ ´ d2pϕγq “ dτ “ ω as desired.

Fall 2021-5. Let n ě 0 be an integer. Let M be a compact, orientable smooth manifold of dimension
4n` 2. Show that dimpH2n`1pM ;Rqq is even.

Hint: H2n`1pMq ˆ H2n`1pMq Ñ R by pω, ηq ÞÑ
ş

M
ω ^ η. Show this is bilinear, anti-symmetric, and non-

degenerate. Corresponds to an invertible kˆk (k “ dimpH2n`1pMqq) matrix with A “ ´AT but if k is odd,
we get detpAq “ ´detpAq, a contradiction.

Referenced in: Spring 2019-10, Spring 2015-10, Fall 2012-7.

Consider the map H2n`1pMq ˆH2n`1pMq Ñ R where pω, ηq ÞÑ
ş

M
ω ^ η. Now, this map is bilinear since

pω1 ` ω2, ηq “

ż

M

pω1 ` ω2q ^ η “

ż

M

ω1 ^ η ` ω2 ^ η “

ż

M

ω1 ^ η `

ż

M

ω2 ^ η “ pω1, ηq ` pω2, ηq,

and similarly for the η component. Also, for any c P R, we have

pcω, ηq “

ż

M

pcωq ^ η “ c

ż

M

ω ^ η “ cpω, ηq,

and again similarly for the η component. Moreover,

ż

M

ω ^ η “ ´

ż

M

η ^ ω,

since η, ω P Ω2n`1pMq are both odd-dimensional so this form is anti-symmetric. We also know that this is
non-degenerate by Poincaré duality and de Rham’s theorem since R is a field. Since M is compact and ori-
entable, H4n`2pM ;Rq – R and since R is a field, we haveH2n`1pM ;Rq – Rk for k “ dimpH2n`1pMqq. Thus,
we can represent this bilinear form by a matrix A P GlkpRq such that A “ ´AT . Then, if dimpH2n`1pM ;Rqq

were odd, we would have

detpAq “ detpAT q “ detp´Aq “ p´1qdimpH2n`1
pM ;Rqq detpAq “ ´detpAq,

contradicting the fact that A is non-singular. Hence, we must have dimpH2n`1pM ;Rqq being even.
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Fall 2021-6. Let f : C Ñ C be a nowhere zero continuous function. Prove that there exists a continuous
function g : C Ñ C such that fpzq “ egpzq for all z P C.

Hint: exp : C Ñ C ´ t0u is a covering map and f lifts to g since C is contractible.

Since f is nowhere zero, we can think of it as a map f : C Ñ C ´ t0u. Now, the map exp : C Ñ C ´ t0u is a
covering map. Moreover f˚pπ1pC, ˚qq “ f˚p0q “ 0 “ exp˚p0q “ exp˚pπ1pC, ˚qq since C is contractible. Thus,
there exists a lift g : C Ñ C such that f “ exp ˝ g.

Fall 2021-7. In this problem, work in either the category of topological manifolds or smooth manifolds
(your choice). LetM be an n-manifold. Define its orientation double cover ĂM , and explain its structure

as a topological/smooth manifold. Prove that the orientation double cover of ĂM is always disconnected.

Hint: Topological basis rUO “ tpp,Opq | p P U,Op orientation of TpM determined by Ou. To show discon-

nected, show ĂM is orientable by defining a pointwise orientation and showing it is continuous and then π is
an even double cover.

Referenced in: Spring 2021-6, Fall 2017-6.

We will work in the category of smooth manifolds. As a set, we define

ĂM “ tpp,Opq | p P M and Op is an orientation of TpMu.

Define the projection π : ĂM Ñ M by pp,Opq ÞÑ p. Each tangent space has exactly two orientations so any
fiber of this map has cardinality 2. For each pair pU,Oq of an open subset U of M and an orientation O on

U , define rUO Ă ĂM by

rUO “ tpp,Opq | p P U and Op is the orientation of TpM determined by Ou.

We claim that the collection of all subsets of the form rUO form a basis for the topology on ĂM. Let pp,Opq P ĂM
be a point, let U be an orientable neighborhood of p in M , and let O be some orientation on U . We may
assume Op is the same as the orientation of TpM determined by O by replacing O with ´O if necessary.

Then, pp,Opq P rUO so indeed this collection of sets covers ĂM .

Secondly, if rUO and rU 1
O1 are two such sets and a point pp,Opq P rUO X rU 1

O1 , then Op is determined by the
combination O,O1. Consider V the component of U X U 1 that contains p. Then, the restricted orientation
O|V and O1|V agree at p. Since these two orientations agree at a point, they agree on all of V . Thus rUOX rU 1

O1

contains the basis set rVO|V so we have a topology.

To prove the orientation double cover of ĂM is always disconnected, we first prove that ĂM is orientable. Let
rp “ pp,Opq P ĂM . By definition, Op is an orientation on TpM so we can give T

rp
ĂM the unique orientation rO

rp

so that dπ
rp : T

rp
ĂM Ñ TpM sends rO

rp to Op. This defines a pointwise orientation rO on ĂM . At each point rp

in a basis open subset rUO, the orientation rO
rp agrees with the pullback orientation induced from pU,Oq by

the restriction π|
rUO

: rUO Ñ U so it is smooth and assembles into a smooth orientation on all of M .

Then, since ĂM is orientable, it is evenly covered by its orientation double cover as every open orientable

subset is evenly covered by π :
Ă

ĂM Ñ ĂM . Thus,
Ă

ĂM has two components and is thus disconnected.

Fall 2021-8. Let M be a connected non-orientable manifold whose fundamental group G is simple
(that is, has no non-trivial normal subgroup). Prove that G must be isomorphic to Z{2.
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Hint: Orientation double cover is connected and corresponds to index 2 subgroup.

We consider the orientation double cover p : ĂM Ñ M . Since M is non-orientable, ĂM is connected, and since
ĂM is a double cover, we have that p˚pπ1pĂM, ˚qq is an index 2 subgroup of π1pM, ˚q “ G. We know all index

2 subgroups are normal so since G is simple, we must have p˚pπ1pĂM, ˚qq “ 0. But then, the only group with
a trivial index 2 subgroup is Z{2.

Fall 2021-9. Let X be the quotient of the space t0, 1, 2u ˆ S1 ˆD2 by the relation

p0, z1, z2q „ p1, z1, z2q „ p2, z1, z2q @z1, z2 P S1.

(Here S1 is the unit circle and D2 is the unit disk, both inside R2.) Compute the homology groups of
X with integer coefficients.

Hint : Mayer-Vietoris with A “ t0, 1, 2u ˆ S1 ˆ tx P D2 | |x| ą 1
3u{ „ and B “ t0, 1, 2u ˆ S1 ˆ tx P

D2 | |x| ă 2
3u{ „ since they deformation retract onto nice things we know the homology of. H˚pXq “

Z2
p3q

‘ Z2
p2q

‘ Zp1q ‘ Zp0q.

Let

A “ t0, 1, 2u ˆ S1 ˆ tx P D2 | |x| ą
1

3
u{ „, B “ t0, 1, 2u ˆ S1 ˆ tx P D2 | |x| ă

2

3
u{ „ .

Then, A deformation retracts onto t0, 1, 2u ˆ S1 ˆ S1{ „“ S1 ˆ S1 while B deformation retracts onto
t0, 1, 2u ˆ S1, and AXB deformation retracts onto t0, 1, 2u ˆ S1 ˆ S1.

We know H˚pS1q “ Zp0q ‘Zp1q. Also, by Künneth’s formula, we know that H˚pS1 ˆS1q “ Zp0q ‘Z2
p1q

‘Zp2q.
So, we have

H˚pAq “ Zp0q ‘ Z2
p1q ‘ Zp2q,

H˚pBq “ Z3
p0q ‘ Z3

p1q,

H˚pAXBq “ Z3
p0q ‘ Z6

p1q ‘ Z3
p2q.

Now, we apply Mayer-Vietoris to get the following long exact sequence:

0 Ñ H3pXq Ñ Z3 f2
ÝÑ Z Ñ H2pXq Ñ Z6 f1

ÝÑ Z2 ‘ Z3 Ñ H1pXq Ñ Z3 f0
ÝÑ Z ‘ Z3 Ñ H0pXq Ñ 0.

We analyze in turn what the connecting maps f2, f0, and f1 do. For f2 : H2pAXBq Ñ H2pAq ‘H2pBq, we
note that the boundary relation identifies each copy of S1 ˆ S1 so f2 sends each generator of H2pAXBq to
the generator of H2pAq. I.e., we have

f2pa1, a2, a3q “ a1 ` a2 ` a3

so H3pXq “ kerpf2q – Z2. Also, since f2 is surjective, this simplifies the left side of the sequence to

0 Ñ H2pXq Ñ Z6 f1
ÝÑ Z2 ‘ Z3 Ñ H1pXq Ñ Z3 f0

ÝÑ Z ‘ Z3 Ñ H0pXq Ñ 0.

For f0 : H0pAXBq Ñ H0pAq ‘H0pBq, each generator of H0pAXBq maps to the generator of H0pAq. Also,
these three generators each map to unique generators of H0pBq. So we have

f0pa1, a2, a3q “ pa1 ` a2 ` a3, a1, a2, a3q

which implies that H0pXq “ cokerpf0q – Z. Also, since f0 is injective, this further simplifies the exact
sequence to

0 Ñ H2pXq Ñ Z6 f1
ÝÑ Z2 ‘ Z3 Ñ H1pXq Ñ 0.

Finally, for f1, we have, by similar logic,

f1pa1, a2, a3, b1, b2, b3q “ pa1 ` a2 ` a3, b1 ` b2 ` b3, a1, a2, a3q.
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So H2pXq “ kerpf2q – Z2 and H1pXq “ cokerpf2q “ Z. To summarize, we have

HkpX;Zq “

$

’

&

’

%

Z k “ 0, 1,

Z2 k “ 2, 3,

0 otherwise.

Fall 2021-10. Consider the following subsets of R3

Z “ tp0, 0, zq | z P Ru

C1 “ tpcos θ, sin θ, 0q | θ P Ru

C2 “ tp2 ` cos θ, sin θ, 0q | θ P Ru

Prove there is no self-homeomorphism on R3 taking Z Y C1 to Z Y C2.

Hint: Fundamental groups of R3 ´ pZ Y C1q and R3 ´ pZ Y C2q are different.

Referenced in: Spring 2024-10.

Let X1 “ Z Y C1, X2 “ Z Y C2. Then, we can see that X1 is the unit circle in the xy-plane and a vertical
line passing through the center, while X2 is the same vertical line and the unit circle shifted over such that
the line no longer passes through the circle. If f : R3 Ñ R3 is a homeomorphism that maps X1 to X2, then
f homeomorphically maps R3 ´X1 to R3 ´X2 which induces an isomorphism of fundamental groups.

However, R3 ´ X1 deformation retracts onto a torus, for which we know π1pR3 ´ X1q “ Z2, while R3 ´ X2

deformation retracts onto S2 _ S1 _ S1, for which we know

π1pR3 ´X2q “ π1pS2 _ S1 _ S1q “ π1pS2q ˚ π1pS1q ˚ π1pS1q “ Z ˚ Z,

by Van Kampen’s theorem. Since these fundamental groups are not isomorphic, we must have that no such
f exists, as desired.

Spring 2021

Spring 2021-1. Without using homology groups or homotopy groups, directly derive Brouwer’s fixed
point theorem (any continuous map f : D2 Ñ D2 has a fixed point, where D2 is the closed 2-disk) from
the hairy ball theorem (any continuous vector field on S2 is somewhere 0).

Hint: Define wpxq “ p1 ´ x ¨ fpxqqx ´ p1 ´ x ¨ xqfpxq and then Xpx, tq “ p´twpxq, x ¨ wpxqq is a continuous
nowhere-zero vector field on S2.

Suppose that f : D2 Ñ D2 is a fixed-point-free continuous map. Define

wpxq “ p1 ´ x ¨ fpxqqx´ p1 ´ x ¨ xqfpxq

for x “ px1, x2q P D2. Since f has no fixed points, we can see that, for any x P D2 ´ S1, the vector wpxq is
non-zero and for any x P S1, we have

x ¨ wpxq “ 1 ´ x ¨ fpxq ą 0.

Now, consider R3 “ R2 ˆ R with coordinates y “ px, tq “ px1, x2, tq and define

Xpx, tq “ p´twpxq, x ¨ wpxqq.

By construction, X is a continuous vector field on S2 Ă R3 with y ¨Xpyq “ 0 for all y P S2. Moreover, Xpyq

is nowhere vanishing since if x P S1, then x ¨wpxq is non-zero, while if x P D2 ´S1, then t and wpxq are both
non-zero. This contradicts the hairy ball theorem, showing that such an f is impossible, proving Brouwer’s
fixed point theorem.
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Spring 2021-2. Solve the following problems:

(a) Let F : Sn Ñ Sn be a continuous map. Show that if F has no fixed point, then the degree of the
map, degpF q “ p´1qn`1.

(b) Show that if X has S2n as universal covering space, then π1pXq “ t1u or Z2.

Hint : Lefschetz trace fixed point formula. Group of deck transformations is isomorphic to π1 and deck
transformation is determined by where it sends a single point so degree is a group embedding from deck
transformations to Z2.

Referenced in: Spring 2013-7, Fall 2010-6.

(a) We use Lefschetz theory. Since F has no fixed points, we know that LpF q “ 0. But, we know

0 “ LpF q “

n
ÿ

i“0

p´1qiTrpF˚ : HipS
nq Ñ HipS

nqq

“ TrpF˚ : H0pSnq Ñ H0pSnqq ` p´1qnTrpF˚ : HnpSnq Ñ HnpSnqq

“ 1 ` p´1qn degpF q.

So degpF q “ p´1qn`1.

(b) If S2n is the universal covering space of X, then the group of deck transformations of S2n is GpS2nq –

π1pXq. Now, deck transformations are completely determined by where they send a single point. So if a deck
transformation F : S2n Ñ S2n has a fixed point, it is the identity and has degree 1. Otherwise, by part (a), F
has degree ´1. Now, it is easy to see that degree is a group homomorphism from GpS2nq Ñ t`1,´1u – Z2.
We just showed that this has trivial kernel, so GpS2nq must be t1u or Z2.

Spring 2021-3. Let p1, . . . , pn be n distinct points in R3. Calculate the integral homology groups of
R3 ´ tp1, . . . , pnu.

Hint: H˚ “ Zn
p2q

‘ Zp0q. Deformation retracts onto the wedge sum of n copies of S2.

We can easily see that Rn ´ tp1, . . . , pnu deformation retracts onto the wedge sum of n copies of S2. So,

HkpR3 ´ tp1, . . . , pnuq “ Hkp

n
ł

i“1

S2q “

$

’

&

’

%

Z k “ 0,

Zn k “ n,

0 otherwise.

Spring 2021-4. Let ∆
pkq
n be the k-dimensional skeleton of the n-simplex ∆n. Calculate the reduced

homology groups rHi

´

∆
pkq
n

¯

for all values of i, k, n.

Hint: rH˚p∆
pkq
n q “ Zp n

k`1q
pkq

by induction using long exact sequence coming from the mapping cone for inclusion

∆
pk´1q

n´1 ãÑ ∆
pkq

n´1.

Referenced in: Fall 2008-7.

We show that

rHip∆
pkq
n q –

#

Zp n
k`1q if i “ k,

0 otherwise,

for all i and for all 0 ď k ď n by induction on n. When n “ 0, we simply have ∆n is a single point which

has trivial reduced homology which aligns with the claim since
`

0
1

˘

“ 0. If n “ 1, then ∆
p1q

1 is a single line
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and ∆
p0q

1 is two points. So rH˚p∆
p0q

1 q “ Zp0q and rH˚p∆
p1q

1 q “ 0 showing the statement is true for n “ 1 as

well since
`

1
2

˘

“ 0. The base case is done.

Let n ą 1 and assume the statement is true for n ´ 1. Since ∆
p0q
n is the disjoint union of n ` 1 points, we

have

rHip∆
p0q
n q –

#

Zn if i “ 0,

0 otherwise.

For k ě 1, we know that ∆
pkq
n is the mapping cone of the inclusion ∆

pk´1q

n´1 ãÑ ∆
pkq

n´1 which gives us the
following long exact sequence

¨ ¨ ¨ Ñ rHip∆
pk´1q

n´1 q Ñ rHip∆
pkq

n´1q Ñ rHip∆
pkq
n q Ñ rHi´1p∆

pk´1q

n´1 q Ñ rHi´1p∆
pkq

n´1q Ñ ¨ ¨ ¨ .

When i ‰ k, the inductive hypothesis gives rHip∆
pkq

n´1q “ 0 and rHi´1p∆
pk´1q

n´1 q “ 0 so rHip∆
pkq
n q “ 0. When

i “ k, the inductive hypothesis gives rHip∆
pk´1q

n´1 q “ 0 and rHi´1p∆
pkq

n´1q “ 0 so we have a short exact sequence

0 Ñ rHkp∆
pkq

n´1q Ñ rHkp∆pkq
n q Ñ rHk´1p∆

pk´1q

n´1 q Ñ 0

which splits since we are only dealing with free modules so we have

rHkp∆pkq
n q – Zpn´1

k`1q ‘ Zpn´1
k q – Zp n

k`1q

using the inductive hypothesis again.

Spring 2021-5. Define the complex projective space CPn to be the quotient of Cn`1 ´ t0u by the
relation x „ λx for all λ P C´ t0u, x P Cn`1 ´ t0u. Construct a CW complex structure on CPn with no
odd-dimensional cells and exactly 1 cell in each even dimension up to 2n. Calculate the fundamental
group and the integral homology groups of CPn.

Hint: Attach by ϕn : e2n Ñ CPn, pz0, . . . , zn´1q ÞÑ rz0, . . . , zn´1, ts, t “

b

1 ´
řn´1
i“0 zizi. H˚pCPnq “

Zp0q ‘ Zp2q ‘ ¨ ¨ ¨ ‘ Zp2nq and π1pCPnq “ 0.

Referenced in: Fall 2023-6, Spring 2012-7, Spring 2011-7, Spring 2009-7, Spring 2008-10.

We define the CW structure inductively. CP0 is a single point, so it clearly has just one 0-cell and no other
cells. Now, given a CW structure on CPn´1 with no odd-dimensional cells and exactly 1 cell in each even
dimension up to 2pn ´ 1q, we construct CPn by attaching a single 2n-cell. To do this, we use the standard
inclusion CPn´1

Ă CPn given by rz0 : . . . : zn´1s ÞÑ rz0 : . . . : zn´1 : 0s. Then, any point in CPn ´ CPn´1

can be represented by rz0, . . . , zn´1, ts where we may choose t ą 0 to be the real number
b

1 ´
řn´1
i“0 zizi.

Thus, this defines a map from the standard 2n-cell, e2n Ă Cn,

ϕn : e2n Ñ CPn, pz0, . . . , zn´1q ÞÑ rz0, . . . , zn´1, ts, t “

g

f

f

e1 ´

n´1
ÿ

i“0

zizi.

On the boundary Be2n, we see that t “ 0 and so ϕn indeed attaches Be2n to CPn´1. Now, using the CW
structure of CPn, we have a cell complex

0 Ñ Z Ñ 0 Ñ Z Ñ 0 Ñ ¨ ¨ ¨ Ñ Z Ñ 0 Ñ Z,

where the first Z is in degree 2n and the last is in degree 0. Clearly, all of the boundary maps must be 0 so
the integral homology is the same as the chain groups, i.e.,

HkpCPnq “

#

Z 0 ď k ď 2n, k even,

0 otherwise.

The fundamental group has for generators, the 1-cells, and for relations, the attaching maps of the 2-cells.
However, there are no 1-cells so CPn must have trivial fundamental group.
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Spring 2021-6. Define the orientation double cover for any topological manifold. What is the orien-
tation double cover of the real projective plane RPn?

Hint: Unique two-fold orientable covering space with orientation reversing non-trivial deck transformation.
RPn \ RPn with interchanging copies if n is odd and Sn with antipodal map if n is even.

Referenced in: Fall 2023-9, Spring 2008-8.

The orientation double cover for any topological manifold is the unique two-fold orientable covering space
of a topological manifold with orientation reversing non-trivial deck transformation. (Extra: see Fall 2021-7
for details on its construction/topology.)

First, note that RPn is the quotient space of Sn by the antipodal map and that

HkpRPnq “

$

’

&

’

%

Z k “ 0, k “ n and n odd,

Z{2Z 1 ď k ă n, k odd,

0 otherwise.

Hence, RPn is orientable if and only if n is odd. In this case, the orientation double cover is simply
RPn \ RPn where the two copies have opposite orientations. Then, the non-trivial deck transformation
which interchanges the two copies of RPn is orientation reversing.

If n is even, then the orientation double cover is Sn itself. We know that Sn is a double cover of RPn and it
is orientable. Also, the non-trivial deck transformation is the antipodal map A : x ÞÑ ´x which has degree
degpAq “ p´1qn`1 “ ´1 when n is even, since A is the composition n ` 1 negations, each of which is an
orientation reversing diffeomorphism. Thus, the non-trivial deck transformation is orientation reversing so
indeed Sn is the orientation double cover of RPn.

Spring 2021-7. Show that S2 ˆ S2 and the connected sum CP2#CP2 are not homotopy equivalent.

Hint: Good pair with gluing sphere Sn´1. H˚pCP2#CP2
q “ H˚pCP2#CP2

q “ Zp4q ‘ Z2
p2q

‘ Zp0q. Different

cup product structure on the generators of H2pCP2#CP2
q and H2pS2 ˆ S2q corresponding to the identity

2 ˆ 2 matrix and the non-trivial permutation matrix, only one of which is positive definite.

Referenced in: Spring 2018-7.

We will show that these two spaces have different cohomology ring structures. First, we claim that if M and
N are two closed oriented manifolds of dimension n, and X “ M#N , then

rHipXq “

#

rHipMq ‘ rHipNq i ‰ n,

Z i “ n.

Let A “ Sn´1 Ă X be the sphere along which M and N are glued. Note that pX,Aq form a good pair with
X{A – M _N . The induced long exact sequence for this good pair is

¨ ¨ ¨ Ñ rHipS
n´1q Ñ rHipXq Ñ rHipM _Nq Ñ rHi´1pSn´1q Ñ ¨ ¨ ¨

We know rHipM _ Nq – rHipMq ‘ rHipNq, and rHipS
n´1q “ 0 for i ‰ n ´ 1 and Z for i “ n ´ 1. So for

i ă n´ 1, we obtain rHipXq – rHipMq ‘ rHipNq. Since M and N are closed oriented manifolds, so is X which

implies that rHnpXq “ rHnpMq “ rHnpNq “ Z. Then, the top part of the sequence is

0 Ñ Z Ñ Z2 Ñ Z Ñ rHn´1pXq Ñ rHn´1pMq ‘ rHn´1pNq Ñ 0

Moreover, rHn´1pMq and rHn´1pNq are torsion-free and thus free so since the alternating sum of the rank of

the groups in this exact sequence must be 0, we get rHn´1pXq – rHn´1pMq ‘ rHn´1pNq finishing the proof of
the claim.
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In the case of CPn, all the homology groups are free so the cohomology groups are just dual to them. I.e.,
using the above claim, we have

H4´ipCP2#CP2
q – HipCP2#CP2

q “

$

’

&

’

%

Z2 i “ 2,

Z i “ 0, 4,

0 otherwise.

In particular, we note that the generators of the two copies of H4pCP2
q are identified after gluing in

H4pCP2#CP2
q. So if we let a1, a2 be the generators of H2pCP2#CP2

q, we get

a1 ! a1 “ a2 ! a2,

a1 ! a2 “ 0 “ a2 ! a1,

where a1 ! a1 “ a2 ! a2 generates H4pCP2#CP2
q. This has corresponding matrix I2, the 2 ˆ 2 identity

matrix which is positive definite. On the other hand, letting θ be a volume form in S2, we note that π˚
1 pθq

and π˚
2 pθq generate H2pS2 ˆ S2q, and the Künneth formula says

π˚
1 pθq ! π˚

1 pθq “ 0,

π˚
1 pθq ! π˚

2 pθq “ p´1q4pπ˚
2 pθq ! π˚

1 pθqq “ π˚
2 pθq ! π˚

1 pθq,

π˚
2 pθq ! π˚

2 pθq “ 0,

where π˚
1 pθq ! π˚

2 pθq “ π˚
2 pθq ! π˚

1 pθq generates H4pS2 ˆ S2q. This has corresponding matrix
ˆ

0 1
1 0

˙

,

which is not positive definite since it has both a positive and negative eigenvalue. Hence, the two cup product
structures are not the same so the cohomology rings are not isomorphic.

Spring 2021-8. Consider a differentiable map f : S2n´1 Ñ Sn with n ě 2. If α P ΩnpSnq is a
differential form of degree n such that

ş

Sn α “ 1, let f˚pαq P ΩnpS2n´1q be its pull-back under f .

(a) Show that there exists β P Ωn´1pS2n´1q such that f˚pαq “ dβ.
(b) Show that the integral Ipfq “

ş

S2n´1 β ^ dβ is independent of the choices of β and α.

Hint: n ě 2 ùñ n ă 2n ´ 1 ùñ HnpS2n´1q “ 0 so closed implies exact. Stokes’ theorem. HnpSnq “ Z
so α “ α1 ` dη for η P Ωn´1pSnq. η ^ dη “ 0. Gymnastics with wedge product and differentials.

(a) Since α is a top form, dα “ 0 so α is closed. Then,

df˚pαq “ f˚pdαq “ f˚p0q “ 0,

so f˚pαq is closed. Since n ě 2, we have n ă 2n´1 so HnpS2n´1q “ 0, implying that f˚pαq is exact. Hence,
there exists some β P Ωn´1pS2n´1q such that f˚pαq “ dβ.

(b) First, suppose β, β1 P Ωn´1pS2n´1q both satisfy dβ “ dβ1 “ f˚pαq. Then, dpβ1 ´βq “ f˚pαq ´ f˚pαq “ 0
so β1 ´ β is closed. Again, n ´ 1 ă 2n ´ 1 so Hn´1pS2n´1q “ 0 and so β1 ´ β is exact. I.e., we can find
γ P Ωn´2pS2n´1q such that β1 ´ β “ dγ. Then, we have

ż

S2n´1

β1 ^ dβ1 “

ż

S2n´1

pβ ` dγq ^ dpβ ` dγq

“

ż

S2n´1

β ^ dβ `

ż

S2n´1

dγ ^ dβ

“

ż

S2n´1

β ^ dβ `

ż

S2n´1

dpγ ^ dβq

“

ż

S2n´1

β ^ dβ `

ż

BS2n´1

γ ^ dβ “

ż

S2n´1

β ^ dβ
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where the second-last equality comes from Stokes’ theorem and the last since S2n´1 has empty boundary.
Hence, Ipfq is independent of the choice of β.

Second, suppose α, α1 P ΩnpSnq both satisfy
ş

Sn α “
ş

Sn α
1 “ 1. Thus by de Rham’s theorem, α and α1 are

in the same cohomology class since
ş

Sn α´α1 “ 0 so we can find η P Ωn´1pSnq such that α “ α1 ` dη. Now,
let β, β1 P Ωn´1pS2n´1q be such that dβ “ f˚pαq and dβ1 “ f˚pα1q. So we have

dβ “ f˚pαq “ f˚pα1 ` dηq “ f˚pαq ` df˚pηq “ dβ1 ` dη1 “ dpβ1 ` η1q

for some η1 “ f˚pηq P Ωn´1pS2n´1q. Hence, β´β1´η1 is closed, so by similar logic to above so β “ β1`η1 `dγ
for some γ P Ωn´2pS2n´1q. Thus, we have

ż

S2n´1

β ^ dβ ´ β1 ^ dβ1 “

ż

S2n´1

pβ1 ` η1 ` dγq ^ pdβ1 ` dη1q ´ β1 ^ dβ1

“

ż

S2n´1

β1 ^ dη1 ` η1 ^ dβ1 ` η1 ^ dη1 ` dγ ^ pdβ1 ` dη1q

“

ż

S2n´1

β1 ^ dη1 ` η1 ^ dβ1 ` f˚pηq ^ df˚pηq `

ż

S2n´1

dpγ ^ pdβ1 ` dη1qq

“

ż

S2n´1

β1 ^ dη1 ` dβ1 ^ η1 ` f˚pηq ^ f˚pdηq `

ż

BS2n´1

γ ^ pdβ1 ` dη1q

“

ż

S2n´1

dpβ1 ^ η1q ` f˚pη ^ dηq ` 0 p˚q

“

ż

BS2n´1

β1 ^ η1 `

ż

S2n´1

f˚pη ^ dηq

“ 0 `

ż

S2n´1

f˚pη ^ dηq “

ż

S2n´1

f˚p0q “ 0,

as desired, where the second-last equality comes from the fact that η ^ dη is a n ´ 1 ` n “ 2n ´ 1-form on
Sn´1 so must be 0. Note that (˚) only holds when n´1 is even (since dpβ1 ^η1q “ dβ1 ^η1 `p´1qn´1β1 ^dη1),
but I am pretty sure that the question is just wrong if n´ 1 is odd.

Spring 2021-9. Let f : M Ñ N be a smooth map between smooth manifolds, X and Y be smooth
vector fields on M and N , respectively, and suppose that f˚X “ Y (i.e., f˚pXpxqq “ Y pfpxqq for all
x P M). Then prove that

f˚pLY ωq “ LXpf˚ωq.

Hint: Show f˚ιY ω “ ιXf
˚ω for any ω P ΩkpMq. Cartan’s magic formula and df˚ “ f˚d.

We first show f˚ιY ω “ ιXf
˚ω for any ω P ΩkpMq. let E1, . . . , Ek´1 be vector fields on M . Then,

f˚ιY ωpE1, . . . , Ek´1q “ ιY ωpf˚E1, . . . , f˚Ek´1q

“ ωpY, f˚E1, . . . , f˚Ek´1q

“ ωpf˚X, f˚E1, . . . , f˚Ek´1q

“ f˚ωpX,E1, . . . , Ek´1q

“ ιXf
˚ωpE1, . . . , Ek´1q.

Then, since df˚ “ f˚d, Cartan’s magic formula gives

f˚pLY ωq “ f˚ppdιY ` ιY dqωq “ f˚dιY ω ` f˚ιY dω “ df˚ιY ω ` f˚ιY dω “ dιXf
˚ω ` ιXf

˚dω

“ dιXf
˚ω ` ιXdf

˚ω “ pdιX ` ιXdqpf˚ωq “ LXpf˚ωq.
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Spring 2021-10. Prove Cartan’s lemma: Let M be a smooth manifold of dimension n. Fix 1 ď k ď n.
Let ωi and φi be 1-forms on M . Suppose that the tω1, . . . , ωku are linearly independent and that
řk
i“1 φi ^ ωi “ 0. Prove that there exist smooth functions hij “ hji : M Ñ R such that for all

i “ 1, . . . , k, φi “
řk
j“1 hijω

j .

Hint: α1, . . . , αr linearly dependent if and only if α1 ^ ¨ ¨ ¨ ^ αr “ 0. Look at pω1 ^ ¨ ¨ ¨ ^ pωi ^ ¨ ¨ ¨ ^ ωkq ^
´

řk
j“1 φj ^ ωj

¯

“ 0. To show equality, do the same thing but removing both ωi and ωj .

By Spring 2014-4, we know prove that tα1, . . . , αru is a linearly dependent set of 1-forms if and only if
α1 ^ ¨ ¨ ¨ ^ αr “ 0. Now, fix some 1 ď i ď k. by linearity of the wedge product, we have

pω1 ^ ¨ ¨ ¨ ^ pωi ^ ¨ ¨ ¨ ^ ωkq ^

˜

k
ÿ

j“1

φj ^ ωj

¸

“ pω1 ^ ¨ ¨ ¨ ^ pωi ^ ¨ ¨ ¨ ^ ωkq ^ 0 “ 0.

However, expanding the left-hand side gives

ω1 ^ ¨ ¨ ¨ ^ pωi ^ ¨ ¨ ¨ ^ ωk ^ φi ^ ωi “ ˘ω1 ^ ¨ ¨ ¨ ^ ωk ^ φi,

using the fact that ωj ^ ωj “ 0 as ωj is a 1-form. So we must have ω1 ^ ¨ ¨ ¨ ^ ωk ^ φi “ 0 which implies
that tω1, . . . , ωk, φiu is a linearly dependent set so we may write

φi “

k
ÿ

j“1

hijω
j

for some smooth functions hij . We now claim that hij “ hji. Without loss of generality, fix 1 ď i ă j ď k.
Then, we have

0 “

˜

k
ÿ

l“1

φl ^ ωl

¸

^ ω^ ¨ ¨ ¨ ^ pωi ^ ¨ ¨ ¨ ^ pωj ^ ¨ ¨ ¨ ^ ωk

“ φi ^ ωi ^ ω1 ^ ¨ ¨ ¨ ^ pωi ^ ¨ ¨ ¨ ^ pωj ^ ¨ ¨ ¨ ^ ωk ` φj ^ ωj ^ ω1 ^ ¨ ¨ ¨ ^ pωi ^ ¨ ¨ ¨ ^ pωj ^ ¨ ¨ ¨ ^ ωk

“ hijω
j ^ ωi ^ ω1 ^ ¨ ¨ ¨ ^ pωi ^ ¨ ¨ ¨ ^ pωj ^ ¨ ¨ ¨ ^ ωk ` hjiω

i ^ ωj ^ ω1 ^ ¨ ¨ ¨ ^ pωi ^ ¨ ¨ ¨ ^ pωj ^ ¨ ¨ ¨ ^ ωk.

Hence, we must have
hijω

1 ^ ¨ ¨ ¨ ^ ωk “ hjiω
1 ^ ¨ ¨ ¨ ^ ωk.

Since tω1, . . . , ωku is linearly independent, ω1 ^ ¨ ¨ ¨ ^ ωk ‰ 0 so hij “ hji as claimed.

Fall 2020

Fall 2020-1. Let x1, x2, . . . , xk and y1, y2, . . . , yk be two sets of distinct points in a connected smooth
manifold M with dimpMq ą 1, and v1, v2, . . . , vk and w1, w2, . . . , wk be the corresponding two sets
of non-zero tangent vectors at these points. Show that there is a diffeomorphism f of M such that
fpxiq “ yi and dfxi

pviq “ wi for i “ 1, . . . , k.

Hint: Do each xi ÞÑ yi separately and compose. Connectedness is required. Map v to w in Rn (n ě 2) using
a rotation of the plane spanned by v and w. Need to use flows and 1-parameter subgroup of diffeomorphisms.

Referenced in: Spring 2017-1, Fall 2010-1, Spring 2009-3, Fall 2008-3.

Claim: given y P Rn, r ą |y|, we can find a diffeomorphism f : Rn Ñ Rn with compact support in Bp0, rq

and fp0q “ y. Let X be the constant vector field that is always y and let φ : Rn Ñ R be a smooth bump

function with φ ” 1 on Bp0, r`|y|

2 q and φ ” 0 on Rn ´ Bp0, rq. Let rX “ φX, which is a vector field with
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compact support in Bp0, rq and is equal to X on Bp0, r`|y|

2 q. Let rΦt be the flow of rX. Then f “ rΦ1 is such
a diffeomorphism.

Claim: if γ : r0, 1s Ñ M is a smooth injective path joining x and y and U is an open neighborhood of γ,
then there is a diffeomorphism f : M Ñ M with compact support in U and fpxq “ y. By compactness
of γpr0, 1sq, we can cover the path γ with a finite number of charts, pUi, ϕiq0ďiďl centered at xi such that
x0 “ x, xl “ y, and xi`1 P Ui. Then, for 0 ď i ď l´ 1, the above claim gives a diffeomorphism fi : Rn Ñ Rn

with compact support such that fip0q “ ϕipxi`1q. Let rfi “ ϕ´1
i ˝ fi ˝ ϕi, extended by the identity outside of

Ui. Then rfi : M Ñ M is a diffeomorphism with compact support in U such that rfipxiq “ xi`1. It follows

that f “ rfl´1 ˝ ¨ ¨ ¨ ˝ rf0 is the desired diffeomorphism.

Claim: we can find a diffeomorphism f : Rn Ñ Rn with compact support in Bp0, rq such that fp0q “ 0 and

df0pvq “ w for any v, w P Rn ´ t0u and r ą 0. Let λ “
||w||

||v||
ą 0. If v and w are colinear with w “ λv, then

we can choose Φt “ λtIdRn . If not, then let P be the plane spanned by v and w oriented so that tv, wu is
a direct basis. Let θ be the oriented angle between v and w. If w “ ´λv, take a third vector which is not
colinear to v, say w1, and consider the plane P spanned by v, w1 and let θ “ π. Then, define Rt to be the
linear isomorphism of Rn such that its restriction to P is rotation by an angle of tθ and its restriction to PK

is the identity map. Let Φt “ λtRt.

In both cases, we have Φt a 1-parameter subgroup of diffeomorphisms. Let X be its infinitesimal generator
and let φ : Rn Ñ R be a bump function with φ ” 1 on Bp0, r2 q and φ ” 0 on Rn ´ Bp0, rq. Define a vector

field rX by rX “ φX and let rΦt be its flow. We see that f “ rΦ1 is our desired diffeomorphism.

Claim: we prove the question in the case where k “ 1 where we let U be a connected open neighborhood of
tx, yu in M . If x “ y, then choose a chart pV, ϕq so that V Ă U and ϕ : U Ñ Rn is a diffeomorphism with

ϕpxq “ 0. By the third claim, we can find a diffeomorphism rf : Rn Ñ Rn with rfp0q “ 0 and d rf0pdϕxpvqq “

dϕxpwq. Then f “ ϕ´1 ˝ rf ˝ ϕ, extended by the identity outside of V is our desired diffeomorphism.

If x ‰ y, let γ : r0, 1s Ñ M be a smooth path joining x and y that lies in U . By the second claim, we can
find a diffeomorphism f1 : M Ñ M with compact support in U sending x to y. Let w1 “ pdf1qxpvq P TyM .
By the first case, we can then find a diffeomorphism f2 : M Ñ M with compact support in U such that
f2pyq “ y and pdf2qypw1q “ w so f “ f2 ˝ f1 is as desired.

Claim: given points x1, . . . , xk, y1, . . . , yk P M , we can find pairwise disjoint, connected, open subsets
U1, . . . , Uk with xi, yi P Ui. Take tubular neighborhoods of paths that join xi and yi and the result fol-
lows by induction.

Finally, find by the fifth claim, connected open subsets U1, . . . , Uk that are pairwise disjoint and with xi, yi P

Ui. Then for each i, the fourth claim yields a diffeomorphism fi :M Ñ M with compact support in Ui such
that fipxiq “ yi and dfxipviq “ wi. Then f “ f1 ˝ ¨ ¨ ¨ ˝ fk is the desired diffeomorphism.

Fall 2020-2. Let M be a smooth manifold of dimension n. Let T˚M :“
Ů

mPM T˚
mM be the cotangent

bundle, where T˚
mM is the dual of the tangent space TmM , and let π : T˚M Ñ M be the natural

projection such that πpϕq “ m for ϕ P T˚
mM . Let x “ px1, . . . , xnq be local coordinates on U Ă M .

Then we endow π´1pUq with coordinates px1, . . . , xn, y1, . . . , ynq, such that the element ϕ P π´1pUq

with πpϕq “ m is written as
ř

i yidxipmq.

(a) Show that T˚M is a smooth manifold with respect to the local coordinate charts defined above.
(b) Define the 1-form λ on the cotangent bundle T˚M as follows: for any tangent vector v P TϕpT˚Mq

at ϕ P T˚M , we set λpϕqpvq “ ϕpdπpvqq. Find the explicit expression of λ with respect to the
above local coordinate chart. Use this to show that λ is smooth.

(c) Find the explicit expression of dλ and its k-th exterior powers for all k ě 2 with respect to the
local coordinate chart above. Use this to show that T˚M is orientable.

Hint: λ “
ř

i yidxi and pdλqk “
ř

1ďi1ă...ăikďn k!dyi1 ^ dxi1 ^ ¨ ¨ ¨ ^ dyik ^ dxik
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(a) We give T˚M the topology induced from setting px1, . . . , xn, dx1, . . . , dxnq : T˚U Ñ xpUq ˆ Rn to be a
homeomorphism. This is Hausdorff since covectors above different points are separated by the topology of
M which is Hausdorff while covectors above the same point are separated by the Hausdorff topology on Rn
which is induced upon T˚M. The transition functions between charts is the pairing of the transition function
for M and the transpose of the inverse of the differential of this transition function which we know to both
be smooth so is smooth itself.

(b) We compute λpϕq by computing what it does to basis vectors, B
Bxi

and B
Byi
. But we note that dπp B

Bxi
q “ B

Bxi

and dπp B
Byi

q “ 0. Thus,

λpϕq

ˆ

B

Byi

˙

“ ϕ

ˆ

dπ

ˆ

B

Byi

˙˙

“ ϕp0q “ 0

and

λpϕq

ˆ

B

Bxi

˙

“ ϕ

ˆ

dπ

ˆ

B

Bxi

˙˙

“ ϕ

ˆ

B

Bxi

˙

“ yi.

So we have
λ “

ÿ

i

yidxi

which is clearly smooth as its component functions are linear with respect to these coordinates.

(c) From part (b), we have

dλ “ d
ÿ

i

yidxi “
ÿ

i

dyi ^ dxi.

So,
pdλqk “

ÿ

1ďi1ă...ăikďn

k!dyi1 ^ dxi1 ^ ¨ ¨ ¨ ^ dyik ^ dxik .

In particular, pdλqn “ n!dy1 ^ dx1 ^ ¨ ¨ ¨ ^ dyn ^ dxn is a nowhere vanishing top-form (i.e., a volume form)
of T˚M so T˚M is orientable.

Fall 2020-3. Let M be a smooth manifold with smooth boundary BM and N be a smooth manifold
without boundary. Assume that f : M Ñ N is smooth (this includes smoothness at points of BM) so
that the tangent map dfx : TxM Ñ TfpxqN is well-defined (including at points of BM). Let y P N be a
regular value for both f and f |BM .

(a) Show that M1 :“ f´1pyq, if not empty, is a smooth submanifold with boundary in M such that
the boundary BM1 “ pfBM q´1pyq “ M1 X BM is a submanifold of BM.

(b) If we only assume that y is a regular value for f but not for fBM , does the conclusion of (a) still
hold?

Hint: Use standard preimage theorem. Switch to local coordinates. Show kerpdf0q ‰ kerpdpf |BM q0q to show
that π : f´1p0q X B Ñ R, x ÞÑ xm has 0 as a regular value. ts P S | πpsq ě 0u is manifold with boundary
ts P S | πpsq “ 0u. Counterexample: M “ ty ě 0u Ă R2, f : px, yq ÞÑ y P R.

(a) Since IntpMq is a smooth manifold without boundary, so too is M1 X IntpMq “ pf |IntpMqq´1pyq by the
standard preimage theorem. So it suffices to look at M1 around a point x P BM . By using local coordinates,
we can treat a neighborhood of y in N as a ball in Rn, with y “ 0 and we can treat a neighborhood of x in
M as an open subset of Hm “ tpx1, . . . , xmq P Rm | xm ě 0u with x “ 0. Since f is smooth at 0, we may
shrink the neighborhood around x to assume that f is defined and smooth in a ball B around 0.

Let S “ f´1p0q XB. By the preimage theorem, S is a smooth manifold of codimension 1. Define π : S Ñ R
by x ÞÑ xm. We see that B X M1 “ π´1r0,8s. We claim that 0 is a regular value of π. To see this, note
that 0 is a regular value of both f and f |BM so both df0 and pdf |BM q0 are surjective and thus their kernels
have the same codimension.

Then, these kernels have different dimensions as they lie in T0BM and T0M respectively which have different
dimensions. So kerpdf0q ‰ kerpdpf |BM q0q. Now, T0S “ kerpdf0q cannot lie in T0BM entirely since df0|T0BM “
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dpf |BM q0. So locally there is a vector v P T0S with v R T0BM , i.e., vm ‰ 0. Then, dπ0pvq “ vm ‰ 0 so dπ0 is
surjective showing that 0 is a regular value of π.

Now, we claim that if S is a manifold without boundary and π : S Ñ R is a smooth function with regular
value 0, then ts P S | πpsq ě 0u is a manifold with boundary, whose boundary is π´1p0q, completing the
proof. This is because ts P S | πpsq ą 0u is open in S and is therefore a submanifold of S with the same
dimension as S. Since 0 is a regular value, π is locally equivalent to the canonical submersion near 0 and
this claim is clear when π is the canonical submersion.

(b) Counterexample: Let M “ tpx, yq P R2 | y ě 0u Ă R2, N “ R, and f : M Ñ N be given by px, yq ÞÑ y.
Now, f is linear and df “ f so f is a submersion. y “ 0 is a regular value of f but BM “ tpx, yq P R2 | y “ 0u

and f |BM “ 0 so 0 is not a regular value of f |BM . Using the above notation, M1 “ f´1p0q “ tpx, yq P R2 |

y “ 0u “ BM which is a manifold without boundary BM1 “ H. But M1 X BM “ BM ‰ H, a contradiction.

Fall 2020-4. Let S be a closed subset of a smooth manifold M that has a second countable topological
basis. Show that for any positive integer n, there is a smooth map f :M Ñ Rn such that S “ f´1p0q.

Hint: Do for Rn using ϕx0,rpxq “ exppp|x´x0|2 ´r2q´1q inside Bpx0, rq and 0 outside and paracompactness.
Use this to do it for AX Uα for a locally finite covering by charts and add to get desired function.

This is done as part of Fall 2016-1.

Fall 2020-5. Let M,N Ă Rp`1 be two compact, smooth, oriented submanifolds (without boundary)
of dimensions m and n, respectively, such that m` n “ p, and suppose that M XN “ H. Let lpM,Nq

be the degree of the map

λ :M ˆN Ñ Sp, λpx, yq “
x´ y

||x´ y||
.

(a) Show that lpM,Nq “ p´1qpm`1qpn`1qlpN,Mq.
(b) Show that if M is the boundary of an oriented submanifold W Ă Rp`1 which is disjoint from N ,

then lpM,Nq “ 0.

Hint: lpN,Mq “ degpλ1q, λ1 “ A ˝ λM ˝S : N ˆM Ñ Sp. Define F pw, nq “ w´n
||w´n||

so that λ “ BF “ F ˝ iM

so dλ˚ω “ dF˚ω and use Stokes’ to integrate degpλq
ş

Sp ω for any volume form ω.

Referenced in: Fall 2013-3.

(a) Let S : N ˆ M Ñ M ˆ N be the map pa, bq ÞÑ pb, aq and let A : Sp Ñ Sp by the antipodal map.
Define λ1 “ A ˝ λM ˝ S : N ˆ M Ñ Sp. As the composition of p ` 1 reflections, the map A has degree
p´1qp`1 “ p´1qm`n`1. Similarly, S is the composition of m ¨n flips (switching of coordinates) so has degree
p´1qmn. Note that lpN,Mq is the degree of λ1 by construction. Thus,

lpN,Mq “ degpλ1q “ degpA ˝ λ ˝ Sq “ degpAqdegpλqdegpSq “ p´1qpm`1qpn`1qlpM,Nq.

(b) Let F be the map F :W ˆN Ñ Sp given by

F pw, nq “
w ´ n

||w ´ n||
,

which is well-defined since W X N “ H. By construction, λ “ F ˝ iM where iM : M ˆ N Ñ W ˆ N is the
inclusion map since BpW ˆ Nq “ BW ˆ N “ M ˆ N as N has no boundary. Then, let ω be a volume form
in Sp, we have, via Stokes’ theorem:

degpλq

ż

Sp

ω “

ż

MˆN

λ˚ω “

ż

MˆN

i˚MF
˚ω

“

ż

WˆN

dF˚ω “

ż

WˆN

F˚pdωq “

ż

WˆN

F˚p0q “

ż

WˆN

0 “ 0,

where dω “ 0 since ω is a top form. Thus degpλq “ 0 as
ş

Sp ω ‰ 0 since ω is a volume form.
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Fall 2020-6. Let X be a topological space and let Y “ X ˆ r´1, 1s{ „, where

px,´1q „ px1,´1q for all x, x1 P X

px, 1q „ px1, 1q for all x, x1 P X

Describe the relationship between the homology groups of X and Y .

Hint: rHkpY q “ rHk´1pXq for all k. Use Mayer-Vietoris.

Referenced in: Fall 2022-3, Fall 2022-10, Spring 2022-8, Spring 2016-9, Spring 2014-10.

Note that Y “ SpXq is the suspension of X. Take A to be the image of X ˆ r´1, 0.1q and B to be the image
of X ˆ p´0.1, 1s in SpXq. Then A and B are contractible and cover SpXq, and AXB deformation retracts
onto a copy of X. The Mayer-Vietoris sequence for reduced homology is

¨ ¨ ¨ Ñ rHi`1pAq ‘ rHi`1pBq Ñ rHi`1pAYBq Ñ rHipAXBq Ñ rHipAq ‘ rHipBq Ñ ¨ ¨ ¨

which in this case is just
¨ ¨ ¨ Ñ 0 Ñ rHi`1pSpXqq Ñ rHipXq Ñ 0 Ñ ¨ ¨ ¨

since A and B are contractible and AXB is homotopic to X. Thus we must have rHi`1pSpXqq – rHipXq for

all i (by convention rH´1pXq “ 0 which agrees with the fact that rH0pSpXqq “ 0 since SpXq is necessarily
connected).

Fall 2020-7. (a) Describe a cell decomposition for X “ RP4 such that its 2-skeleton Xp2q “ RP2.
(This means that X is obtained from Xp2q by attaching only 3-and 4-dimensional cells.) Include
a careful description of the attaching maps.

(b) Use your cell decomposition to compute HkpX;Zq and HkpX,Xp2q;Zq for all k ě 0.

Hint: One cell in each dimension with double cover for attaching maps. HkpRPnq “ Z if k “ n and n is odd,
Z{2Z if k ď n and k is odd and 0 otherwise.

Referenced in: Fall 2015-10, Spring 2012-6, Spring 2008-9.

(a) We can in fact construct a CW complex for X “ RPn which has Xpkq “ RPk for all 0 ď k ď n. We need
exactly one k-cell (i.e., Dk) for each 0 ď k ď n. Then, the attaching maps are given by

ϕk : Sk´1 Ñ Xpk´1q “ RPk´1

where ϕk is the standard double cover of RPk´1, namely x,´x ÞÑ rxs for all x P Sk´1.

(b) Since there is one k-cell in each dimension k, our chain complex is

0 Ñ Z Ñ Z Ñ Z Ñ Z Ñ Z Ñ 0.

To compute the differential maps, we compute the degree of the boundary maps which are the compositions

Sk´1 ϕk
ÝÝÑ RPk´1 qk

ÝÑ RPk´1
{RPk´2

– Sk´1

where qk is the canonical quotient map. We can see that qk˝ϕk restricts to a homeomorphism from each of the
two components of Sk´1´Sk´2 to RPk´1

´RPk´2. One of these homeomorphisms is given by precomposition
with the antipodal map of Sk´1 which has degree p´1qk and the other is given by the identity with degree
1. Putting this together gives

degpqk ˝ ϕkq “ degpidq ` degpantipodalq “ 1 ` p´1qk “

#

0 k odd,

2 k even.
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This means we have
0 Ñ Z ¨2

ÝÑ Z 0
ÝÑ Z ¨2

ÝÑ Z 0
ÝÑ Z Ñ 0.

Hence, we have

HkpXq “

$

’

&

’

%

Z k “ 0,

Z{2Z k “ 1 or 3,

0 otherwise.

To compute HkpX,Xp2q;Zq, we have:

0 Ñ
C4pXq

C4pXp2qq
Ñ

C3pXq

C3pXp2qq
Ñ

C2pXq

C2pXp2qq
Ñ

C1pXq

C1pXp2qq
Ñ

C0pXq

C0pXp2qq

but we chose Xp2q so that

CkpXp2qq “

#

CkpXq 0 ď k ď 2,

0 otherwise.

Hence, we have the complex

0 Ñ Z ¨2
ÝÑ Z Ñ 0 Ñ 0 Ñ 0 Ñ 0

giving us:

HkpX,Xp2q;Zq “

#

Z{2Z k “ 3

0 otherwise.

Fall 2020-8. List all the 3-sheet connected covering spaces of S1 _ S1. Which ones in the list are not
normal?

Hint: Graphs with 3 vertices of degree 4 each. Consider the edges a and b. Seven total, four normal.

Referenced in: Fall 2013-7.

Note that a covering space of a CW complex can be given a CW complex structure by lifting the characteristic
maps to the covering space. Hence, a 3-sheet connected covering of S1_S1 corresponds to a connected graph
that has three vertices each of degree four (since S1 _ S1 has one vertex of degree four). Further, if we give
the standard labeling to S1 _ S1, i.e., label one of the edges a and the other b, then each vertex of our
covering space must have an incoming and outgoing a and b edge as well. We get the following options
basically via systematic trial and error.

‚ ‚ ‚ ‚ ‚ ‚ ‚

‚ ‚ ‚ ‚ ‚ ‚ ‚

‚ ‚ ‚ ‚ ‚ ‚ ‚

ab b

a

b a

a

b

b

a

b

a

b

a

ab

a

b

a

b

a

b

a

b a

b

a

b a b

a

b

a

b

a

b

a

a

bb

a

b

Of these, the first, second, fourth, and seventh are normal since the group action is transitive for these four
and not for the other three.

Fall 2020-9. Let Σ5 be a compact oriented surface of genus 5 without boundary. Does there exist an
immersion f : T 2 Ñ Σ5? Justify your answer.
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Hint: Immersion ùñ local diffeomorphism ùñ covering map (since T 2 is compact and Σ5 is connected)
ùñ χpT 2q “ kχpΣ5q which is impossible.

By part (a) of Spring 2018-1, we know that such an f is a covering map since T 2 is compact and T 2 and Σ5

are connected manifolds of the same dimension (2). Now (by Spring 2023-6) we know that a k-sheeted cover
gives rise to the Euler characteristic formula: χpT 2q “ kχpΣ5q and we know the Euler characteristic of a
genus 5 surface is 2´2 ¨5 “ ´8 so χpT 2q “ ´8k for some k P N`, a contradiction since χpT 2q “ 2´2 ¨1 “ 0.

Fall 2020-10. Show that the Euler characteristic of the special linear group SLpn,Rq with n ą 1 is
zero. Here for a topological space X its Euler characteristic is

χpXq :“
ÿ

i

p´1qirankpHipXqq,

assuming that
ř

i rankpHipXqq ă 8.

Hint: Homotopy equivalent to SOpnq which is parallelizable so has nowhere vanishing vector field. Also,

compact so has χ “ 0 by Poincaré-Hopf. Use A ÞÑ
p1´tqA`tU

detpp1´tqA`tUq
for A “ UP polar decomposition.

Referenced in: Fall 2015-1, Fall 2010-3.

First, we claim that SLnpRq is homotopy equivalent to SOpnq. Note that we have a well-defined smooth
map r : SLnpRq Ñ SOpnq given by A “ UP ÞÑ U where UP is the polar decomposition of A into U an
orthogonal matrix and P a positive definite matrix. Let i : SOpnq ãÑ SLnpRq be the inclusion. We know
that the polar decomposition is unique so r ˝ i “ id. We want to show that i ˝ r is homotopy equivalent to
id. For t P r0, 1s, consider

Ht : SLnpRq Ñ SLnpRq, A ÞÑ
p1 ´ tqA` tU

detpp1 ´ tqA` tUq
,

where A “ UP is the polar decomposition. Note that detpp1´tqA` tUq ‰ 0. This is because p1´tqA` tU “

Upp1´ tqP ` tIq and P, I are positive definite so the convex combination p1´ tqP ` tI is also positive definite
and also detpUq ‰ 0. Now, H0 “ id while H1 “ i ˝ r, proving the claim.

Now we know that SOpnq and SLnpRq have the same Euler characteristic (clear from the definition of χ in
terms of homology only). But SOpnq is a compact lie group. Thus, it is parallelizable (say by the second
part of Fall 2022-2) so admits a nowhere vanishing vector field which implies by the Poincaré-Hopf index
theorem that χpSOpnqq “ 0 so χpSLnpRqq “ 0 as desired.

Spring 2020

Spring 2020-1. Suppose f : M Ñ N is a smooth map between smooth manifolds, and is smoothly
homotopic to a locally constant map. Prove f˚ω is exact for any closed differential k-form ω on N
(with k ą 0).

Hint: f „ g. g is constant on the path components. So g|˚Mi
“ 0 ùñ g˚ “ 0 ùñ f˚ “ 0 on the level of

cohomology.

Let g : M Ñ N be the locally constant function that f is homotopic to. We claim that g is constant
on each path component of M . Let a, b P M be points in the same path component and consider a path
γ : r0, 1s Ñ M from a to b. For each x P γpr0, 1sq, let Ux be a neighborhood on which g is constant. Since
γpr0, 1sq is compact, we can cover γpr0, 1sq with a finite number of these Ux’s, say Ux1 , . . . , Uxn . It is easy to
see inductively that g is then constant on the union of these Uxi ’s so in particular gpaq “ gpbq as claimed.

Now, let Mi be a path component of M . Then g|Mi is constant so g|˚Mi
“ 0. But g˚ is the sum of the

individual g|˚Mi
maps so g˚ “ 0. We know that cohomology is homotopy-invariant (say by Fall 2015-2)

which implies that f˚ω “ g˚ω “ 0 since ω is closed. Thus, f˚ω “ 0 on the level of cohomology so is exact.
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Spring 2020-2. Let M be a smooth 4-dimensional manifold. A symplectic form is a closed 2-form ω
on M such that ω ^ ω is a nowhere vanishing 4-form.

(a) Construct a symplectic form on R4.
(b) Show that there are no symplectic forms on the unit sphere S4.

Hint: dx1 ^ dx2 ` dx3 ^ dx4. H
2pS4q “ 0 so closed implies exact, ω ^ ω is also exact so

ş

S4 ω ^ ω “ 0,
implying ω ^ ω is not nowhere vanishing.

(a) Let ω “ dx1 ^ dx2 ` dx3 ^ dx4. Then dω “ 0 is clear and we have

ω^ω “ pdx1^dx2`dx3^dx4q^pdx1^dx2`dx3^dx4q “ dx1^dx2^dx3^dx4`dx3^dx4^dx1^dx2 “ 2dV,

which is a nowhere vanishing 4-form.

(b) Since H2pS4q “ 0, we know that any closed 2-form ω is exact. Then, ω^ ω is also exact since if ω “ dν,
then dpν ^ dνq “ dν ^ dν “ ω ^ ω. So, by Stokes’ theorem

ż

S4

ω ^ ω “

ż

BS4

ν ^ dν “ 0

since S4 has empty boundary. Thus, for any closed 2-form ω, ω^ω is not nowhere vanishing so there are no
symplectic forms on S4.

Spring 2020-3. Consider the differential form ω “ xdy ´ ydx ´ dz in R3 with coordinates px, y, zq.
Prove that fω is not closed for any nowhere zero smooth function f : R3 Ñ R.

Hint: Just expand dpfωq “ df ^ ω ` fdω.

Referenced in: Fall 2017-4

Note that
dω “ dx^ dy ´ dy ^ dx “ 2dx^ dy

and

df “
Bf

Bx
dx`

Bf

By
dy `

Bf

Bz
dz

so we have

dpfωq “ df ^ ω ` fdω “ p2f ` x
Bf

Bx
` y

Bf

By
qdx^ dy ` py

Bf

Bz
´

Bf

Bx
qdx^ dz ` p´x

Bf

Bz
´

Bf

By
qdy ^ dz.

So if dpfωq “ 0, then y Bf
Bz ´

Bf
Bx “ 0,´x Bf

Bz ´
Bf
By “ 0, and 2f ` x Bf

Bx ` y Bf
By “ 0. Adding x times the first

equation to y times the second yields ´x Bf
Bx ´y Bf

By “ 0 and adding this to the third gives 2f “ 0, contradicting

the fact that f is nowhere zero. Thus, dpfωq ‰ 0 so fω is not closed.

Spring 2020-4. For any two smooth vector fields X,Y on a smooth manifold M , prove the formula

rLX , ιY s “ ιrX,Y s

where LX denotes the Lie derivative and ιX is the contraction of vector field acting on differential forms.

Hint : Compute left hand side using pιY ωqpV1, . . . , Vk´1q “ ωpY, V1, . . . , Vk´1q and pLXωqpV1, . . . , Vkq “

XpωpV1, . . . , Vkqq ´
řk
i“1 ωpV1, . . . , Vi´1, rX,Vis, Vi`1, . . . , Vkq.
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Referenced in: Fall 2023-2, Spring 2019-4, Fall 2015-3.

Let ω be a k-form for k ě 1 and let V1, . . . , Vk be smooth vector fields on M . By definition, we have

pιY ωqpV1, . . . , Vk´1q “ ωpY, V1, . . . , Vk´1q,

pLXωqpV1, . . . , Vkq “ XpωpV1, . . . , Vkqq ´

k
ÿ

i“1

ωpV1, . . . , Vi´1, rX,Vis, Vi`1, . . . , Vkq.

So, we have

pLXιY ωqpV1, . . . , Vk´1q “ pLXpιY ωqqpV1, . . . , Vk´1q

“ XppιY ωqpV1, . . . , Vk´1qq ´

k´1
ÿ

i“1

pιY ωqpV1, . . . , Vi´1, rX,Vis, Vi`1, . . . , Vk´1q

“ XpωpY, V1, . . . , Vk´1qq ´

k´1
ÿ

i“1

ωpY, V1, . . . , Vi´1, rX,Vis, Vi`1, . . . , Vk´1q.

On the other hand,

pιY LXωqpV1, . . . , Vk´1q “ pιY pLXωqqpV1, . . . , Vk´1q

“ pLXωqpY, V1, . . . , Vk´1q

“ XpωpY, V1, . . . , Vk´1qq ´ ωprX,Y s, V1, . . . , Vk´1q

´

k´1
ÿ

i“1

ωpY, V1, . . . , Vi´1, rX,Vis, Vi`1, . . . , Vk´1q

“ pLXιY ωqpV1, . . . , Vk´1q ´ ωprX,Y s, V1, . . . , Vk´1q

“ pLXιY ωqpV1, . . . , Vk´1q ´ pιrX,Y sωqpV1, . . . , Vk´1q.

Combining and rearranging gives

rLX , ιY sω “ LXιY ω ´ ιY LXω “ ιrX,Y sω,

showing the desired result. Note that for k “ 0, the result is trivial.

Spring 2020-5. Show that the complex projective space CP2n does not cover any manifold except
itself.

Hint : π1pXq acts on CP2n via deck transformations. Any map g : CP2n
Ñ CP2n has a fixed point by

Lefschetz trace formula so they are all the identity.

Referenced in: Fall 2023-6, Fall 2015-8.

Suppose p : CP2n
Ñ X is a covering. Then, π1pXq acts on CP2n by deck transformations. We claim that

π1pXq “ 1 showing that the group of deck transformations of CP2n is the trivial group so we must have
X “ CP2n. We know that deck transformations are determined uniquely by where they send a single point
so it suffices to show that any g P π1pXq has a fixed point as it then must be the identity. However, this is
exactly part (a) of Spring 2023-2.

Spring 2020-6. Show that any continuous map from S2 ˆ S2 to CP2 must be of even degree.

Hint: Cohomology rings H˚pCP2
q “ Zrαs{pα3q, |α| “ 2 and H˚pS2 ˆ S2q “ Zrβ, γs{pβ2, γ2q, |β| “ |γ| “ 2.

Write f˚pαq “ aβ ` bγ so f˚pα2q “ 2abβγ so degree is 2ab.
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Referenced in: Fall 2015-7.

Consider f˚ : H˚pCP2
q Ñ H˚pS2 ˆ S2q. We know

H˚pCP2
q “

Zrαs

pα3q
, |α| “ 2.

Also,

HnpS2q “

#

Z n “ 0, 2,

0 otherwise,

and

H˚pS2q “
Zrβs

pβ2q
, |β| “ 2.

Since the cohomology groups are all finitely generated free Z-modules, the Künneth formula tells us that:

H˚pS2 ˆ S2q “ H˚pS2q bZ H
˚pS2q “

Zrβ, γs

pβ2, γ2q
, |β| “ |γ| “ 2.

Now, suppose f˚pαq “ aβ ` bγ. Then, we can see that f˚pα2q “ paβ ` bγq2 “ 2abβγ. But by the cup
product structure on H˚pCP2

q and H˚pS2 ˆ S2q, we know that α2 is a generator for H4pCP2
q and βγ is a

generator for H4pS2 ˆ S2q. So the degree of f˚ and thus of f is 2ab which is even.

Spring 2020-7. Prove that the relative homology groups HkpX,xq for different choices of basepoint
x can be naturally identified with each other. That is, for every k ě 0, every space X, and all
pairs of points x, y P X (not necessarily in the same connected component), construct isomorphisms
ηXx,y : HkpX,xq Ñ HkpX, yq satisfying

(a) ηXx,x “ Id for all x P X.

(b) ηXy,z ˝ ηXx,y “ ηXx,z for all x, y, z P X.

(c) f˚ ˝ ηXx,y “ ηYfpxq,fpyq
˝ f˚ for all x, y P X and all continuous maps f : X Ñ Y.

(Hint: You might consider proving the case k ě 1 first.)

Hint: Long exact sequence of the pair for k ą 0. For k “ 0, consider connected components.

As directed by the hint, we assume k ě 1. We have a long exact sequence from the pair pX,xq

¨ ¨ ¨ Ñ Hkptxuq Ñ HkpXq Ñ HkpX,xq Ñ Hk´1ptxuq Ñ Hk´1pXq Ñ ¨ ¨ ¨ .

Since k ě 1, this gives us an isomorphism ϕXx : HkpXq Ñ HkpX,xq. Given x, y P X, we define ηXx,y :

HkpX,xq Ñ HkpX, yq by ϕXy ˝ pϕXx q´1. Clearly, we have ηXx,x “ Id and ηXy,z ˝ ηXx,y “ ηXx,z.

Let f : X Ñ Y be a map. We then have f˚ ˝ϕXx “ ϕYfpxq
˝ f˚ and f˚ ˝ pϕXx q´1 “ pϕYfpxq

q´1 ˝ f˚ by naturality

of the exact sequence for the pair pX,xq in X. So

f˚ ˝ ηXx,y “ f˚ ˝ ϕXy ˝ pϕXx q´1 “ ϕYfpyq ˝ f˚ ˝ pϕXx q´1 “ ϕYfpyq ˝ pϕYfpxqq´1 ˝ f˚ “ ηYfpxq,fpyq ˝ f˚.

For k “ 0, this follows from the fact that H0pXq is just the free Z-module with one generator for each
connected component of X and a map f˚ : H0pXq Ñ H0pY q just describes which connected components are
mapped to each other so everything is trivial (but tedious when done correctly) to check.

Spring 2020-8. Assume the integral homology of a finite CW complex X is Z in grading 0,Z{2 in
grading 2, Z{3 in grading 3, and 0 in all other gradings. What is the cohomology of X with Z{6
coefficients? Can you give an example of such a space X?
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Hint: Universal coefficient theorem. Ext1RpR{puq, Bq “ B{uB and ExtiRpA,Bq “ 0 for all i if A is projective
(free). For the example, just attach cells via degree maps that seem to work (two 3-cells, one to making
grading 2 correct and one to make grading 3 correct).

The universal coefficient theorem states that for R a principal ideal domain, G an R-module, and n ě 0, we
have

HnpX;Gq – HomRpHnpX;Rq, Gq ‘ Ext1RpHn´1pX;Rq, Gq.

So in our case, we compute:

H0pX;Z{6q – HomZpH0pX;Zq,Z{6q ‘ Ext1ZpH´1pX;Zq,Z{6q

“ HomZpZ,Z{6q ‘ Ext1Zp0,Z{6q “ Z{6 ‘ 0 “ Z{6,

H1pX;Z{6q – HomZpH1pX;Zq,Z{6q ‘ Ext1ZpH0pX;Zq,Z{6q

“ HomZp0,Z{6q ‘ Ext1ZpZ,Z{6q “ 0 ‘ 0 “ 0,

H2pX;Z{6q – HomZpH2pX;Zq,Z{6q ‘ Ext1ZpH1pX;Zq,Z{6q

“ HomZpZ{2,Z{6q ‘ Ext1Zp0,Z{6q “ Z{2 ‘ 0 “ Z{2,

H3pX;Z{6q – HomZpH3pX;Zq,Z{6q ‘ Ext1ZpH2pX;Zq,Z{6q

“ HomZpZ{3,Z{6q ‘ Ext1ZpZ{2,Z{6q

“ Z{3 ‘ pZ{6q{p2Z{6q “ Z{3 ‘ Z{2 “ Z{6,

H4pX;Z{6q – HomZpH4pX;Zq,Z{6q ‘ Ext1ZpH3pX;Zq,Z{6q

“ HomZp0,Z{6q ‘ Ext1ZpZ{3,Z{6q “ 0 ‘ pZ{6q{p3Z{6q “ Z{3,

and clearly HkpX;Z{6q “ 0 for any other k. We build X as a CW complex. X has one 0-cell, one 2-cell,
two 3-cells, and one 4-cell. The 2-cell is attached to the 0-cell in the only possible way. The 3-cells are then
attached to the 2-cell via a degree 2 and a degree 0 map, respectively. Finally, the 4-cell is attached via a
degree 3 map to the 3-cell that is attached via a degree 0 map.

Spring 2020-9. Consider the following group with 2n generators and 1 relation

Gn “ xa1, b1, a2, b2, . . . , an, bn | a1b1a
´1
1 b´1

1 a2b2a
´1
2 b´1

2 ¨ ¨ ¨ anbna
´1
n b´1

n y.

For which pairs pm,nq does Gn contain a finite index subgroup isomorphic to Gm?

Hint: m “ 1`kpn´1q for some k P N. Corresponds to coverings of an n-torus, which are exactly the m-tori
such that χpTnq “ 2 ´ 2n | 2 ´ 2m “ χpTmq.

Referenced in: Fall 2023-8.

By inspection, note that Gn “ π1pTnq where Tn is the genus n torus. Thus, a subgroup of finite index k
in Gn corresponds to a k-fold covering of Tn which must be a closed orientable 2-manifold. I.e., a k-fold
covering of Tn is another torus Tm for some m ě 0. Then, as in part (b) of Spring 2023-6, such a cover exists
if and only if m “ 1 ` kpn´ 1q for some k P N.

Spring 2020-10. Let D2 be the unit disk in C, and let S1 “ BD2. Let X “ D2 ˆS1 ˆ t0, 1u{ „ where

px, y, 0q „ pxy5, y, 1q

for all x, y P S1. Compute the homology groups of X.

Hint: H˚pXq “ Zp3q‘Zp2q‘Zp1q‘Zp0q.Mayer Vietoris for neighborhoods aroundD2ˆS1ˆt0u, D2ˆS1ˆt1u.
Then AXB » BD2 ˆ S1 “ S1 ˆ S1.
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Referenced in: Fall 2023-10.

Let A be a neighborhood of D2 ˆS1 ˆt0u{ „ that deformation retracts onto D2 ˆS1 ˆt0u{ „– D2 ˆS1 and
let B be a neighborhood of D2 ˆ S1 ˆ t1u{ „ that deformation retracts onto D2 ˆ S1 ˆ t1u{ „– D2 ˆ S1.
Then, it can be seen that A X B deformation retracts onto BD2 ˆ S1 – S1 ˆ S1. Thus, the Mayer-Vietoris
sequence for A and B becomes

¨ ¨ ¨ Ñ Hn`1pXq Ñ HnpS1 ˆ S1q Ñ HnpD2 ˆ S1q ‘HnpD2 ˆ S1q Ñ HnpXq Ñ ¨ ¨ ¨ .

We know that D2 is contractible so H˚pD2 ˆ S1q – H˚pS1q “ Zp1q ‘ Zp0q. Then, we can also compute
HnpS1 ˆ S1q using Künneth formula,

H˚pS1 ˆ S1q “ Zp2q ‘ Z2
p1q ‘ Zp0q.

So our long exact sequence becomes

0 Ñ H3pXq Ñ Z Ñ 0 Ñ H2pXq Ñ Z2 f
ÝÑ Z ‘ Z Ñ H1pXq Ñ Z Ñ Z ‘ Z Ñ H0pXq Ñ 0.

Hence, we have H3pXq – Z. Also it is clear that X is path-connected so H0pXq – Z. Hence, the map g is
injective so H1pXq “ cokerpfq. By drawing pictures, we can see that f is defined by p1, 0q ÞÑ p1, 1q, p0, 1q ÞÑ

p0, 0q. Thus, H2pXq “ kerpfq – Z and H1pXq “ cokerpfq – Z. To summarize, we have

HnpXq “

#

Z n “ 0, 1, 2, 3,

0 otherwise.

Fall 2019

Fall 2019-1. State the classical Divergence Theorem (also called Gauss’ Divergence Theorem) for a
compact 3-dimensional submanifold of R3 with smooth boundary. Derive it from Stokes’ Theorem for
differential forms.

Hint:
ş ş ş

M
divpXqdV “

ş ş

BM
xX,nydS for n the outward pointing normal unit vector to BM and dS “

i˚ιndV the induced volume form on BM. Recall divpXqdV “ LXpdV q and use Cartan’s magic formula.
Consider Y “ X ´ xX,nyn.

Referenced in: Fall 2018-5, Spring 2018-6, Spring 2010-9, Spring 2008-3.

Let M Ă R3 be an embedded submanifold of dimension 3 with smooth boundary. The divergence theorem
states that given a vector field X on M ,

ż ż ż

M

divpXqdV “

ż ż

BM

xX,nydS,

where n is the outward pointing normal unit vector to BM and dS is the induced volume form on BM ,
coming from dV on M .

By definition, we have
ş

M
divpXqdV “

ş

M
LXpdV q. By Cartan’s magic formula, LXpdV q “ dιXpdV q `

ιXdpdV q. But dpdV q “ 0 since dV is a top form on M so

ż

M

divpXqdV “

ż

M

dpιXdV q “

ż

BM

i˚ιXdV,

by Stokes’ theorem, where i : BM ãÑ M is the inclusion. So now we want to show i˚ιXdV “ xX,nydS.

To see this, note that dS “ i˚ιndV . Then, letting Y “ X ´ xX,nyn, we note that for any p P BM, we have
Yp P TppBMq by definition of the normal vector. Now, for any vector fields X1, X2 tangent to BM ,

i˚ιY dV pX1, X2q “ i˚dV pY,X1, X2q “ i˚0 “ 0
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since Y,X1, and X2 are all vector fields in BM which is a 2-manifold so these vector fields are linearly
dependent at each point p. Hence, i˚ιY dV “ 0. But, we also have

i˚ιY dV “ i˚ιXdV ´ xX,nyi˚ιndV

so indeed xX,nydS “ xX,nyi˚ιndV “ i˚ιXdV.

Fall 2019-2. Compute H˚pRPn`m
{RPn;Zq as a function of n and m. Here we are viewing RPn Ă

RPn`m induced from the inclusion

Rn`1 Ă Rn`m`1, px1, . . . , xn`1q ÞÑ px1, . . . , xn`1, 0, . . . , 0q.

Hint: Give RPn`m a CW structure with one cell in each dimension. Then, relative chain complex is just
sequence of Z’s followed by a sequence of 0’s. Split into n even/odd cases. Funny business only for i “ n` 1
when n is odd.

Note that pRPn`m,RPnq is a good pair so we have

rHipRPn`m
{RPn;Zq – HipRn`m,RPn;Zq.

Then, we computed this relative homology in Spring 2023-9.

Fall 2019-3. For which n ą 0 does the real projective space RPn admit a nowhere-vanishing vector
field? If a nowhere vanishing vector field exists, give an explicit one.

Hint: If and only if n is odd. Standard nowhere zero vector field on Sn. Namely, px1, x2, . . . , xn, xn`1q ÞÑ

p´x2, x1, . . . ,´xn`1, xnq, factors through a vector field on RPn.

Referenced in: Fall 2012-2.

Suppose that X is a nowhere vanishing vector field on RPn. Since RPn is compact, X has a global flow
ϕt. For small t ą 0, ϕt has no fixed points, so by the Lefschetz fixed point theorem, Lpϕtq “ 0. Then
χpRPnq “ Lpϕ0q “ Lpϕtq “ 0. It is well-known that χpRPnq “ p1 ` p´1qnq{2 so we require n to be odd for
RPn to admit a nowhere vanishing vector field.

We claim this is an if and only if, i.e., RPn admits a nowhere vanishing vector if and only if n is odd. If n is
odd, consider the vector field

Y : px1, x2, . . . , xn, xn`1q ÞÑ p´x2, x1, . . . ,´xn`1, xnq

on Sn Ă Rn`1. This is a vector field since

x ¨ Y pxq “ px1, x2, . . . , xn, xn`1q ¨ p´x2, x1, . . . ,´xn`1, xnq “ ´x1x2 ` x2x1 ´ . . .´ xnxn`1 ` xn`1xn “ 0

and Y never vanishes since 0 R Sn. This corresponds to a section Y : Sn Ñ TSn of the standard projection
TSn Ñ Sn. Now, consider the usual double cover π : Sn Ñ RPn which induces dπ : TSn Ñ TRPn. We
claim that dπ ˝ Y : Sn Ñ TRPn factors through RPn, hence giving us a map X : RPn Ñ TRPn which is
nowhere 0 since Y is nowhere 0.

In order to factor through RPn, we require pdπ ˝ Y qpvq “ pdπ ˝ Y qp´vq for all v P Sn so that pdπ ˝ Y q is
well-defined on each antipodal equivalence pair. For this, note that

pdπ ˝ Y qpvq “ dπpv, Y pvqq “ prvs, rY pvqsq

and rvs “ r´vs in RPn, and Y p´vq “ ´Y pvq so rY pvqs “ rY p´vqs in TvRPn so indeed dπ ˝Y factors through
RPn and we are done.
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Fall 2019-4. Let X “ S1 ˆ S1 and let Y be the quotient of X ˆ r0, 1s by the relation

ppx, yq, 0q „ ppy, xq, 1q.

Compute H˚pY ;Zq.

Hint: H˚pY q “ Zp2q ‘ Z{2Zp2q ‘ Z2
p1q

‘ Zp0q. Have to analyze s˚ : HkpXq Ñ HkpXq for s : X Ñ X, px, yq ÞÑ

py, xq to get the specific maps in the Mayer Vietoris sequence.

Define
A “ pX ˆ r0, 0.4q YX ˆ p0.6, 1sq{ „, B “ pX ˆ p0.1, 0.8qq{ „ .

Note that A Y B “ Y , both A and B deformation retract onto a copy of X, and A X B deformation
retracts onto two disjoint copies of X. We also know, by Künneth’s formula, that H˚pXq “ H˚pS1 ˆ S1q “

Zp2q ‘ Z2
p1q

‘ Zp0q. I.e.,

H˚pAq – H˚pBq – H˚pXq “ Zp2q ‘ Z2
p1q ‘ Zp0q, H˚pAXBq – H˚pXq ‘H˚pXq “ Z2

p2q ‘ Z4
p1q ‘ Z2

p0q.

Hence, the long exact sequence coming from Mayer-Vietoris looks like

0 Ñ H3pY q Ñ Z2 f
ÝÑ Z2 Ñ H2pY q Ñ Z4 g

ÝÑ Z4 Ñ H1pY q Ñ Z2 h
ÝÑ Z2 Ñ H0pY q Ñ 0.

It is clear that Y is path connected so H0pY q – Z. Then, note that the maps f, g, and h are induced by the
inclusions A X B ãÑ A and A X B ãÑ B. The inclusion A X B ãÑ A corresponds to the map X \ X Ñ X
which is the identity on both copies of X while the inclusion AXB ãÑ B corresponds to the map X\X Ñ X
which is the identity on the first copy of X and is px, yq ÞÑ py, xq on the second copy.

Hence, the maps f and h are given by

pa, bq ÞÑ pa` b, a` s˚pbqq where s : X Ñ X is given by px, yq ÞÑ py, xq

while g is
ppa, bq, pc, dqq ÞÑ ppa, bq ` pc, dq, pa, bq ` s˚pc, dqq.

Now, we seek to find s˚ : HkpXq Ñ HkpXq for k “ 0, 1, and 2. By inspection, we see that for k “ 0, s˚ is
just the identity and for k “ 2, s˚ is multiplication by ´1 since the map s swaps the entries of X so has
degree ´1. Finally, for k “ 1, we have s˚pc, dq “ pd, cq. Hence, we can explicitly write

fpa, bq “ pa` b, a´ bq, hpa, bq “ pa` b, a` bq, gpa, b, c, dq “ pa` c, b` d, a` d, b` cq.

Note that impfq “ tpc, 2a´ cq | a, c P Zu so cokerpfq “ Z2{pZ ‘ 2Zq “ Z{2Z. Hence,

H3pY q “ kerpfq – 0,

H2pY q “ cokerpfq ‘ kerpgq – Z{2Z ‘ Z,
H1pY q “ cokerpgq ‘ kerphq – Z ‘ Z – Z2.

To summarize, we have

HkpY q “

$

’

’

’

&

’

’

’

%

Z k “ 0,

Z2 k “ 1,

Z ‘ Z{2Z k “ 2,

0 otherwise.

Fall 2019-5. A vector field X on a Lie group G is left-invariant if pLgq˚X “ X for all g P G, where
Lg : G Ñ G, g1 ÞÑ gg1, is left multiplication by g. Show that if X,Y are left-invariant vector fields, then
so is their Lie bracket rX,Y s as vector fields. You must prove any facts about Lie brackets that you
use.
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Hint: Just compute. Recall F˚Xpfq “ Xpf ˝ F q ˝ F´1 where F˚ is the pushforward of F .

Let g P G and let f P C8pG;Rq. Then, we compute

pLgq˚rX,Y spfq “ rX,Y spf ˝ Lgq ˝ Lg´1

“ XY pf ˝ Lgq ˝ Lg´1 ´ Y Xpf ˝ Lgq ˝ Lg´1

“ XppLgq˚Y pfq ˝ Lgq ˝ Lg´1 ´ Y ppLgq˚Xpfq ˝ Lgq ˝ Lg´1

“ XpY f ˝ Lgq ˝ Lg´1 ´ Y pXf ˝ Lgq ˝ Lg´1

“ pLgq˚XpY fq ´ pLgq˚Y pXfq

“ XY pfq ´ Y Xpfq

“ rX,Y spfq,

where the fourth and sixth equalities come from the fact that X and Y are left invariant. So indeed,
pLgq˚rX,Y s “ rX,Y s for any g P G.

Fall 2019-6. Let ZpP q be the zero set of a degree d homogeneous polynomial P pz0, z1, z2q in CP2

with respect to the homogeneous coordinates rz0 : z1 : z2s. Assuming P has no repeated factors, give
necessary and sufficient conditions on P for ZpP q to be smooth.

Hint: Unsure. Regular value, preimage theorem.

Note that ZpP q “ P´1p0q. The polynomial P is certainly a smooth map so ZpP q is a smooth manifold as
long as 0 is a regular value of P by the preimage theorem. I.e., for any z P ZpP q, we require dPz to be
surjective. Now, dPz maps to a one-dimensional manifold so is surjective if and only if it is not identically
zero. But dPz “ 0 precisely when z is a multiple root of P since dP is the differential of P .

Hence, ZpP q is smooth if P does not have any multiple roots. (Speculation) In fact, this condition is also
necessary. Suppose P had a multiple root z “ rz0 : z1 : z2s P CP2, then the variety ZpP q in CP2 has a
kink/singularity at z which means it cannot be smooth.

Fall 2019- 7. If P pz0, z1, z2q “ zd0 ` zd1 ` zd2 from the previous problem, then compute the Euler
characteristic of ZpP q. You must show all of your work.

Hint: Unsure. χpZpP qq “ 3d´ d2.

First, note that ZpP q is the union of d lines, which must intersect at dpd´ 1q{2 points in C3. Thus, this has
Euler characteristic equal to 2d (for the lines) minus 2 times the number of points of intersection. Namely
2d´ 2dpd´ 1q{2 “ 3d´ d2.

Fall 2019-8. Let X “ tN,S,E,W u with the topology given by

tH, tEu, tW u, tE,W u, tN,E,W u, tS,E,W u, Xu .

For each n, find a path-connected degree n cover. Describe the universal cover.

Hint: X is the quotient of S1 where we identify the northern hemisphere to a point and likewise for the
southern. Think of a circle with 4n sections that go N,E, S,W,N,E, S,W,N, . . . around the circle.

Note that X “ S1{ „ where px, yq „ px1, y1q when x and x1 (are nonzero and) have the same sign. I.e., X is
the space obtained by taking S1 and identifying the points in the open western hemisphere and separately
identifying the points in the open eastern hemisphere. Thus, an n-fold cover of X can be constructed by
taking an n-fold cover of S1 and quotienting in the same way.
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Explicitly, for each n, take
rXn “ tNa, Sa, Ea,WauaPZ{nZ

with a basis of open sets given by

tH, tEau, tWau, tEa, Sa,Wau, tWa, Na`1, Ea`1uuaPZ{nZ

(Note that the arithmetic a` 1 is done mod n). Then, we define the covering map

pn : rXn Ñ X by Ea ÞÑ E,Wa ÞÑ W,Na ÞÑ N,Sa ÞÑ S

for each a P Z{nZ.We now show this is actually an n-fold cover. ForW P X, we have the open neighborhood
tW u Ă X onto which pn maps the n disjoint open sets tWauaPZ{nZ homeomorphically. Similarly for E P

X. For N P X, we have the open neighborhood tN,E,W u Ă X which pulls back to p´1
n ptN,E,W uq “

Ť

aPZ{nZtWa, Na`1, Ea`1u where each tWa, Na`1, Ea`1u are clearly disjoint and map homeomorphically to

tN,E,W u by construction. Similarly for S P X so indeed pn is a covering map.

The universal cover is constructed in exactly the same way but instead of a P Z{nZ, we just have a P Z and
everything works out the same way.

Fall 2019-9. (a) If
0 Ñ A Ñ B Ñ C Ñ 0

is a short exact sequence of chain complexes, show how to get the boundary map in the associated
long exact sequence.

(b) Compute the boundary map when the short exact sequence is the result of tensoring the chain
complex

¨ ¨ ¨ Ñ 0 Ñ Z 5
ÝÑ Z Ñ 0 Ñ ¨ ¨ ¨

with the short exact sequence

0 Ñ Z{5
5

ÝÑ Z{25 Ñ Z{5 Ñ 0.

Hint: Snake lemma. Follow proof of snake lemma to get identity map on Z{5.

(a) This is exactly the snake lemma. See part (b) of Fall 2022-6.

(b) We have the following commutative diagram with exact rows:

0 Z{5 Z{25 Z{5 0

0 Z{5 Z{25 Z{5 0

¨5

0 ¨5 0

¨5

Since the right vertical map is 0, the homology group on the top right is Z{5 which is generated by 1 so we
only care where 1 gets sent. Then, 1 P Z{25 gets sent to 1 P Z{5 along the top row. And this gets sent to
5 P Z{25 in the bottom middle which is the image of 1 P Z{5 in the bottom left. Hence, the boundary map
is just the identity on Z{5.

Fall 2019-10. Let X be a path-connected, locally path-connected, semi-locally simply-connected space
and let rX Ñ X be the universal cover.

(a) Given x0 P X, explain how π1pX,x0q can be viewed as the set of deck transformations of rX.

(b) Show that any map σ : ∆n Ñ X lifts to a map rσ : ∆n Ñ rX, where ∆n is the standard n-simplex.

(c) Show that the action of π1pX,x0q on the set of maps rσ : ∆n Ñ rX is free (i.e., if g P π1pX,x0q and
g ˝ rσ “ rσ, then g “ id).

(d) Show that if rσ1, rσ2 : ∆n Ñ rX are two lifts of σ, then there exists g P π1pX,x0q such that
g ˝ rσ1 “ rσ2.
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Hint: Use unique path lifting property for all parts (for (a) twice). Deck transformations act transitively on
fibers.

Referenced in: Spring 2018-10.

(a) Pick a pre-image rx0 P rX of x P X. Then, call the cover p : p rX, rx0q Ñ pX,x0q. For γ P π1pX,x0q, by the

unique lifting criterion, there exists a unique lift rγ : pI, 0q Ñ p rX, rx0q of γ : pI, 0q Ñ pX,x0q. By the unique

lifting criterion again, there exists a unique lift f : p rX, rx0q Ñ p rX, rγp1qq of p : p rX, rx0q Ñ pX,x0q. This is a

deck transformation. Conversely, given any deck transformation f : rX Ñ rX, take any path γ : r0, 1s Ñ rX
with γp0q “ rx0 and γp1q “ fprx0q, and then the composition p ˝ γ defines an element in π1pX,x0q.

(b) Since ∆n is contractible, π1p∆n, ˚q “ 1. Hence σ˚pπ1p∆n, ˚qq “ 0 Ă p˚pπp
rX, rx0qq so σ can be lifted to

rσ : ∆n Ñ rX by the lifting property for covering maps.

(c) Let y P ∆n. Suppose g P π1pX,x0q and g ˝ rσ “ rσ. Then g, id are both lifts of p : rX Ñ X that agree on
rσpyq. By the unique lifting property, g “ id.

(d) It suffices to show that for any y P ∆n, there is some g P π1pX,x0q such that g ˝ rσ1pyq “ rσ2pyq since
if two lifts agree at one point, they must be the same lift since ∆n is clearly connected. However, this is
easy to see since both rσ1pyq and rσ2pyq are lifts of the point σpyq P X and we know that the group of deck
transformations (π1pX,x0q) acts transitively on the fibers of the covering space.

Spring 2019

Spring 2019-1. LetM be a smooth manifold. Show that there exists a smooth proper map ρ :M Ñ R.

Hint: Use σ-compactness to find an open cover by precompact sets. Subordinate partition of unity, fpxq “
ř

iPN iλipxq.

We know that any smooth manifold M is σ-compact. So, we may find a countable collection of precompact
open sets pUiqiPN that cover M . Hence, we can find a partition of unity tλiuiPN subordinate to this cover.
Define

fpxq “

8
ÿ

i“1

iλipxq.

Note that f is always positive since
ř8

i“1 λi “ 1 and 0 ď λipxq ď 1 for all i. We show that f is proper
by showing that f´1pr´N,N sq is compact for any N P R`. Then, because any compact K Ă R is closed
and is contained in some r´N,N s, we would have that f´1pKq is closed and contained in the compact set
f´1pr´N,N sq so is compact since M is Hausdorff.

To show the claim, suppose x P f´1pr´N,N sq so fpxq ď N . Then, x P
ŤN
i“1 Ui. This is because, if

x R
ŤN
i“1 Ui, then λipxq “ 0 for all i ď N , implying that

fpxq “

8
ÿ

i“1

iλipxq “

8
ÿ

i“N`1

iλipxq ě pN ` 1q

8
ÿ

i“N`1

λipxq “ pN ` 1q

8
ÿ

i“1

λipxq “ N ` 1 ą N.

Hence, we have

f´1pr´N,N sq Ă

N
ď

i“1

Ui Ă

N
ď

i“1

Ui

which is compact as it is the finite union of compact sets. Thus, f´1pr´N,N sq is compact as a closed subset
of a compact set.
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Spring 2019-2. A smooth manifold Y of dimension n is called parallelizable if there exists n vector
fields v1, . . . , vn on Y such that at every y P Y , the tangent vectors v1y, . . . , v

n
y are linearly independent.

Let f : Rn`1 Ñ R be a smooth function. Suppose that 0 P R is a regular value, and let M be the
smooth manifold f´1pt0uq. Show that M ˆ S1 is parallelizable.

Hint: Show tangent bundle is trivial. Normal bundle NM is trivial one-dimensional and same with TS1.
Tangent bundle acrobatics.

Since M is an embedded submanifold of Rn`1, we know that for any p P M , we have

TppRn`1q “ TppMq ‘NppMq

where NppMq is the normal bundle to M at p. Also

T pM ˆ S1q “ π˚
1TM ‘ π˚

2TS
1

where π1 :M ˆ S1 Ñ M and π2 :M ˆ S1 Ñ S1 are the standard projections. By the preimage theorem, we
see that TppMq has dimension n so NppMq has dimension 1. In fact, letting

X “

n`1
ÿ

i“1

Bf

Bxi
dxi,

we see that Xp spans NppMq for any p P M . Moreover, X cannot be zero on M since every point m P M is

a regular point so the differential df “
Bf
Bxi

B
Bxi

is surjective and so nonzero at m. Thus NpMq “ SpanpXq is
a trivial one-dimensional bundle.

Also, it is well-known that S1 has trivial (one-dimensional) tangent bundle since it has a smooth nowhere
zero vector field px, yq ÞÑ p´y, xq. Hence, we have

T pM ˆ S1q “ π˚
1TM ‘ π˚

2TS
1

– π˚
1TM ‘ π˚

2 pS1 ˆ Rq

– π˚
1TM ‘ pM ˆ S1 ˆ Rq

– π˚
1 pTM ‘NMq

– π˚
1 pM ˆ Rn`1q

– M ˆ S1 ˆ Rn`1,

which is trivial. Hence, M ˆ S1 is parallelizable since its tangent bundle is (globally) trivial.

Spring 2019-3. Show that the antipodal map A : Sn Ñ Sn, Apxq “ ´x is homotopic to the identity
if and only if n is odd. (Feel free to use Lefschetz theory if you like.)

Hint: Degree is homotopy invariant, degpAq “ p´1qn`1. Block diagonal matrix with blocks rotation by πt
for 0 ď t ď 1.

Referenced in: Spring 2014-3.

Note that the antipodal map is the composition of n` 1 reflections so has degree p´1qn`1. If n is even, then
degpAq “ ´1. However, we know that the degree of a map is homotopy invariant and that degpidq “ 1, so
A cannot be homotopic to the identity if n is even.

On the other hand, if n is odd, this means Sn Ă Rn`1 with n`1 even so let Ht be the block diagonal matrix
with 2 ˆ 2 blocks

ˆ

cospπtq sinpπtq
´ sinpπtq cospπtq

˙

for 0 ď t ď 1. Then, consider the homotopy H : Sn ˆ r0, 1s Ñ Sn given by Hpx, tq “ Htpxq. It is easy to
see that H1 “ ´In`1 and H0 “ In`1. Now, ´In`1 indeed represents the antipodal map so H is a homotopy
from the identity map to the antipodal map on Sn.
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Spring 2019-4. For a vector field X on a smooth manifold M , we denote by LX : ΩkpMq Ñ ΩkpMq

the Lie derivative of X acting on k-forms.

Prove that, for any vector fields X and Y , we have the Lie bracket identity

rLX , LY s “ LrX,Y s.

Hint: Show/use rLX , ιY s “ ιrX,Y s, Cartan’s magic formula, and Lxd “ dLx.

By Spring 2020-4, we know that rLX , ιY s “ ιrX,Y s. Also, by Cartan’s magic formula, we have LX “

dιX ` ιXd, LY “ dιY ` ιY d. Suppose ω is a differential form and consider

dLXω “ ddιXω ` dιXdω “ dιXdω “ dιXdω ` ιXddω “ LXdω.

Hence, we have

rLX , LY s “ rLX , dιY ` ιY ds

“ rLX , dιY s ` rLx, ιY ds

“ LXdιY ´ dιY LX ` LXιY d´ ιY dLX

“ dLXιY ´ dιY LX ` LXιY d´ ιY LXd

“ drLX , ιY s ` rLX , ιY sd

“ dιrX,Y s ` ιrX,Y sd

“ LrX,Y s

Spring 2019-5. Show that a closed 1-form ω on a manifold M is exact if and only if
ş

S1 f
˚ω “ 0 for

every smooth map f : S1 Ñ M.

Hint: Stokes’. Define gpxq “
ş

γx
ω where γx is path from x0 to x. Well-defined since integrating any loop

gives 0 by assumption. Then dg “ ω.

Referenced in: Fall 2013-4, Spring 2011-4, Spring 2009-1.

If ω is an exact 1-form on M , then there is some η P Ω0pMq such that dη “ ω. Then,

ż

S1

f˚ω “

ż

S1

f˚pdηq “

ż

S1

dpf˚ηq “

ż

BS1

f˚η “ 0

by Stokes’ and since S1 has no boundary. Conversely, suppose
ş

S1 f
˚ω “ 0 for every f : S1 Ñ M . Let

x0 P M and let N Ă M be the path component of M containing x0. Define

gN : N Ñ R, x ÞÑ

ż

γx

ω,

where γx is a path from x0 to x. Note that if γx and γ1
x are two paths from x0 to x, let f “ γx ¨ Ăγ1

x be the
loop formed by concatenating γx and the reverse of γ1

x. Without loss of generality we can take γx and γ1
x to

be smooth (by homotoping them) so that f : S1 Ñ M is also smooth. Hence

0 “

ż

S1

f˚ω “

ż

f˚

ω “

ż

γx

ω ´

ż

γ1
x

ω,

implying that
ş

γx
ω “

ş

γ1
x
so gN is well-defined. Now, do this on each path component of M and add to form

g :M Ñ R. We claim that dg “ ω. By the fundamental theorem of calculus, we have dgp “ d
dt |t“1

ş

γp
ω “ ωp

as desired so ω is exact.
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Spring 2019-6. Let f : X Ñ Y be a smooth, finite covering map between smooth manifolds. Show
that the induced map on de Rham cohomology

f˚ : Hk
dRpY ;Rq Ñ Hk

dRpX;Rq

is injective.

Hint : U Ă Y evenly covered by f´1pUq “
Ůk
i“1 Ui with local inverses ϕi : U Ñ Ui to f. Then, define

gpωq|U “ 1
k

řk
i“1 ϕ

˚
i ω which is well-defined and satisfies g ˝ f˚ “ id.

Referenced in: Fall 2018-7, Fall 2014-3, Spring 2012-9, Spring 2010-5.

We construct a retraction g : Hk
dRpXq Ñ Hk

dRpY q of f˚ (i.e., g ˝ f˚ “ id). Then f˚ must be injective. Let

U Ă Y be an open set that is evenly covered, so f´1pUq “
Ůk
i“1 Ui where ϕi : U Ñ Ui are (local) inverses

to f |Ui
for each i. For any closed form ω P ΩkpXq, we define

gpωq|U “
1

k

k
ÿ

i“1

ϕ˚
i ω|Ui

.

Note that this defines gpωq on all of M since the intersection of two evenly covered open sets is itself evenly
covered and the local inverses agree on this intersection since f is the same as itself on the intersection. To
see that this is well-defined, suppose that ω, ω1 are the same up to cohomology. Then, ω “ ω1 ` dψ for some
pn´ 1q-form ψ. Then, on an evenly covered neighborhood U Ă Y , we have

gpω1q|U “
1

k

k
ÿ

i“1

ϕ˚
i pω ` dψq|Ui

“
1

k

k
ÿ

i“1

ϕ˚
i ω|Ui

`
1

k

k
ÿ

i“1

ϕ˚
i dψ|Ui

“
1

k

k
ÿ

i“1

ϕ˚
i ω|Ui

`
1

k

k
ÿ

i“1

dpϕ˚
i ψ|Ui

q

“
1

k

k
ÿ

i“1

ϕ˚
i ω|Ui

` d

˜

1

k

k
ÿ

i“1

ϕ˚
i ψ|Ui

¸

“ gpωq|U ` dηU ,

for ηU “ 1
k

řk
i“1 ϕ

˚
i ψ|Ui

an pn´ 1q-form on U . These ηU ’s can similarly be glued together (since they agree
on the overlap of evenly covered opens) to define η on all of Y such that gpω1q “ gpωq ` dη. Finally, to see
that g ˝ f˚ “ id, we observe that locally we have

gpf˚ωq|U “
1

k

k
ÿ

i“1

ϕ˚
i pf˚ωq|Ui

“
1

k

k
ÿ

i“1

ppf ˝ ϕiq
˚ωq|U “

1

k

k
ÿ

i“1

pid˚ωq|U “
1

k

k
ÿ

i“1

ω|U “ ω|U .

Spring 2019-7. Let X “ r0, 1s and A “ t0uYt 1
n | n P Z, n ě 1u. Show that H1pX,Aq is not isomorphic

to H1pX{Aq.

Hint: Long exact sequence for the pair shows H1pX,Aq is countably generated. But X{A is the Hawaiian
earring for which we define a surjection π1pX{Aq Ñ

ś8

n“1 Z.

In degree one, the long exact sequence for the pair pX,Aq is:

¨ ¨ ¨ Ñ H1pAq Ñ H1pXq Ñ H1pX,Aq
f

ÝÑ H0pAq Ñ ¨ ¨ ¨ .

X is contractible so H1pXq “ 0, implying that f is an injection. Since A has countably many connected
components, H0pAq is countably generated so H1pX,Aq is also countably generated. On the other hand, we
claim that π1pX{Aq is not countably generated so H1pX{Aq, as the abelianization of π1pX{Aq, is also not
countably generated, showing H1pX,Aq fl H1pX{Aq.
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To show this, we exhibit a surjection

g : π1pX{Aq Ñ

8
ź

n“1

Z.

In X{A, we note that
”

1
n`1 ,

1
n

ı

is a loop for each n P Z, n ě 1. Moreover, for n ‰ m, these loops are clearly

not homotopic (in fact X{A is the Hawaiian earring). So we let g send
”

1
n`1 ,

1
n

ı

to the element of
ś8

i“1 Z
with 0’s everywhere except a 1 in the nth entry.

Then, for any a “ panq8
n“1 P

ś8

n“1 Z, we can construct the loop γ defined by

γptq “
n` pan2

nt mod 1q

npn` 1q
for

2n´1 ´ 1

2n´1
ď t ă

2n ´ 1

2n
, γp1q “ 0.

We can see that this loop travels the
”

1
n`1 ,

1
n

ı

segment |an| times (left to right if an ą 0 and right to left if

an ă 0) in the time between 2n´1
´1

2n´1 and 2n´1
2n for all n so indeed gpγq “ a as desired. Thus, π1pX{Aq is not

countably generated.

Spring 2019-8. (a) Show that any continuous map RP2
Ñ S1 ˆ S1 is nullhomotopic.

(b) Find, with proof, a continuous map S1 ˆ S1 Ñ RP2 that is not nullhomotopic.

Hint: π1pRP2
q “ Z{2 while π1pS1 ˆ S1q “ Z2 so f˚pπ1pRP2

qq “ 1 so we can lift to the universal cover R2

which we can then homotope to 0. The map takes the first coordinate of S1 ˆS1 to the equator of RP2 (with
antipodal identification). Standard loop in S1 gets pushed forward to a loop with non-trivial homotopy in
RP2.

(a) Since π1pRP2, ˚q “ Z{2 and π1pS1ˆS1, ˚q “ ZˆZ, we know that f˚ : π1pRP2, ˚q Ñ π1pS1ˆS1, ˚q is trivial
because the trivial subgroup is the only finite subgroup of Z2. Hence, f˚pπ1pRP2, ˚qq “ 0 Ă p˚pπ1pR2, ˚qq

where p : R2 Ñ S1 ˆ S1 is the universal cover so the map f lifts to a map rf : RP2
Ñ R2. Now, let

ft : RP2
Ñ S1 ˆ S1 be defined by ft “ p ˝ pt rfq. Clearly, this is continuous and f0 “ pp0q is constant while

f1 “ p rf “ f so f is nullhomotopic.

(b) Consider f : S1 ˆ S1 Ñ RP2 defined by

peiθ, eiϕq ÞÑ eiθ{2,

where we treat S1{ „, a circle quotient the antipodal relation, to be the equator of RP2. Note that this is
well-defined since in S1{ „, we have eia “ eia`iπ “ ´eia for any a P R because we identify antipodal points.

Now, let γ : r0, 1s Ñ S1 ˆ S1 be the loop given by γptq “ pe2πit, 1q. Then, f˚pγq is a path that (before the
antipodal identification) goes from a point to its antipodal point on the equator of RP2. So f˚pγq is not the
identity of π1pRP2

q, showing that f cannot be nullhomotopic since f˚ is not the trivial map.

Spring 2019-9. Let W be the space obtained by attaching two 2-cells to S1, one by the map z ÞÑ z4

and the other by the map z ÞÑ z7. (Here z “ eiθ is the coordinate on S1 “ BD2.)

(a) Compute the homology groups of W with Z coefficients.
(b) Is W homotopy equivalent to S2?

Hint: Use CW structure. H˚pW q “ Zp2q ‘ Zp0q. Yes, they are equivalent. Use Hurewicz (π2pW q – H2pW q)
and Whitehead (f : S2 Ñ W induces isomorphism on all homology groups, since it has degree 1, so is a
homotopy equivalence since W is a CW complex and both simply connected).

58



(a) We use the CW structure of W . First S1 is obtained by attaching one 1-cell to one 0-cell. Then, we
attach the two 2-cells as described in the question. This gives the cellular chain complex

0 Ñ Z2 f
ÝÑ Z g

ÝÑ Z Ñ 0

where fpa, bq “ 4a ` 7b and g “ 0 based on the attaching maps. Since 4 and 7 are coprime, f is surjective.
Taking homology of this complex gives

HnpW q “

#

Z n “ 0, 2,

0 otherwise.

(b) By the Hurewicz theorem, we have an isomorphism π2pW q – H2pW q “ Z. Let f : S2 Ñ W be a
generator of π2pW q so it has degree 1 since f˚ P H2pW q is also a generator. Thus, f induces isomorphisms
on all homology groups. But then W is a CW complex and both W and S2 are simply connected so f is in
fact a homotopy equivalence by Whitehead’s theorem. So yes, W is homotopy equivalent to S2.

Spring 2019-10. Suppose Mn is a compact, connected, orientable topological n-manifold with bound-
ary a rational homology sphere, i.e., with H˚pBM ;Qq – H˚pSn´1;Qq.

(a) Assuming n is odd, use Poincaré duality (with Q coefficients) to show that M has Euler charac-
teristic χpMq “ 1.

(b) Assuming n ” 2 (mod 4), show that the Euler characteristic χpMq is odd.

Hint: Glue M YBM M . This has 0 Euler characteristic so use Mayer Vietoris sequence. (b) Apply Lefschetz
duality to reduce to showing RankpH2k`1pM ;Qqq is even. Show this by the bilinear, anti-symmetric, non-
degenerate pairing H2k`1pM ;Qq ˆH2k`1pM ;Qq Ñ Q by pω, ηq ÞÑ

ş

M
ω^ η corresponding to a kˆk matrix

with A “ ´AT so k must be even or else detpAq “ ´ detpAq.

(a) By the same proof of Spring 2022-9 (we don’t need Z{2 coefficients since M here is orientable), we
see that χpMq “ 1

2χpBMq. But then, the Euler characteristic only depends on the homology, so we have
χpMq “ 1

2χpSn´1q “ 1
2 p1 ` p´1qn´1q “ 1 since n is odd.

(b) Let n “ 4k ` 2. By Lefschetz duality and the universal coefficient theorem, we have

HnpM ;Qq – H0pM, BM ;Qq – rH0pM{BM ;Qq “ 0,

H0pM ;Qq – HnpM, BM ;Qq – rHnpM{BM ;Qq “ Q,

since M{BM is a closed orientable manifold. Consider the long exact sequence for the pair pM, BMq with Q
coefficients:

¨ ¨ ¨ Ñ HipBM ;Qq Ñ HipM ;Qq Ñ HipM, BM ;Qq Ñ Hi´1pBM ;Qq Ñ ¨ ¨ ¨ .

Since BM is a rational homology sphere, we have

HipBM ;Qq – HipS
n´1;Qq “

#

Q i “ 0, n´ 1

0 otherwise
,

so HipM ;Qq – HipM, BM ;Qq for all 2 ď i ď n´ 2. For i “ n´ 1, the long exact sequence yields

0 Ñ Q Ñ Q Ñ Hn´1pM ;Qq Ñ Hn´1pM, BM ;Qq Ñ 0,

which implies that Hn´1pM ;Qq – Hn´1pM, BM ;Qq as well since everything here is just a Q-vector space and
the alternating sum of the dimensions must be 0. Then, by the universal coefficient theorem and Lefschetz
duality, for all 2 ď i ď n´ 1

HipM ;Qq – HipM ;Qq – HipM, BM ;Qq – Hn´ipM ;Qq.

59



Hence, using the formula for Euler characteristic gives (using n “ 4k ` 2 so n´ 1 is odd and n is even)

χpMq “

4k`2
ÿ

i“0

p´1qiRankpHipM ;Qqq

“ RankpH0pM ;Qqq ` RankpH4k`2pM ;Qqq `

4k`1
ÿ

i“1

p´1qiRankpHipM ;Qqq

“ 1 ` 0 ` 2
2k
ÿ

i“1

p´1qiRankpHipM ;Qqq ´ RankpH2k`1pM ;Qqq

“ 1 ` 2m´ RankpH2k`1pM ;Qqq,

so it suffices to show that RankpH2k`1pM ;Qqq is even. This is exactly Fall 2021-5

Fall 2018

Fall 2018-1. Let M be a compact smooth n-manifold, and f :M Ñ Rn a smooth map. Let

S “ tp P M | Rankpdfpq ă nu.

(a) Prove S ‰ H.
(b) Prove fpSq Ă Rn has empty interior.

Hint: Submersions are open maps, M compact so f closed so fpMq closed and open. Sard’s theorem.

(a) If S “ H, then f is a submersion by definition. Then, we know that submersions are open maps (because
they are locally projections which are open). In particular fpMq Ă Rn is open. Also, M is compact so
fpMq Ă Rn is compact so is closed implying that fpMq “ Rn since Rn is connected and fpMq ‰ H. But
Rn is not compact so we have a contradiction and S must not be empty.

(b) fpSq is exactly the set of critical values of f . By Sard’s theorem, fpSq has measure zero in Rn. Then,
if fpSq had non-empty interior O Ă fpSq, then we could find x P O and an open ball Bpx, rq Ă O for
some r ą 0, implying that the measure of fpSq is larger than the measure of Bpx, rq which is positive, a
contradiction so fpSq has empty interior.

Fall 2018-2. Let Mn be the space of nˆn real matrices, viewed as the smooth manifold Rn2

. Let Mk
n

be the subset of matrices of rank k. Prove that Mk
n is a smooth submanifold of Mn. (Hint: First prove

the subset of Mk
n where the top-left k ˆ k minor is non-singular is a smooth submanifold of Mn.)

Hint:

ˆ

Ik 0
´CA´1 Ik

˙ ˆ

A B
C D

˙

“

ˆ

A B
0 D ´ CA´1B

˙

so consider f : N Ñ Mn´k given by

ˆ

A B
C D

˙

ÞÑ

D ´ CA´1B. Preimage theorem.

Referenced in: Spring 2015-1, Fall 2014-6, Spring 2013-1.

Let N be the subset of Mn where the top-left k ˆ k minor is non-singular. Then, a matrix M P N is of the
form

M “

ˆ

A B
C D

˙

,

for some kˆk matrix A with detpAq ‰ 0 and matrices B,C, and D of the appropriate dimensions. Since the
determinant is a continuous map, having top-left k ˆ k minor non-singular is an open condition so N Ă Mn

is open. Now, note that
ˆ

Ik 0
´CA´1 Ik

˙ ˆ

A B
C D

˙

“

ˆ

A B
0 D ´ CA´1B

˙

,
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so M has the same rank as the right matrix above since we multiply by an invertible matrix. Thus, M has
rank k if and only if D ´ CA´1B “ 0. So consider the map

f : N Ñ Mn´k,

ˆ

A B
C D

˙

ÞÑ D ´ CA´1B.

Then, Nk Ă N , the subset of rank k matrices is exactly the preimage of 0 under this map, Nk “ f´1p0q.
Note also that f is smooth since matrix operations (including taking inverses by Cramer’s rule) are smooth
with respect to the coordinates of the matrices. Thus, if we show that 0 is a regular value of f , then by the
preimage theorem, we know that Nk is a smooth submanifold of Mn of codimension pn´ kq2.

In fact, we see that f is a submersion because for any M P N and X P Mn´k “ TfpMqMn´k,

let rX “

ˆ

0 0
0 X

˙

, dfM p rXq “ lim
tÑ0

fpM ` t rXq ´ fpMq

t
“ lim
tÑ0

D ` tX ´ CA´1B ´ pD ´ CA´1Bq

t
“ X.

So the subset of Mk
n where the top-left k ˆ k minor is non-singular is a submanifold of Mn. Now, we note

that any rank k matrix ĂM is equivalent to something in N . Namely, we can find invertible matrices A and
B such that AĂMB P N by permuting the rows and columns of ĂM since ĂM has a non-singular k ˆ k minor
somewhere in it.

These operations are smooth and invertible so this gives us charts for the set of all rank k matrices. Then,
the transition functions are clearly smooth since the operation of matrix multiplication is smooth and so too
is f. Thus, Mk

n is a smooth submanifold of Mn of dimension n2 ´ pn´ kq2 “ kp2n´ kq.

Fall 2018-3. Let θ be the restriction of

px2dx1 ´ x1dx2q ` px4dx3 ´ x3dx4q ` ¨ ¨ ¨ ` px2ndx2n´1 ´ x2n´1dx2nq

to the unit sphere S2n´1 Ă R2n. Prove kerpθq is a distribution on S2n´1. Is it integrable?

Hint: Treat θ as a matrix, it always has rank 1 so kernel always has dimension n ´ 1 so is a distribution.
Not integrable by Frobenius since θ ^ dθ ‰ 0.

For kerθ to be a distribution, it suffices to show θ is nonvanishing, because then the pointwise dimension of
kerθ is constant. Note that θ can be represented by the following 1 ˆ 2n matrix:

θ “
`

x2 ´x1 ¨ ¨ ¨x2n ´x2n´1
˘

,

which clearly has rank at most 1. In particular, θ has rank 0 if and only if xi “ 0 for all i which is impossible
because x P S2n´1 so θ indeed has rank 1 on all of S2n´1. Hence, θ is nonvanishing on S2n´1, making kerpθq

a distribution.

We compute

dθ “ pdx2 ^ dx1 ´ dx1 ^ dx2q ` ¨ ¨ ¨ ` pdx2n ^ dx2n´1 ´ dx2n´1 ^ dx2nq “ 2
n

ÿ

i“1

dx2i ^ dx2i´1.

So that

θ ^ dθ “ 2
n

ÿ

i“1

ÿ

j‰i

x2idx2i´1 ^ dx2j ^ dx2j´1 ´ x2i´1 ^ dx2i ^ dx2j ^ dx2j´1.

Then, by Frobenius’ theorem, if kerpθq is integrable, then θ ^ dθ “ 0 (see for example Fall 2022-4). But
θ ^ dθ “ 0 if and only if xi “ 0 for all i which is again impossible for x P S2n´1 so kerpθq is not integrable.
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Fall 2018-4. Let M be a compact smooth 3-manifold and ω P Ω1pMq a nowhere zero 1-form, so that
kerpωq is an integrable distribution. Prove the following.

(a) ω ^ dω “ 0.
(b) There exists some 1-form α with dω “ α ^ ω.
(c) dα ^ ω “ 0.

Hint: (b) kerpωq “ spanp B
Bx1 ,

B
Bx2 q, ω|U “ fUdx

m. Set α|U “
dfU
fU

and put together with partition of unity.

In fact, we don’t need compact or dimension 3. (a) and (b) are done in Fall 2022-4. (c) is simply

0 “ dpdωq “ dpα ^ ωq “ dα ^ ω ´ α ^ dω “ dα ^ ω ´ α ^ α ^ dω “ dα ^ ω.

Fall 2018- 5. Let M Ă Rn be a compact pn ´ 1q-dimensional submanifold, let ι : M ãÑ Rn be
the inclusion map, and let D Ă Rn be the n-dimensional compact region with BD “ M. Let dV “

dx1 ^ dx2 ^ ¨ ¨ ¨ ^ dxn P ΩnpRnq be the standard volume form on Rn.

(a) Define dA P Ωn´1pMq, the standard volume form on M , induced by the embedding ι.
(b) Prove ι˚piXdV q “ xX,NydA, for any smooth vector field X on Rn. (Here, N is the unit normal

vector along M , pointing outward from D.)
(c) Prove

ż

D

LXpdV q “

ż

M

xX,NydA.

(d) Derive Gauss’ Divergence theorem from the case n “ 3.

Hint: dA “ ι˚piN pdV qq. (b) T “ X ´ xX,NyN is tangent to M so any T, dιX1, . . . , dιXn´1 is linearly
dependent so ι˚piT pdV qqpX1, . . . , Xn´1q “ 0. (c) Stokes’ and Cartan. (d) Let X “ f B

Bx ` g B
By ` h B

Bz and
compute.

Referenced in: Fall 2008-5.

(a) dA “ ι˚piN pdV qq where iN : ΩnpRnq Ñ Ωn´1pRnq is the interior product, piNωqpX1, . . . , Xn´1q “

ωpN,X1, . . . , Xn´1q.

(b) Let T “ X ´ xX,NyN . Then T is tangent to M because we have subtracted off the projection onto the
normal space. So

ι˚piT pdV qqpX1, . . . , Xn´1q “ dV pT, dιX1, . . . , dιXn´1q “ 0

since these vector fields are all tangent to M and therefore are linearly dependent since there are n of them
while M is only pn´ 1q-dimensional. Thus,

0 “ ι˚piT pdV qq “ ι˚piXpdV q ´ ixX,NyN pdV qq “ ι˚piXpdV qq ´ xX,Nyι˚piN pdV qq

“ ι˚piXpdV qq ´ xX,NydA,

implying that ι˚piXpdV qq “ xX,NydA.

(c) Using part (b), Stokes’ theorem, Cartan’s formula and the fact that dpdV q “ 0, we have

ż

M

xX,NydA “

ż

M

ι˚piXpdV qq “

ż

D

dpiXpdV qq “

ż

D

pLX ´ iXdqpdV q “

ż

D

LXpdV q.

(d) This was done in Fall 2019-1 but we present another solution here that builds on the previous parts. Let
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X “ f B
Bx ` g B

By ` h B
Bz so we have

LXpdV q “ LXpdxq ^ dy ^ dz ` dx^ LXpdyq ^ dz ` dz ^ dy ^ LXpdzq

“ dpLXpxqq ^ dy ^ dz ` dx^ dpLXpyqq ^ dz ` dx^ dy ^ dpLXpzqq

“ df ^ dy ^ dz ` dx` dx^ dg ^ dz ` dx^ dy ^ dh

“
Bf

Bx
dx^ dy ^ dz `

Bg

By
dx^ dy ^ dz `

Bh

Bz
dx^ dy ^ dz

“ divpXqdV.

Hence, by part (c),
ż

D

divpXqdV “

ż

D

LXpdV q “

ż

M

xX,NydA.

Fall 2018-6. Can a finite rank free group have a finite index subgroup of smaller rank?

Hint: Fundamental group of wedge sum of n circles. k-fold covering. Contract to wedge sum of kpn´ 1q ` 1
circles.

No this is not possible. Let G be a free group of rank n and suppose H is a finite index subgroup of G
with index k. Then, G “ π1pX, ˚q where X “

Ž

1ďiďn S
1 is the wedge sum of n circles. Then H is the

fundamental group of a connected k-fold covering of X, say p : rX Ñ X where rX is a graph with k vertices
and nk edges.

Since rX is connected, we may take a connected subgraph of rX consisting of all k vertices and k´ 1 edges. If
we quotient rX by this subgraph, we are left with a graph with one vertex and nk´k`1 “ kpn´1q`1 edges,
i.e.,

Ž

1ďiďkpn´1q`1 S
1. This quotienting is a homotopy equivalence so H is isomorphic to the fundamental

group of the wedge sum of kpn´ 1q ` 1 circles. Namely, H is a free group of rank kpn´ 1q ` 1 where k ě 1.
So kpn´ 1q ` 1 ě n and H does not have smaller rank than G.

Fall 2018-7. Prove that the covering map Sn Ñ RPn induces an isomorphism on de Rham cohomology
if and only if n is odd. What is the orientable double cover of RPn?

Hint: Use known cohomology groups for RPn and Sn. Finite covering maps always induce injections. Double
cover is Sn or RPn \ RPn for n even/odd respectively.

We recall

Hk
dRpSnq “

#

R k “ 0, n

0 otherwise.
and Hk

dRpRPnq “

#

R k “ 0 or k “ n and n is odd,

0 otherwise.

So if n is even, there isn’t an isomorphism HnpRPnq Ñ HnpSnq so the covering map cannot induce an
isomorphism on de Rham cohomology. If n is odd, then we note that p˚ : Hk

dRpRPnq Ñ Hk
dRpSnq is an

injection since p is a finite covering map so has a retraction (see for example Spring 2019-6). But injective
maps between vector spaces of the same rank are isomorphisms so p indeed induces an isomorphism on de
Rham cohomology if n is odd.

The orientation double cover is a 2-fold cover such that the non-trivial deck transformation reverses the
orientation. For n even, Sn is the orientation double cover since the antipodal deck transformation x ÞÑ ´x
has degree p´1qn`1 “ ´1 so reverses orientation. For n odd, RPn is oriented so the double cover is RPn\RPn
where the two copies have opposite orientations.
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Fall 2018-8. Assume the integral homology of a space is Z in grading 0, Z in grading 2, Z{2 in grading
3, and 0 in all other gradings.

(a) What is its integral cohomology group?
(b) Construct a simply connected CW complex X with the given homology.
(c) Construct another simply connected CW complex Y with the same homology, which is not homo-

topy equivalent to X.

Hint: Universal coefficient theorem. Ext of projective (free) module is 0. One 0, 2, 3, 4-cell each. Wedge sum
with acyclic space (such as S1 _ S1 with two 2-cells attached via a5b´3 and b3pabq´2).

(a) The universal coefficient theorem states that for R a principal ideal domain, G and R-module, and n ě 0,
we have

HnpX;Gq – HomRpHnpX;Rq, Gq ‘ Ext1RpHn´1pX;Rq, Gq.

So in our case, we compute:

H0pX;Zq – HomZpH0pX;Zq,Zq ‘ Ext1ZpH´1pX;Zq,Zq “ HomZpZ,Zq ‘ Ext1Zp0,Zq “ Z ‘ 0 “ Z,
H1pX;Zq – HomZpH1pX;Zq,Zq ‘ Ext1ZpH0pX;Zq,Zq “ HomZp0,Zq ‘ Ext1ZpZ,Zq “ 0 ‘ 0 “ 0,

H2pX;Zq – HomZpH2pX;Zq,Zq ‘ Ext1ZpH1pX;Zq,Zq “ HomZpZ,Zq ‘ Ext1Zp0,Zq “ Z ‘ 0 “ Z,
H3pX;Zq – HomZpH3pX;Zq,Zq ‘ Ext1ZpH2pX;Zq,Zq “ HomZpZ{2,Zq ‘ Ext1ZpZ,Zq “ 0 ‘ 0 “ 0,

H4pX;Zq – HomZpH4pX;Zq,Zq ‘ Ext1ZpH3pX;Zq,Zq “ HomZp0,Zq ‘ Ext1ZpZ{2,Zq “ 0 ‘ Z{2 “ Z{2.

Also, it is clear that HkpX;Zq “ 0 for all k ą 4 so to summarize, we have

HkpX;Zq “

$

’

&

’

%

Z k “ 0, 2,

Z{2 k “ 4,

0 otherwise.

(b) Construct X as follows. Start with one 0-cell. Attach one 2-cell in the obvious way. Attach one 3-cell to
the 0-cell in the obvious way. Finally, attach one 4-cell to the 3-cell by a degree 2 map.

(c) Let Y have one 0-cell, one 2-cell and one 3-cell attached in the same way as X. Then, give Y one 4-cell
attached by a map which first does the Hopf fibration S3 Ñ S2 and then does a degree two map S3 Ñ S3.
Since homology only cares about adjacent dimensions, Y has the same homology groups as X. However,
they are not homotopy equivalent because π3pS2 _S3q – Z2 generated by the identity and the Hopf fibration
so these two attaching maps are not homotopy equivalent.

Fall 2018-9. Let X be a connected CW-complex. Show that there is a natural isomorphism

rHkpΣX;Mq – rHk´1pX;Mq

for all k and for all abelian groups M .

Hint: From Mayer Vietoris, get Smpfq˚ „ Sm´1pfq˚ and Smpfq˚ „ Σmpfq˚ in commutative diagrams.

This is shown in Fall 2022-10.

Fall 2018-10. Let Y be a connected and simply connected CW-complex.

(a) Compute the fundamental group of Y _ S1.
(b) Describe the universal cover of Y _ S1, together with the action of the deck transformations.
(c) Describe all finite covers of Y _ S1, again with the action of the deck transformations.
(d) Describe what changes in the first two parts for Y “ RP2.
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Hint: Van Kampen’s. Glue a copy of Y to each integer in R. Same but with circle and k copies. Z{2 ˚ Z.
Infinite fractal of R’s with S2’s at every integer point.

(a) By Van Kampen’s theorem, π1pY _ S1q “ π1pY q ˚ π1pS1q “ 1 ˚ Z “ Z, since Y is simply connected so
has trivial fundamental group.

(b) Since Y is simply connected, it is its own universal cover while the universal cover of S1 is R. Thus, the
universal cover of Y _S1 is R with a copy of Y attached via the base point of Y to each integer in R. Then,
the deck transformations are simply given by the deck transformations of R Ñ S1 which are the translations
by an integer (that cycle the copies of Y around).

(c) Similarly to part (b), a finite k-fold cover of Y _ S1 is R{kR “ S1 with a copy of Y attached via the
base point of Y to each integer in Z{kZ. I.e., we get a circle with k integer points and a copy of Y glued to
each one of these by its base point. The deck transformations similarly are translation by integers (mod k)
which cycle the copies of Y around the circle.

(d) Now, Van Kampen’s tells us that π1pY _S1q “ π1pRP2
q˚π1pS1q “ Z{2Z˚Z which is the group xa, b | a2y.

We know the universal cover of RP2 is the double cover S2 Ñ RP2. So the universal cover can be described
as follows. Start with a copy of R. At each integer point, attach a copy of S2 by its north pole. At the south
pole of each of these S2’s, attach a copy of R. Repeat the process for each of these copies of R and so on
infinitely.

The deck transformations then act as follows. Each element of Z translates the points in the corresponding
copy of R, and the nontrivial element of Z{2 takes points to their antipodal point on S2. Then, the words
that are formed are these functions composed together in order of concatenation.

Spring 2018

Spring 2018-1. Suppose that M and N are connected smooth manifolds of the same dimension and
f :M Ñ N is a smooth submersion.

(a) Prove that if M is compact, then f is onto and f is a covering map.
(b) Give an example of a smooth submersion f :M Ñ N such thatM andN have the same dimension,

N is compact, and f is onto, but f is not a covering map.

Hint: Submersion is open map so onto. Local diffeomorphism implies locally even covering and then piece
together using compact/connected. e2πit : p´0.1, 1.1q Ñ S1.

Referenced in: Fall 2020-9, Fall 2014-1, Fall 2011-3, Spring 2010-3, Spring 2009-2.

(a) Since f is a submersion, it is an open map (as it is locally a projection and projections are open), so
in particular fpMq is open. If M is compact, then so too is fpMq implying that fpMq is closed since N is
Hausdorff. Then, N is connected and fpMq ‰ H is both open and closed so fpMq “ N and f is surjective.

As a submersion between manifolds of the same dimension, f is locally a diffeomorphism by the inverse
function theorem since dfx is an isomorphism for any x P M. For any p P N, consider f´1ppq Ă M . Since
tpu Ă N is closed, so is f´1ppq implying that f´1ppq is compact since M is compact. By the preimage
theorem, since f is a submersion, f´1ppq is a zero dimensional submanifold of M which means it is a
collection of isolated points. But since it is compact, it must be a finite set, namely f´1ppq “ tp1, . . . , pnu.

Then, for each pi P f´1ppq, choose a neighborhood Ui Q pi so that f |Ui
is a diffeomorphism. Shrink the Ui’s

as necessary so that U i X U j “ H for all i ‰ j. Define p P W “
Şn
i“1 fpUiq ´ fpM ´

Ťn
i“1 Uiq Ă N and

Wi “ f´1pW qXUi. By construction, we have f´1pW q Ă
Ťn
i“1 Ui so f

´1pW q “
Ůn
i“1Wi and f |Wi :Wi Ñ W

is a diffeomorphism so f locally is an even covering of W .

So cover N by Wp for p P N so that f evenly covers each Wp. It suffices now to show that the size of f´1ppq

is constant. Since M is compact, F pMq “ N is compact so we reduce this to a finite cover. On any q P Wp,
we note that the Wi’s which evenly cover Wp also act as an even cover for the neighborhood Wp of q so the
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size of f´1ppq locally does not depend on p. Thus, since N is connected, we can get between any two points
by a finite chain of these opens, on each of which, the size of f´1ppq is constant so it is constant on all of N
by induction. Thus f is a covering map.

(b) Let M “ p´0.1, 1.1q Ă R, N “ S1, and fptq “ e2πit. Both M and N are connected 1-manifolds
and N is compact. Also f is a submersion since dft “ 2πie2πit is never zero. Moreover, f is onto since
S1 “ teiθ P C | 0 ď θ ă 2πu. But f is not a covering map because f´1p1q “ t0, 1u while f´1p´1q “ t0.5u

which do not have the same size.

Spring 2018-2. Let ΦN ,ΦS : R ˆ S2 Ñ S2 be two global flows on the sphere S2. Show that there
exist ϵ ą 0, a neighborhood U of the North pole, a neighborhood V of the South pole, and a global
flow Φ : R ˆ S2 Ñ S2 such that Φpt, qq “ ΦN pt, qq for all t P p´ϵ, ϵq, q P U , and Φpt, qq “ ΦSpt, qq for all
t P p´ϵ, ϵq, q P V .

Hint: Partition of unity subordinate to S2 ´ U, S2 ´ V . Use corresponding vector fields and fundamental
theorem of flows guarantees uniqueness.

Let U and V be any neighborhoods of the north and south pole respectively that are small enough so that
the open sets S2 ´ U and S2 ´ V cover S2. Then, let λ, ψ be a partition of unity subordinate to this cover.
λ is supported on S2 ´ U so λ|U ” 0 implying that ψ|U ” 1 and similarly λ|V ” 1.

Let X and Y be the vector fields corresponding to ΦN and ΦS respectively. Define Z “ ψX ` λY and note
that Z|U ” X and Z|V ” Y. Since S2 is compact, any smooth vector field generates a global flow so we let
Φ be the global flow generated by Z. By the fundamental theorem of ODEs, on U, this flow is unique for a
short time interval t P p´ϵ1, ϵ1q and similarly on V , this flow is unique for t P p´ϵ2, ϵ2q.

So we know that Φ agrees with ΦN on U for t P p´ϵ1, ϵ1q by uniqueness since Z and X agree on U , and
similarly for ΦS . Let ϵ “ minpϵ1, ϵ2q. Then, we have the desired property.

Spring 2018-3. For n ě 1, consider the subset X Ă CP2n given by

X “ trz0 : z1 : ¨ ¨ ¨ : z2ns P CP2n
| zn`1 “ zn`2 “ ¨ ¨ ¨ “ z2n “ 0u.

(a) Show that X is a smooth submanifold.
(b) Calculate the mod 2 intersection number of X with itself.

Hint: Obvious inclusion is an injective proper immersion. f : rz0 : ¨ ¨ ¨ : zns ÞÑ r0 : ¨ ¨ ¨ : 0 : zn : ¨ ¨ ¨ : z0s is
homotopic to inclusion and is transverse to X. Only one point in intersection.

(a) Define
i : CPn Ñ CP2n, rz0 : ¨ ¨ ¨ : zns ÞÑ rz0 : ¨ ¨ ¨ : zn : 0 : ¨ ¨ ¨ : 0s.

It is evident that i is a bijection onto its image which is exactly X and that i is smooth. We know that
CPn is compact so i is automatically proper. This is because if K Ă CP2n is compact, then K is closed (as
manifolds are Hausdorff) so i´1pKq is closed so is compact as a closed subset of a compact space.

Hence it suffices to show that i is an immersion as the image of an injective proper immersion is an embedded
smooth submanifold. Let p P CPn with p “ rz0 : ¨ ¨ ¨ : zns. Some zj ‰ 0 so consider the charts

p P Unj “ trz0 : ¨ ¨ ¨ : zns P CPn | zj ‰ 0u, rz0 : ¨ ¨ ¨ : zns ÞÑ

ˆ

z0
zj
, ¨ ¨ ¨ , pzj , ¨ ¨ ¨ ,

zn
zj

˙

ippq P U2n
j “ trz0 : ¨ ¨ ¨ : z2ns P CP2n

| zj ‰ 0u, rz0 : ¨ ¨ ¨ : z2ns ÞÑ

ˆ

z0
zj
, ¨ ¨ ¨ , pzj , ¨ ¨ ¨ ,

z2n
zj

˙

.

With respect to these charts, it is clear that i takes the form
ˆ

z0
zj
, ¨ ¨ ¨ , pzj , ¨ ¨ ¨ ,

zn
zj

˙

ÞÑ

ˆ

z0
zj
, ¨ ¨ ¨ , pzj , ¨ ¨ ¨ ,

zn
zj
, 0, ¨ ¨ ¨ , 0

˙

,
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so i is indeed an immersion and thus a smooth embedding of CPn into CP2n.

(b) We seek to compute I2pi,Xq. To do this, we first define

f : CPn Ñ CP2n, rz0 : ¨ ¨ ¨ : zns ÞÑ r0 : ¨ ¨ ¨ : 0 : zn : ¨ ¨ ¨ : z0s,

and consider the homotopy

H : CPn ˆ r0, 1s Ñ CP2n, prz0 : ¨ ¨ ¨ : zns, tq ÞÑ rtz0 : ¨ ¨ ¨ : tzn´1 : zn : p1 ´ tqzn´1 : ¨ ¨ ¨ : p1 ´ tqz0s.

So Hpz, 0q “ fpzq while Hpz, 1q “ ipzq and H is evidently smooth so i and f are homotopic. Moreover,
X X fpCPnq is the singleton tpu where p “ r0 : ¨ ¨ ¨ 0 : 1 : 0 : ¨ ¨ ¨ : 0s with the 1 in position n ` 1. Then,
TppXq Ă TpCP2n consists of vectors whose last 2n real coordinates are zero, while dfpTr0:¨¨¨:0:1sCPnq consists
of vectors whose first 2n real coordinates are zero. So, we have

TpCP2n
“ TpX ` dfpTr0:¨¨¨:0:1sCPnq,

showing that f is transverse to X. Hence, we may compute I2pf,Xq which will be equal to I2pi,Xq “

I2pX,Xq since i and f are homotopic. But then X X fpCPnq is a single point so I2pf,Xq “ 1.

Spring 2018-4. Suppose N is a smoothly embedded submanifold of a smooth manifold M . A vector
field X on M is called tangent to N if Xp P TpN Ă TpM for all p P N .

(a) Show that if X and Y are vector fields on M both tangent to N , then rX,Y s is also tangent to
N .

(b) Illustrate this principle by choosing two vector fields X,Y tangent to S2 Ă R3 (such that rX,Y s

is not identically zero), computing rX,Y s and checking that it is tangent to S2.

Hint: Compute using local coordinates for a slice chart and sum notation. X “ ´y B
Bx ` x B

By , Y “ ´z B
Bx `

x B
Bz , rX,Y s “ z B

By ´ y B
Bz .

(a) We use local coordinates. Let x1, . . . , xn be local coordinates for N and extend to x1, . . . , xn, . . . , xm

local coordinates for M using a slice chart. So we can express X and Y as

X “

n
ÿ

i“1

Xi B

Bxi
, Y “

n
ÿ

i“1

Y i
B

Bxi
,

for some Xi, Y i P C8pNq. Then, we may simply compute

rX,Y s “ XY ´ Y X

“

n
ÿ

i“1

Xi B

Bxi

n
ÿ

j“1

Y j
B

Bxj
´

n
ÿ

i“1

Y i
B

Bxi

n
ÿ

j“1

Xj B

Bxj

“

n
ÿ

i“1

n
ÿ

j“1

Xi BY j

Bxi
B

Bxj
´

n
ÿ

i“1

n
ÿ

j“1

Y i
BXj

Bxi
B

Bxj

“

n
ÿ

j“1

˜

n
ÿ

i“1

Xi BY j

Bxi
´

n
ÿ

i“1

Y i
BXj

Bxi

¸

B

Bxj
,

which is still a vector field inN since B
Bx1 , . . . ,

B
Bxn span the tangent space toN andXi, BY j

Bxi , Y
i, BXj

Bxi P C8pNq.

(b) Let X “ ´y B
Bx ` x B

By and Y “ ´z B
Bx ` x B

Bz . Then,

rX,Y s “ pXp´zq ´ Y p´yqq
B

Bx
` pXp0q ´ Y pxqq

B

By
` pXpxq ´ Y p0qq

B

Bz
“ 0

B

Bx
` z

B

By
´ y

B

Bz
,

which is still tangent to S2 as desired.

67



Spring 2018-5. A symplectic form on an eight-dimensional manifold is defined to be a closed two-form
ω such that ω ^ ω ^ ω ^ ω is a volume form (that is, everywhere nonvanishing). Determine which of
the following manifolds admit symplectic forms: (a) S8; (b) S2 ˆ S6; (c) S2 ˆ S2 ˆ S2 ˆ S2.

Hint: Only S2 ˆ S2 ˆ S2 ˆ S2, form is α ` β ` γ ` δ P H2. Use the cohomology ring of Sn and Künneth’s
formula.

First, recall the cohomology groups and cohomology ring of Sn are:

Hk
dRpSnq “

#

R k “ 0, n,

0 otherwise.
, H˚pSn;Zq “ Zrαs{pα2q, |α| “ n.

We claim S8 and S2 ˆ S6 cannot have a symplectic form. Suppose ω was a symplectic form on S8. Then,
since H2

dRpS8q “ 0, we know that ω is exact so there exists η P Ω1pS8q such that dη “ ω. In which case
ω4 “ ω ^ ω ^ ω ^ ω is also exact with dpη ^ ω ^ ω ^ ωq “ ω4 since dω “ 0. But then

ż

S8

ω4 “

ż

S8

dpη ^ ω ^ ω ^ ωq “

ż

BS8

η ^ ω ^ ω ^ ω “ 0

by Stokes’ theorem and since S8 has no boundary. Thus ω4 cannot be a volume form so ω is not a symplectic
form.

For S2 ˆ S6, Künneth’s formula (and de Rham’s theorem) tells us that

H˚
dRpS2 ˆ S6q – H˚

dRpS2q bH˚
dRpS6q – Rrα, βs{pα2, β2q, |α| “ 2, |β| “ 6.

Thus, the elements in grading 2 are all of the form xα for some x P R. So our closed 2-form ω is of the form
xα meaning that ω ^ ω “ pxαq2 “ x2α2 “ 0 on the level of cohomology. This again means that ω4 is exact
and so cannot be a volume form.

Finally, we claim that S2 ˆ S2 ˆ S2 ˆ S2 does have a symplectic form. Here, we have

H˚
dRpS2 ˆ S2 ˆ S2 ˆ S2q – Rrα, β, γ, δs{pα2, β2, γ2, δ2q, |α| “ |β| “ |γ| “ |δ| “ 2.

Then, take the element ω “ α`β` γ` δ P H˚
dRpS2 ˆS2 ˆS2 ˆS2q which is in grading 2. Then, we can see

that ω4 “ yαβγδ for some nonzero coefficient y P R by the quotient structure of the cohomology ring. This
ω4 is thus a generator of H8

dRpS2 ˆ S2 ˆ S2 ˆ S2q – R so is a volume form and ω is the desired symplectic
form.

Spring 2018-6. Let U be a bounded open set in R3 with smooth boundary, and let V be a smooth
vector field on R3. The classical divergence theorem expresses the triple integral

ş ş ş

V
divpV qdpvolq as

a surface integral over the boundary of V . State this theorem, and show how it can be obtained as a
particular case of Stokes’ Theorem for differential forms.

Hint:
ş ş ş

M
divpXqdV “

ş ş

BM
xX,nydS for n the outward pointing normal unit vector to BM and dS “

i˚ιndV the induced volume form on BM. Recall divpXqdV “ LXpdV q and use Cartan’s magic formula.
Consider Y “ X ´ xX,nyn.

This is exactly Fall 2019-1.

Spring 2018-7. Let M and N be smooth, connected, orientable n-manifolds for n ě 3, and let M#N
denote their connected sum.

(a) Compute the fundamental group of M#N in terms of that of M and of N (you may assume that
the basepoint is on the boundary sphere along which we glue M and N).

(b) Compute the homology groups of M#N . (You may use without proof that Hnp´;Zq of a con-
nected orientable n-manifold is always isomorphic to Z).

(c) For part (a), what changes if n “ 2? Use this to describe the fundamental groups of orientable
surfaces.
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Hint: Van Kampen’s gives π1pM#Nq – π1pMq ˚ π1pNq. Good pair with gluing sphere Sn´1 gives direct
sum for i ‰ 0, n in which cases it’s just Z.

Referenced in: Spring 2010-7.

(a) Suppose thatM and N are glued together by the disk Dn. Let A be a neighborhood ofM´Dn inM#N
that deformation retracts onto M ´Dn and let B be a neighborhood in M#N of N ´Dn that deformation
retracts onto N ´Dn. We can see that AXB deformation retracts onto BDn “ Sn´1 and AYB “ M#N .
So by Van Kampen’s theorem, we have

π1pM#Nq – π1pAq ˚ π1pBq{N

where N is the normal subgroup generated by elements of the form iA˚ pγqiB˚ pγq where iA : A X B Ñ A and
iB : A X B Ñ B are the inclusion maps. Since n ě 3, A X B which is homotopy equivalent to Sn´1 has
trivial fundamental group so N is the trivial subgroup.

In addition, since A is homotopy equivalent to M ´ Dn, we have π1pAq – π1pM ´ Dnq. But then we can
make M ´Dn into M by attaching an n-cell which implies that π1pM ´Dnq – π1pMq as n ě 3. Similarly,
π1pBq – π1pNq. Hence, we have π1pM#Nq – π1pMq ˚ π1pNq.

(b) We showed in Spring 2021-7 that

HipM#Nq “

#

Z i “ 0, n,

HipMq ‘HipNq otherwise.

(c) If n “ 2, we no longer have π1pAq – π1pMq nor π1pBq – π1pNq. We also don’t have π1pA X Bq “ 0 so
N as described above is no longer trivial. However, we know that a compact, oriented 2-manifold can be
described uniquely by its genus and that a genus g torus is the connected sum of g standard (genus 1) tori.
Let Tg be the genus g torus and we know

π1pTgq “ xa1, . . . , a2g | a1a2a
´1
1 a´1

2 ¨ ¨ ¨ a2g´1a2ga
´1
2g´1a

´1
2g y.

Moreover, we have π1pTg#Thq – π1pTg`hq using the above logic in part (a).

Spring 2018-8. Determine all the possible degrees of maps S2 Ñ S1 ˆ S1.

Hint: π1pS2q “ 1 so can lift f : S2 Ñ S1 ˆ S1 so f is nullhomotopic so only degree 0 is possible.

Referenced in: Spring 2010-10.

Let f : S2 Ñ S1 ˆ S1 be any map. Then, since S2 is simply connected, we have π1pS2, ˚q “ 0, so
f˚pπ1pS2, ˚qq “ 0 Ă p˚pπ1pR2, ˚qq where p : R2 Ñ S1 ˆ S1 is the universal cover. Thus, f lifts to a map
rf : S2 Ñ R2. Now, let ft : S2 Ñ R2 be defined by ft “ p ˝ pt rfq. Clearly, this is continuous (in t) and

f0 “ pp0q is constant while f1 “ p ˝ rf “ f so f is nullhomotopic. Hence, f˚ : H2pS2q Ñ H2pS1 ˆ S1q is the
zero map so f must have degree 0.

Spring 2018-9. Point S2 via the south pole, and consider the Cartesian product S2 ˆ S2.

(a) Describe a cell structure on S2 ˆ S2 that is compatible with the inclusion of

S2 _ S2 ãÑ S2 ˆ S2

as those pairs where one coordinate is the south pole.
(b) Let X be pS2 ˆ S2q YS2 D3, where we attach the 3-disk via the map

S2 Ñ S2 _ S2

which crushes a great circle connecting the north and south poles. Compute the homology groups
of X.

69



Hint: One 0-cell and one 2-cell for each S2. Product cell structure. HkpXq “ Zp4q ‘ Zp2q ‘ Zp0q.

(a) First, note that S2 can be given a cell structure with one 0-cell, e0, and one 2-cell, e2, attached in the
obvious way. Let te0, e2u and tf0, f2u be the cell structures of two copies of S2 with the 0-cells being at the
south poles. Hence, we can give S2 ˆ S2 a cell structure with one 0-cell, e0 ˆ f0, two 2-cells, e0 ˆ f2 and
e2 ˆ f0, both attached to the 0-cell in the obvious way (with the 0-cell at the south pole), and one 4-cell
e2 ˆ f2 that is attached to each of the two 2-cells by degree 1 maps. In particular, by this construction, the
2-skeleton is exactly S2 _ S2 so this structure is compatible with the inclusion.

(b) By attaching the 3-cell, we have the following cell structure:

0 Ñ Z f
ÝÑ Z g

ÝÑ Z2 Ñ 0 Ñ Z.

We can see that f is 0 because the 4-cell is attached to the 2-skeleton directly, not the 3-cell. Also, we can
see that g sends the generator of H3pXq to p1, 1q P Z2 since it is attached to both copies of S2 via degree 1
maps. Hence, we easily compute the homology to be

HkpXq “

#

Z k “ 0, 2, 4,

0 otherwise.

Spring 2018-10. Let X be a semi-locally simply connected space and let rX Ñ X be the universal
cover.

(a) Show that any map σ : ∆n Ñ X lifts to a map rσ : ∆n Ñ rX, where ∆n is the standard n-simplex.

(b) Show that if rσ1, rσ2 : ∆n Ñ rX are two lifts of σ, then there is an element g of the fundamental group

of X such that g˝rσ1 “ rσ2 where we view g as an automorphism of rX via the deck transformations.

Hint: ∆n simply connected. Suffices to find g so that it agrees at a point. True since deck transformations
act transitively.

This is exactly parts (b) and (d) of Fall 2019-10.

Fall 2017

Fall 2017-1. Let M be a smooth manifold. Verify the following identity for vector fields X,Y and a
1-form ω on M :

dωpX,Y q “ XpωpY qq ´ Y pωpXqq ´ ωprX,Y sq.

Hint: Use local coordinates to assume ω “ fdx. Product rule for vector fields Xpfgq “ gXpfq ` fXpgq.

We use local coordinates so ω “ f1dx
1 ` ¨ ¨ ¨ ` fndx

n for some fi P C8pUq and pU, x1, . . . , xnq a local chart
on M . By linearity of the differential operator, vector fields, and differential forms, it suffices to show the
identity for ω “ fjdx

j . Then, by the product rule we have

dω “ dpfjdx
jq “ dfj ^ dxj ` p´1q0fj ^ dpdxjq “ dfj ^ dxj .

Thus,

dωpX,Y q “ pdfj ^ dxjqpX,Y q “ dfjpXqdxjpY q ´ dfjpY qdxjpXq “ XpfjqY pxjq ´XpxjqY pfjq.

On the other hand, ωpY q “ fjdx
jpY q “ fjY pxjq and similarly, ωpXq “ fjXpxjq so, by the product rule,

XpωpY qq ´ Y pωpXqq “ XpfjY pxjqq ´ Y pfjXpxjqq

“ XpfjqY pxjq ` fjXY pxjq ´ pY pfjqXpxjq ` fjY Xpxjqq

“ XpfjqY pxjq ´ Y pfjqXpxjq ` fjrX,Y spxjq

“ dfj ^ dxjpX,Y q ` fjdx
jprX,Y sq

“ dωpX,Y q ` ωprX,Y sq,
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giving us the desired identity.

Fall 2017-2. Let MnpRq be the space of all nˆ n matrices with real coefficients.

(a) Show that Opnq “ tA P MnpRq | AAT “ idu is a smooth submanifold of MnpRq. Here AT is the
transpose of A.

(b) Show that Opnq has trivial tangent bundle.

Hint: F : MatnˆnpRq Ñ SymnˆnpRq by M ÞÑ MTM . Then dFAp 1
2ACq “ C. Show that all Lie groups are

parallelizable by finding a global frame. Take a basis v1, . . . , vn for TeG and define Xipgq “ dLgpviq.

This is exactly Fall 2022-2.

Fall 2017-3. The Hopf fibration π : S3 Ñ S2 is defined as follows: if we identify

S3 “ tpz1, z2q P C2 | |z1|2 ` |z2|2 “ 1u,

and S2 “ CP1 with homogeneous coordinates rz1 : z2s, then πpz1, z2q “ rz1 : z2s. There is another
fibration p : STS2 Ñ S2, called the unit tangent bundle, whose fiber over x P S2 consist of the tangent
vectors in TxS

2 of unit length (here we may measure the length of a tangent vector by viewing S2 as a
submanifold of R3). Show that there is a covering map f : S3 Ñ STS2 of degree 2 satisfying p ˝ f “ π.

Hint: STS2 – SOp3q – RP3. Standard Sn Ñ RPn double cover by antipodal identification.

First, we note that STS2 is diffeomorphic to SOp3q – RP3. To see this, fix notation

STS2 “ tpp, vq P R3 ˆ R3 | |p| “ |v| “ 1, p K vu,

SOp3q “ tpv1, v2, v3q P R3 ˆ R3 ˆ R3 | pv1, v2, v3q is an oriented orthonormal basisu.

Then, a diffeomorphism between STS2 and SOp3q is given by sending pp, vq P STS2 to pp, v, p ˆ vq where
the third vector is the cross product. Then, we know for any n, that f : Sn Ñ RPn given by identifying
antipodal points is a double cover of RPn. In particular, f : S3 Ñ RP3 is the desired degree 2 covering map
satisfying p ˝ f “ π.

Fall 2017-4. Consider the differential 1-form ω “ xdy´ydx`dz in R3 with coordinates px, y, zq. Prove
that fω is not closed for any nowhere zero function f : R3 Ñ R.

Hint: Just expand dpfωq “ df ^ ω ` fdω.

This is the same as Spring 2020-3 with an inconsequential sign change.

Fall 2017-5. Let x, y, z denote the standard Euclidean coordinates on R3 and let dA denote the standard
area form on S2 “ tx2 ` y2 ` z2 “ 1u Ă R3. Determine the values of n “ 0, 1, 2, . . . for which ω “ zndA
is an exact 2-form on S2.

Hint: Exactly when n is odd. dA “ i˚ιNdV and ιNdV “ xdy ^ dz ´ ydx ^ dz ` zdx ^ dy so dpznιNdV q “

pn` 3qzndV and ω is exact if and only if
ş

S2 i
˚znιNdV “

ş

B
pn` 3qzndV “ 0 by Stokes’.

Recall the definition of dA being induced by the volume form dV “ dx^dy^dz on R3: namely for i : S2 ãÑ R3

the inclusion, we have dA “ i˚ιNdV where N is the unit normal vector to S2. So ω “ zni˚ιNdV . In our
case, Np “ p so we can explicitly write

N “ x
B

Bx
` y

B

By
` z

B

Bz
.
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We then note by linearity of ιN and properties of the wedge product that

ιNdV “ ιx B
Bx

pdx^ dy ^ dzq ` ιy B
By

pdx^ dy ^ dzq ` ιz B
Bz

pdx^ dy ^ dzq

“ xdy ^ dz ´ ydx^ dz ` zdx^ dy.

Since ω is a top form on S2, it is exact if and only if
ş

S2 ω “ 0. By Stokes’ theorem, we have

ż

S2

ω “

ż

S2

i˚pznιNdV q “

ż

B

dpznιNdV q,

where B is the unit ball in R3. We compute

dpznιNdV q “ dpznq ^ ιNdV ` p´1q0zn ^ dιNdV

“ nzn´1dz ^ ιNdV ` zndιNdV

“ nzn´1zdz ^ dx^ dy ` znpdx^ dy ^ dz ´ dy ^ dx^ dz ` dz ^ dx^ dyq

“ pnzn ` 3znqdx^ dy ^ dz

“ pn` 3qzndV,

and hence
ş

S2 ω “
ş

B
pn ` 3qzndV. So ω is exact if and only if

ş

B
pn ` 3qzndV “ 0. But we can see that

this occurs exactly when n is odd since then zn is an odd function in terms of z so the integral over the top
(z ą 0) and bottom (z ă 0) half of the unit ball cancel each other out, while for n even, the integrand is
always positive. Hence, ω is exactly if and only if n is odd.

Fall 2017-6. (a) Define what it means for a manifold M to be orientable. (You can give any one of
the many equivalent definitions.)

(b) Show that every nonorientable connected manifold M admits a connected, oriented double cover.

Hint: ĂM “ tpp,Opq | p P M and Op is an orientation of TpMu with basis for topology rUO “ tpp,Opq | p P

U,Op orientation of TpM determined by Ou.

(a) An n-manifoldM is orientable if it admits an atlas with each transition function xy´1 being an orientation
preserving map between open subsets of Rn. For maps f : U Ñ V between open subsets of Rn, we say f is
orientation preserving if detpdfpq ą 0 at each point p P U.

(b) This is exactly Fall 2021-7. The fact that ĂM is connected ifM is not orientable follows from noticing that

each connected component of ĂM is also a cover of M and is an oriented manifold. So if ĂM is disconnected,
it consists of two disjoint copies of M , both of which are orientable, contradicting the fact that M is not
orientable.

Fall 2017- 7. Let M be a smooth, compact, connected oriented n-dimensional manifold (without
boundary).

(a) Show that if the Euler characteristic of M is zero, then M admits a nowhere vanishing vector
field.

(b) If M is a surface of genus g, then what is minvp# zeros of vq, where v ranges over vector fields on
M whose zeros are isolated and have index ˘1? Give a proof.

Hint: Sum of indices of isolated zeros is zero. Put them all in a neighborhood diffeomorphic to a ball and
the function on the boundary Xp{||Xp|| has degree zero so can be extended into the ball. Define new vector
field based on this. Minimum is 2g ´ 2 “ ´χpMq. Do “dunking” vector field, then similarly move the zeros
around so they cancel.

Referenced in: Fall 2016-6, Spring 2009-3.
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(a) First we may find a vector field X on M with a finite number of isolated zeros since M is compact.
Consider an open chart pV, ϕq diffeomorphic to Rn. Let U “ ϕ´1pB1p0qq. Without loss of generality, we may
assume all of these zeros are located in U . By the Poincaré-Hopf index theorem, the sum of the indices of
these zeros is equal to the Euler characteristic which is zero. Let f : BU Ñ Sn´1 be defined by p ÞÑ

Xp

||Xp||

where we treat U – B1p0q. Then, the sum of these indices is exactly the degree of this map so degpfq “ 0.

Then, by the extension theorem, we may extend f to a function g defined on all of U . Define a vector field
Y on M by

Yp “

#

gppq p P U
Xp

||Xp||
p R U,

which is well-defined since Xp ‰ 0 for p R U and the two cases agree on the boundary of U . Treating Y |V

as a function V Ñ Sn´1, by the Whitney approximation theorem, we may make Y |V smooth in a way that
doesn’t change Y |V´ϕ´1pB1.5p0qq (because the only place where Y may not be smooth is at BU). Now, Y is
nowhere vanishing since X is nonvanishing outside of U and gppq P Sn´1 is never zero either.

(b) We know that χpMq “ 2 ´ 2g so the sum of the indices of the zeros of X is 2 ´ 2g. Since each zero has
index ˘1, it is clear that the minimum number of zeros would be 2 ´ 2g, each having index ´1. We can
attain this minimum as follows. Start with a vector field X that has one source, one sink, and 2g saddles
which can be constructed by considering the flow of “dunking an n-hole donut and lifting it”.

Without loss of generality, assume that the source, sink, and two of the saddles are contained in a neigh-
borhood U diffeomorphic to the unit ball B1p0q Ă R2. Again, fppq “

Xp

||Xp||
is nonzero on BU – S1 and has

degree 0 since the sum of the indices of the source, sink, and two saddles is 0. So we may extend f to a map
g on all of U . Now, however, Xp has zeros in M ´ U . To account for this, on successively smaller opens,

transition smoothly from Xp to
Xp

||Xp||
to gppq and let this vector field be Y . This Y is the desired vector field

with only 2g ´ 2 zeros, namely those outside of M ´ U .

Fall 2017-8. Let M “ r0, 1s ˆ r0, 1s{ „0, where px, 1q „0 p1 ´ x, 0q for all x P r0, 1s, and let X “

pM ˆ t0, 1uq{ „1, where py, 1q „1 py, 0q for all y P BM . Determine the fundamental group of X.

Hint: Klein bottle. π1pXq “ xa, b | bab´1ay – Z ¸ Z. Polygon representation, CW structure.

Referenced in: Fall 2014-8.

We note that M is the Möbius band and X is the Klein-bottle. Now, we know that a polygon representation
of X is given by r0, 1s2{ „ where px, 0q „ px, 1q and p0, yq „ p1, 1 ´ yq for all x, y P r0, 1s. This then has
a CW structure given by two 1-cells, a and b, where a corresponds to the path from p1, 0q to p1, 1q and b
corresponds to the path from p0, 0q to p1, 0q, and one 2-cell attached via bab´1a. Hence, the fundamental
group is

π1pXq “ xa, b | bab´1ay.

By inspection we see that this group presentation is isomorphic to Z¸Z, the non-trivial semidirect product
of the integers with itself.

Fall 2017-9. A compact surface (without boundary) of genus g, embedded in R3 in the standard way
(see below of the case g “ 3), bounds a compact 3-dimensional region called a handlebody H (the region
“inside” the surface in the following figure).

Let X “ pH ˆ t0, 1, 2uq{ „, where px, iq „ px, jq for all x P BH and i, j P t0, 1, 2u. Compute the
homology of X.
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Hint: H˚pXq “ Z2
p3q

‘ Z2g
p2q

‘ Zg
p1q

‘ Zp0q. Good pair pX,Hq where we know H˚pX,Hq “ pH˚pH, BHqq2 and

we compute H˚pH, BHq using Lefschetz duality/universal coefficient formula from HkpHq. The important
map Z2g Ñ Zg is zero. It is also possible to use Mayer-Vietoris with neighborhood of H.

Referenced in: Fall 2014-7.

First, we see that H deformation retracts onto the wedge sum of g circles so we have

HkpHq “

$

’

&

’

%

Zg k “ 1,

Z k “ 0,

0 otherwise.

We can easily compute the cohomology of H using the universal coefficient formula since all of the homology
groups are free. Then, since H is a compact orientable 3-manifold, we may use Lefschetz duality to get

HkpH, BHq “ H3´kpHq “ H3´kpHq “

$

’

&

’

%

Zg k “ 2,

Z k “ 3,

0 otherwise.

Since pH, BHq is a good pair, so too is pX,Hq. In particular, note that X{H is the wedge sum of two copies
of H{BH so

HkpX,Hq “ rHkpX{Hq “ rHkpH{BHq ‘ rHkpH{BHq “ HkpH, BHq ‘HkpH, BHq “

$

’

&

’

%

Z2g k “ 2,

Z2 k “ 3,

0 otherwise.

Then, the long exact sequence for the pair pX,Hq is

¨ ¨ ¨ Ñ rHkpHq Ñ rHkpXq Ñ rHkpX,Hq Ñ rHk´1pHq Ñ ¨ ¨ ¨ ,

which using the above simplifies to

¨ ¨ ¨ Ñ 0 Ñ rH3pXq Ñ Z2 Ñ 0 Ñ rH2pXq Ñ Z2g f
ÝÑ Zg Ñ rH1pXq Ñ 0 Ñ ¨ ¨ ¨ ,

where we have already computed rH0pXq “ 0 since X is clearly connected. The first part of the sequence

gives us rH3pXq – Z2 while the second part gives rH2pXq “ kerpfq and rH1pXq “ cokerpfq. However, we can

see that the induced boundary map f must actually be 0 so rH2pXq – Z2g and rH1pXq – Zg. Hence, to
summarize, we have

HkpXq “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

Z k “ 0,

Zg k “ 1,

Z2g k “ 2,

Z2 k “ 3,

0 otherwise.

Fall 2017-10. (a) Let A be a single circle in R3. Compute π1pR3 ´A, ˚q.
(b) Let A and B be disjoint circles in R3, supported in the upper and lower half space, respectively.

Compute π1pR3 ´ pAYBq, ˚q.
(c) How does π1pR3 ´ pAYBq, ˚q change if the circles are linked as below?
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Hint: Homotopy equivalent to S1 _ S2, S1 _ S1 _ S2, and T 2 _ S2 respectively. Or use Van Kampen’s.

Referenced in: Fall 2013-9.

(a) Note that R3 ´A is homotopy equivalent to S1 _S2. So by Van Kampen’s theorem, since S1 XS2 “ t˚u

is contractible,
π1pR3 ´Aq – π1pS1 _ S2q “ π1pS1q ˚ π1pS2q “ Z ˚ 1 “ Z.

(b) Now, R3´pAYBq is homotopy equivalent to the wedge sum of two copies of R3´A so by Van Kampen’s,

π1pR3 ´ pAYBqq – π1ppR3 ´Aq _ pR3 ´Bqq “ π1pR3 ´Aq ˚ π1pR3 ´Bq “ Z ˚ Z.

(c) In this case, R3 ´ pA Y Bq is homotopy equivalent to the wedge sum of S2 and T 2, the standard torus.
Again, by Van Kampen’s, we get

π1pR3 ´ pAYBqq “ π1pT 2 _ S2q “ π1pT 2q ˚ π1pS2q “ Z2 ˚ 1 “ Z2.

Another way to see this is by first noting that we can add a point at infinity to R3 to get R3 Ă S3 “

R3 Y t8u. Doing this does not change the fundamental group by Van Kampen’s theorem since we can find a
neighborhood of AYB in S3 that avoids 8 (since AYB is bounded) and a neighborhood of 8 homeomorphic
to an open ball that together cover S3. Then, removing any point from S3 gives R3 so consider first removing
a point p on the circle A.

Thus S3 ´ pAYBq is equal to S3 ´ tpu ´ pAYB´ tpuq » R3 ´ pLYBq where L is a line through the center
of B (think of uncurling the circle A once we remove the point p). But then, this more clearly deformation
retracts onto the standard torus in R3 so π1pR3 ´ pA Y Bqq “ π1pS3 ´ pA Y Bqq “ π1pT 2q “ Z2 as claimed
above.

Spring 2017

Spring 2017-1. Let M be a connected smooth manifold of dimension at least two. Prove that for any
2n distinct points

x1, . . . , xn, y1, . . . , yn P M

there exists a diffeomorphism f :M Ñ M such that fpxiq “ yi for i “ 1, . . . , n.

Hint: Do each xi ÞÑ yi separately and compose. Need to use connectedness. Compact support for each.

This is just an easier version of Fall 2020-1.

Spring 2017-2. Let M2nˆ2npRq “ R4n2

be the space of 2nˆ 2n real matrices. Consider the following
matrix in block form

Ω “

ˆ

0 In
´In 0

˙

P M2nˆ2npRq,

where In is the nˆ n identity matrix. Show that the subspace

S “ tA P M2nˆ2npRq | ATΩA “ Ωu

is a smooth submanifold of M2nˆ2npRq, and compute its dimension. (Here AT denotes the transpose of
A.)

Hint: Preimage theorem F : M2npRq Ñ Sk2npRq of skew symmetric matrices by A ÞÑ ATΩA. For A P

F´1pΩq, C P Sk2npRq, take B “ 1
2Ω

´1pA´1qTC so that dFApBq “ C.
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Let
Sk2npRq “ tA P M2npRq | AT “ ´Au

be the set of skew symmetric 2nˆ 2n matrices. It is clear that Sk2npRq Ă M2npRq is a smoothly embedded
submanifold. It has dimension

`

2n
2

˘

since a matrix in Sk2npRq is uniquely determined by the its pi, jq entries
for i ă j and the diagonal entries must be zero. Now, define

F :M2npRq Ñ Sk2npRq, A ÞÑ ATΩA.

This is well-defined since pATΩAqT “ ATΩTA “ ´ATΩA so the output will always indeed be skew sym-
metric. We claim that Ω is a regular value of F . We can compute the differential of F at A P M2npRq to
be

dFApBq “ lim
tÑ0

F pA` tBq ´ F pAq

t
“ lim

t“0

pA` tBqTΩpA` tBq ´ATΩA

t

“ lim
tÑ0

ATΩA` tBTΩA` tATΩB ` t2BTΩB ´ATΩA

t

“ lim
tÑ0

BTΩA`ATΩB ` tBTΩB

“ BTΩA`ATΩB.

Now, if A P F´1pΩq, then ATΩA “ Ω, implying that detpATΩAq “ detpΩq so detpAq2 “ 1 since detpAT q “

detpAq and detpΩq “ p´1qn ‰ 0. Hence, any A P F´1pΩq is invertible and so too is Ω. So take A P F´1pΩq

and let C P Sk2npRq – TΩpSk2npRqq. Choose B “ 1
2Ω

´1pA´1qTC so that

BTΩA “ pATΩTBqT “ ´pATΩBqT “ ´
1

2
CT “

1

2
C and ATΩB “

1

2
C.

Thus, we have dFApBq “ BTΩA`ATΩB “ 1
2C ` 1

2C “ C so

dFA : TApM2npRqq Ñ TΩpSk2npRqq

is surjective for any A P F´1pΩq showing that Ω is a regular value of F . Hence, by the preimage theorem,
F´1pΩq “ S is a smooth submanifold of M2npRq of codimension equal to the dimension of Sk2npRq. I.e., S
has dimension 4n2 ´

`

2n
2

˘

“ 4n2 ´ np2n´ 1q “ 2n2 ` n.

Spring 2017-3. Use the Poincaré-Hopf index theorem to calculate the Euler characteristic of the n-
dimensional sphere Sn. (You must compute the indices in local coordinates. Drawings do not suffice!)

Hint: χpSnq “ 0 if n is odd and 2 if n is even. Standard nowhere vanishing vector field on Sn for n odd and
for n even, do the above for first n´ 1 coordinates and set last one to zero. Two zeros, each of index 1.

For n “ 2k ´ 1 odd, we have a nowhere vanishing vector field X, on Sn Ă R2k given by

X : px1, x2, x3, x4, . . . , x2k´1, x2kq ÞÑ p´x2, x1,´x4, x3, . . . ,´x2k, x2k´1q

since x ¨ Xpxq “ ´x1x2 ` x2x1 ´ x3x4 ` x4x3 ´ ¨ ¨ ¨ ´ x2k´1x2k ` x2kx2k´1 “ 0 for any x P Sn. Hence, the
Euler characteristic must be 0 in this case, χpSnq “ 0 by the Poincaré-Hopf index theorem as we sum over
no zeros.

For n “ 2k even, we consider the vector field X on Sn Ă R2k`1 given by

X : px1, x2, x3, x4, . . . , x2k´1, x2k, x2k`1q ÞÑ p´x2, x1,´x4, x3, . . . ,´x2k, x2k´1, 0q.

As above, this is a vector field on Sn since x ¨ Xpxq “ 0 for any x P Sn. Now, Xpxq “ 0 if and only if
x1 “ . . . “ x2k “ 0 which gives two isolated zeros on Sn, namely x˘ :“ p0, . . . , 0,˘1q. By Poincaré-Hopf, we
thus have χpSnq “ indx`

pXq ` indx´
pXq.
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To compute the first index, let B “ tx P Sn | x2k`1 ě 0u which contains x` but not x´. Then the

index of X at x` is the degree of the map f : BB Ñ Sn´1 given by y ÞÑ
Xy

||Xy ||
. With this choice, we have

BB “ tx P Sn | x2k`1 “ 0u “ Sn´1 is exactly the equatorial Sn´1 in Sn. Observe that f is defined as follows

px1, . . . , x2k, 0q P Sn´1 ÞÑ
Xpx1,...,x2k,0q

||Xpx1,...,x2k,0q||
“

p´x2, . . . , x2k´1, 0q

||p´x2, . . . , x2k´1, 0q||
“ p´x2, . . . , x2k´1, 0q P Sn´1.

I.e., f is the composition of k flips and k coordinate-negations so we know that degpfq “ p´1qk ¨ p´1qk “ 1.
Similarly, to compute the index of x´, we can take B1 “ tx P Sn | x2k`1 ď 0u. We again get BB1 “ BB “

Sn´1 and the map is exactly the same so the degree is also 1. Hence, χpSnq “ 1 ` 1 “ 2 when n is even.

Spring 2017-4. (a) State the Cartan formula (also known as Cartan’s magic formula) for the Lie
derivative of a differential form with respect to a vector field.

(b) Use this formula to show that a vector field X on R3 has a flow (defined locally and for a short
time) that preserves volume if and only if the divergence of X is everywhere zero. (Here, the
divergence is the classical operator that takes a vector field with components f, g, h to the function
B

Bxf ` B
By g ` B

Bzh, where x, y, z are the usual coordinates on R3.)

Hint: ϕ preserves volume if and only if ϕ˚
t ω “ ω for small t where ω “ dx^ dy ^ dz is the standard volume

form on R3. Show this if and only if LXω “ dιXω “ 0.

Referenced in: Spring 2011-2.

(a) Let X be a vector field on a smooth manifoldM and let ω be a k-form onM . Then LXω “ dιXω` ιXdω
where d is the exterior derivative and ιX is the interior product defined by

ιXωpX1, . . . , Xk´1q “ ωpX,X1, . . . , Xk´1q.

(b) Note that a flow ϕ preserves volume if and only if each pullback of the volume form ω “ dx ^ dy ^ dz
is equal to the volume form itself, i.e., ϕ˚

t ω “ ω for small t. Using the limit definition of LX , we then know
that LXpωq “ 0. Conversely, if LXpωq “ 0, then ϕ˚

t0LXpωq “ 0 so LXpϕ˚
t0ωq “ 0 where the commutativity

here comes from continuity of ϕ.

By definition, we have LXpϕ˚
t0ωq “ d

dt |t“t0 ϕ˚
t ω so since t0 was arbitrary, we get that ϕ˚

t ω is constant.
Then, ϕ˚

t ω “ ϕ˚
0ω “ ω for small t. This holds for each point p (which we should keep fixed) and so

works overall point-wise. Hence, X preserves volume if and only if LXω “ 0. By Cartan’s magic formula,
LXω “ dιXω ` ιXdω “ dιXω because dω “ 0 since ω is a top form.

Let X “ f B
Bx ` g B

By ` h B
Bz so using the linearity and definition of ι, ω we have

dιXω “ dpXpxqdy ^ dz ´Xpyqdx^ dz `Xpzqdx^ dyq

“ dpfdy ^ dz ´ gdx^ dz ` hdx^ dyq

“ p
Bf

Bx
`

Bg

By
`

Bh

Bz
qdx^ dy ^ dz

“ p
Bf

Bx
`

Bg

By
`

Bh

Bz
qω.

So X preserves volume if and only if p
Bf
Bx `

Bg
By ` Bh

Bz qω “ 0 but ω is nowhere vanishing to this occurs if and

only if p
Bf
Bx `

Bg
By ` Bh

Bz q “ 0 as desired.
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Spring 2017-5. Let

ω “
´ydx` xdy

px2 ` y2qα

be a 1-form on R2 ´ t0u with the usual coordinates px, yq, and for some α P R. Consider
ş

γ
ω, where

γ : S1 Ñ R2 ´ t0u is a smooth map.

(a) For which α P R do we have
ş

γ0
ω “

ş

γ1
ω whenever γ0 and γ1 are smoothly homotopic (i.e., there

exists a smooth map F : S1 ˆ r0, 1s Ñ R2 ´ t0u such that γ0ptq “ F pt, 0q, γ1ptq “ F pt, 1q)?
(b) What are the possible values of

ş

γ
ω when α is chosen as in part (a)?

Hint: ω closed implies integrals are the same. Integrals being the same implies that
ş

S1pRq
ω is independent

of R. Convert to polar coordinates and solve. α “ 1. (b) 2πk for k P Z since every loop homotopic to k ¨S1.

(a) First, suppose that ω is closed. Then, let F : S1 ˆ r0, 1s Ñ R2 ´ t0u be a smooth homotopy between the
loops γ0 and γ1. Then, since ω is closed, letting K “ S1 ˆ r0, 1s, we have

ż

K

dpF˚ωq “

ż

K

F˚dω “ 0.

By Stokes’ theorem, we also have

ż

K

dpF˚ωq “

ż

BK

F˚ω “

ż

S1ˆt0u

F˚ω ´

ż

S1ˆt1u

F˚ω “

ż

γ0

ω ´

ż

γ1

ω.

Hence we must have
ş

γ0
ω “

ş

γ1
ω. Conversely, suppose that

ş

γ0
ω “

ş

γ1
ω for any two γ0, γ1 smoothly

homotopic. In particular, note that the circle of radius R which we will denote S1pRq Ă R2 ´ t0u and the
unit circle S1 Ă R2 ´ t0u are smoothly homotopic. Thus,

ż

S1pRq

ω “

ż

S1

ω,

implying that
ş

S1pRq
ω is independent of R ą 0. Using polar coordinates x “ r cospθq, y “ r sinpθq, we have

ω “
´r sinpθqpcospθqdr ´ sinpθqrdθq ` r cospθqpsinpθqdr ` cospθqrdθq

r2α

“
´r sinpθq cospθqdr ` r2 sin2pθqdθ ` r cospθq sinpθqdr ` r2 cos2pθqdθ

r2α

“
r2dθ

r2α
“ r2´2αdθ.

Thus,
ż

S1pRq

ω “

ż 2π

0

R2´2αdθ “ 2πR2´2α.

For this to be independent of R, we must have α “ 1 so this is our only possibility. Letting ω “
´ydx`xdy
x2`y2 ,

we can compute

dω “ ´d

ˆ

y

x2 ` y2
dx

˙

` d

ˆ

x

x2 ` y2
dy

˙

“ ´
px2 ` y2qdy ´ yp2xdx` 2ydyq

px2 ` y2q2
^ dx`

px2 ` y2qdx´ xp2xdx` 2ydyq

px2 ` y2q2
^ dy

“
x2 ´ y2

px2 ` y2q2
dx^ dy `

y2 ´ x2

px2 ` y2q2
dx^ dy “ 0,
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so ω is closed. Hence
ş

γ0
ω “

ş

γ1
ω for all γ0 and γ1 smoothly homotopic if and only if α “ 1.

(b) Since R2 ´ t0u deformation retracts onto S1 Ă R2 ´ t0u, any loop in R2 ´ t0u is smoothly homotopic
to a loop k ¨ S1 that goes counterclockwise k times around S1 for some k P Z. Then, using the calculations
above, we have

ż

γ

ω “

ż

k¨S1

ω “ k

ż

S1

ω “ k

ż 2π

0

dθ “ 2πk

for k P Z.

Spring 2017-6. Let X and Y be connected CW-complexes, let p : rX Ñ X be a path connected
covering space, and let f : Y Ñ X be an arbitrary continuous map. Let

f˚p rXq “ tpy, rxq | fpyq “ pprxqu Ă Y ˆ rX,

and consider the projection map f˚ppq : f˚p rXq Ñ Y , f˚ppqpy, rxq “ y.

(a) Show that f˚ppq is a covering map.

(b) Let py, rxq P f˚p rXq, and let x “ fpyq “ pprxq. If

f˚π1pY, yq Ă p˚π1p rX, rxq,

and the cover p : rX Ñ X is nontrivial, show that f˚p rXq is disconnected.

Hint: Evenly cover fpyq. Define Wα “ q´1pUαq where qppy, rxqq “ rx. Then, z ÞÑ pz, p|
´1
Uα
fpzqq is inverse to

π|Wα
. (b) Contradiction, consider path γ between py, aq and py, bq where a and b are both in the fiber over

x. Show q˚γ is homotopic to a loop in rX so a “ b.

Referenced in Spring 2009-8.

(a) We will denote f˚ppq by π and define q : f˚p rXq Ñ rX by qppy, rxqq “ rx. Note that f ˝ πppy, rxqq “ fpyq “

pprxq “ p ˝ qppy, rxqq so we have the following commutative diagram:

f˚p rXq rX

Y X

q

π p

f

Let y P Y be arbitrary and let x “ fpyq. Since p : rX Ñ X is a covering map, let U be a neighborhood of x
in X that is evenly covered by p, i.e., p´1pUq “

Ů

α Uα and p|Uα
: Uα Ñ U is a diffeomorphism for each α.

Since fπ “ pq, we have

π´1pf´1pUqq “ q´1pp´1pUqq “ q´1p
ğ

α

Uαq “
ğ

α

q´1pUαq, so define Wα “ q´1pUαq Ă f˚p rXq.

Then, W “ f´1pUq is a neighborhood of y in Y and π´1pW q “
Ů

αWα. Now, we want to show that
π|Wα

:Wα Ñ W is a diffeomorphism. To see this, we construct the inverse

ϕα :W Ñ Wα, z ÞÑ pz, p|
´1
Uα
fpzqq.

Since z P W , we have fpzq P U so p|
´1
Uα

pfpzqq P Uα. But also,

fpzq “ ppp|
´1
Uα
fpzqq ùñ pz, p|

´1
Uα
fpzqq P f˚p rXq and qppz, p|

´1
Uα
fpzqqq “ p|

´1
Uα
fpzq P Uα,

which implies that
pz, p|

´1
Uα
fpzqq P q´1pUαq “ Wα,
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so ϕα is well-defined. Now, it is also clear from this definition that ϕα is smooth and an inverse to π|Wα so
indeed π|Wα is a diffeomorphism for each α showing that π is a covering map.

(b) Suppose for sake of contradiction that f˚pXq is connected. Since p is nontrivial, we may find a ‰ b P rX

such that ppaq “ ppbq “ x. Thus, py, aq, py, bq P f˚p rXq both get sent to y by π. Let γ be a path from py, aq

to py, bq since f˚pXq is connected. Then, π ˝ γ is a path in Y that starts and ends at y, i.e., a loop based at
y.

By assumption, f˚pπ ˝ γq P f˚π1pY, yq Ă p˚π1p rX, rxq so f˚pπ ˝ γq “ p˚β for some loop β in rX based at rx.
But, we know that

f˚pπ ˝ γq “ pf˚ ˝ π˚qpγq “ pf ˝ πq˚pγq “ pp ˝ qq˚pγq “ p˚pq ˝ γq.

Hence p˚pq ˝ γq “ p˚β. Then, p˚pq ˝ γq lifts to the path q ˝ γ in rX and p˚β lifts to the loop β in rX. Thus,

q ˝ γ is homotopic to β as paths in rX so q ˝ γ is also a loop based at rx which means that qppy, aqq “ a “ rx
and qppy, bqq “ b “ rx, contradicting the fact that a ‰ b. Hence f˚pXq must be disconnected.

Spring 2017-7. Let X “ S1 ˆ D2 with boundary BX “ S1 ˆ S1. Compute the relative homology
groups HkpX, BX;Zq for all k.

Hint: H˚pX, BXq “ Zp3q ‘ Zp2q. Good pair pX, BXq with rH0pX{BXq “ 0.

First note that D2 is contractible so S1 ˆD2 is homotopy equivalent to S1. Then, we know

HkpXq “ HkpS1q “

#

Z k “ 0, 1,

0 otherwise.
, HkpBXq “ HkpS1 ˆ S1q “

$

’

&

’

%

Z k “ 0, 2,

Z2 k “ 1,

0 otherwise.

Also, pD2, S1q is a good pair so pX, BXq is as well, giving us a long exact sequence

¨ ¨ ¨ Ñ HkpBXq Ñ HkpXq Ñ HkpX, BXq Ñ Hk´1pBXq Ñ ¨ ¨ ¨ ,

which given the above groups becomes

¨ ¨ ¨ Ñ 0 Ñ H3pX, BXq Ñ Z Ñ 0 Ñ H2pX, BXq Ñ Z2 f
ÝÑ Z Ñ H1pX, BXq

g
ÝÑ Z h

ÝÑ Z Ñ H0pX, BXq Ñ 0.

In degree 3, we thus have H3pX, BXq – Z. In degree 0, we know H0pX, BXq – rH0pX{BXq “ 0 since X{BX
is connected. Thus g “ 0 since h is an isomorphism so H2pX, BXq “ kerpfq and H1pX, BXq “ cokerpfq.
Now, f is induced by the inclusion BX ãÑ X which means that f : pa, bq ÞÑ a where a is a loop that wraps
around the first S1 and b around the second. I.e., kerpfq – Z and cokerpfq “ 0. To summarize, we have

HkpX, BXq “

#

Z k “ 2, 3,

0 otherwise.

Spring 2017-8. Let X be a CW complex and let rX Ñ X be a covering space. let G be the group of
deck transformations of rX Ñ X.

(a) Show that for any k and for any abelian group M , the group G acts naturally on Hkp rX;Mq.

(b) Show that the map p˚ : Hkp rX;Mq Ñ HkpX;Mq factors through the quotient of Hkp rX;Mq by

the subgroup S generated by m´ g ¨m for all m P Hkp rX;Mq and g P G.

(c) Give an example for which the induced map Hkp rX;Mq{S Ñ HkpX;Mq in (b) is not surjective.
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Hint : Induced map by g : rX Ñ rX. pg “ p. p : R Ñ S1, use universal coefficient theorem to get
H1pS1;Mq – M while H1pR;Mq “ 0.

(a) We know that a deck transformation g P G acts on rX, i.e., g : rX Ñ rX is a map. For any k and any

abelian group M , Hkp´;Mq is a functor so g naturally induces a map g˚ : Hkp rX;Mq Ñ Hkp rX;Mq which is

indeed an action on Hkp rX;Mq.

(b) This is equivalent to showing that p˚psq “ 0 for all s P S. For this, it suffices to show that p˚pm´g¨mq “ 0

for all m P Hkp rX;Mq and g P G. Since p˚ is an abelian group homomorphism, we have p˚pm ´ g ¨ mq “

p˚pmq ´ p˚pg ¨ mq “ p˚pmq ´ p˚g˚pmq but we know that g sends elements in rX to other elements in the
same fiber over p. I.e., p ˝ g “ p so p˚g˚ “ p˚ and hence p˚pm´ g ¨mq “ 0.

(c) It suffices to find an example where p˚ : Hkp rX;Mq Ñ HkpX;Mq is not surjective. Let p : R Ñ S1 be
the universal covering pptq “ eit. By the universal coefficient theorem,

H1pS1;Mq – H1pS1;Zq bZ M ‘ TorZ1 pH0pS1q,Mq “ Z bZ M ‘ TorZ1 pZ,Mq “ M,

since TorZi vanishes when one of the entries is free (as a Z-module) and i ą 0.On the other handH1pR;Mq “ 0
since R is contractible so p˚ “ 0 cannot be surjective.

Spring 2017-9. (a) Find the homology groups HkpRP2;Zq for all k.
(b) Describe a cell decomposition for RP2

ˆ RP2. Use it to show (without appealing to the Künneth
theorem) that H3pRP2

ˆ RP2;Zq is nontrivial.

Hint: H˚pRP2;Zq “ Z{2Zp1q ‘ Zp0q. Product CW-structure, kerpB3q “ tpx, xq P Z2 | x P Zu and impB4q “

tpx, xq P Z2 | x P 2Zu.

Referenced in: Spring 2012-10, Spring 2011-8.

(a) We give RP2 a CW-structure with one 0-cell, one 1-cell attached in the obvious way and then one 2-cell
attached via a degree 2 map. I.e., our chain complex becomes

0 Ñ Z ¨2
ÝÑ Z 0

ÝÑ Z Ñ 0.

Hence, we easily compute

HkpRP2;Zq “

$

’

&

’

%

Z k “ 0,

Z{2Z k “ 1,

0 otherwise.

(b) Using the CW-structure described above, let RP2
“ e0 Y e1 Y e2 and RP2

“ f0 Y f1 Y f2 be the cell
decomposition of the two copies of RP2. We know by construction that Be1 “ 0 and Be2 “ 2e1 and similarly
for f1, f2. Then, the product RP2

ˆRP2 has the following CW-structure: for each 0 ď i, j ď 2, an pi` jq-cell
ei ˆ fj whose boundary is Bpei ˆ fjq “ Bei ˆ fj ` p´1qiei ˆ Bfj .

Hence, we have one 0-cell e0 ˆ f0, two 1-cells e1 ˆ f0 and e0 ˆ f1, three 2-cells e1 ˆ f1, e0 ˆ f2, and e2 ˆ f0,

two 3-cells e1 ˆf2 and e2 ˆf1, and one 4-cell e2 ˆf2. Now, we want to show that H3pRP2
ˆRP2;Zq “

kerpB3q

impB4q

is nontrivial. For this, we use the above formulas to compute

B3pe1 ˆ f2q “ Be1 ˆ f2 ´ e1 ˆ Bf2 “ 0 ˆ f2 ´ e1 ˆ p2f1q “ ´2e1 ˆ f1

B3pe2 ˆ f1q “ Be2 ˆ f1 ` e2 ˆ Bf2 “ 2e1 ˆ f1 ` e2 ˆ 0 “ 2e1 ˆ f1.

Hence, kerpB3q “ tpx, xq P Z2 | x P Zu. We also have

B4pe2 ˆ f2q “ 2e1 ˆ f2 ` 2e2 ˆ f1,

so impB4q “ Spanpp2, 2qq “ tpx, xq P Z2 | x P 2Zu, implying that H3pRP2
ˆ RP2

q “ Z{2Z ‰ 0. In particular,
the nonzero element re1 ˆ f2 ` e2 ˆ f1s, which corresponds to p1, 1q P kerpB3q, has boundary 0 but is not
itself a boundary so is a nonzero element of H3pRP2

ˆ RP2;Zq.
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Spring 2017-10. Let G be a finite group and X a smooth manifold on which G acts smoothly. If the
action of G on X is free (i.e., if g ¨ x “ x for some x P X, then g “ 1), then show that the natural
quotient map

X Ñ X{G

is a covering map.

Hint: π´1pyq “ tg1x, . . . , gnxu. Find neighborhoods Vi of gix so that Vi – Rn and gjVi “ Vk where gjgi “ gk.

Referenced in: Spring 2012-9.

Let G “ tg1, . . . , gnu, π : G Ñ X{G be the natural quotient map and let y P X{G. Then we can write
π´1pyq “ tg1x, . . . , gnxu for some x P X since the action is free so all of the gix are distinct. Find charts
U1, . . . , Un Ă M so that gix P Ui for all i and shrink if necessary so we may assume that they are pairwise
disjoint. Define

Vi “

n
č

j“1

gig
´1
j Uj .

Note that we still have gix P Vi Ă Ui and Vi X Vj “ H if i ‰ j. Moreover, we now have gjg
´1
i Vi “ Vj .

Without loss of generality, suppose g1 “ e is the identity of G so that Vj “ gjV1 for all 1 ď j ď n.

Now, we have πpViq “ πpgiV1q “ πpV1q for all i so define V “ πpV1q since πpgxq “ πpxq for any x P M, g P G.
Moreover, π´1pV q “

Ůn
i“1 Vi and V Ă X{G is open since projections are open maps and V1 Ă X is open.

We claim that π|Vi : Vi Ñ V is a diffeomorphism for each i. It is surjective by definition. If πpxq “ πpyq

for x, y P Vi “ giV1, then there exists gj P G so that gjx “ y since G acts transitively by definition of
X{G. Thus, y P gjVi “ gjgiV1 “ Vk for gk “ gjgi, implying that k “ i since Vk X Vi “ H if k ‰ i. Hence,
gjgi “ gi ùñ gj “ e so y “ ex “ x and π|Vi

is injective. Thus, π|Vi
is a diffeomorphism since it is smooth

by definition of the manifold structure on X{G so π is a covering map.

Fall 2016

Fall 2016-1. Let M be a smooth manifold. Prove that for any two disjoint closed subsets A,B Ă M
there is a smooth function f :M Ñ R such that f “ 0 on A and f “ 1 on B.

Hint: Do for Rn using ϕx0,rpxq “ exppp|x´x0|2 ´r2q´1q inside Bpx0, rq and 0 outside and paracompactness.
Use this to do it for AX Uα for a locally finite covering by charts and add to get fA,B with f´1

A,Bp0q “ A,B
respectively.

Referenced in: Fall 2020-4.

Let C “ Bpx0, rq Ă Rn be an open ball of radius r centered at x0. Then, define

ϕx0,r : Rn Ñ R, x ÞÑ

#

exp
´

1
|x´x0|2´r2

¯

x P C,

0 x R C.

Then, ϕx0,r is smooth and ϕ´1
x0,rp0q “ Rn ´ C. Now, for any closed set A Ă Rn, write Rn ´ A as a union of

open balls. Since Rn is paracompact, this can be done in a locally finite way, so take such a union and for
each ball, take its corresponding ϕx,r and define ϕpyq “

ř

ϕx,rpyq. By this construction, we have ϕ´1p0q “ A.

Now, let A Ă M be a closed set. By paracompactness of M , we can find a locally finite open cover of M by
charts tpUα, ψαqu such that ψαpUαq “ Rn. Then, ψαpAXUαq Ă Rn is closed since AXUα Ă Uα is closed in
the subspace topology. Hence, by the above, we may find a ϕα : Rn Ñ R such that ϕ´1

α p0q “ ψαpAX Uαq.
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Now, extend ϕα ˝ ψα to a map fα : M Ñ R by setting it to be zero outside of Uα. Let fA “
ř

fα and we
have f´1

A p0q “ A. Do similarly for B and define f :M Ñ R by

fpxq “
fApxq

fApxq ` fBpxq

and this will be our desired smooth function with f “ 0 on A and f “ 1 on B. This is well-defined since
AXB “ H so fApxq ` fBpXq ‰ 0 for all x P M.

Fall 2016-2. Let M Ă RN be a smooth k-dimensional submanifold. Prove that M can be immersed
into R2k.

Hint: Induction. f : M Ñ RL, L ą 2k, define g : TM Ñ RL, gpp, vq “ Dfppvq. This has a regular value a
not in the image of g. π : RL Ñ RL´1 projection onto orthogonal complement of Spanpaq. π˝f is immersion.

Referenced in: Spring 2009-5.

We proceed by negative induction on N . Suppose there is an immersion f : M Ñ RL for some L ą 0. If
L ď 2k, then we are done because we can compose f with the standard inclusion RL ãÑ R2k. So assume
L ą 2k. Define

g : TM Ñ RL, pp, vq ÞÑ Dfppvq.

By Sard’s theorem, we can find a regular value a of g. Moreover, since L ą 2k, we have dimpRLq ą dimpTMq

so a cannot be in the image of g as the rank of g is always less than or equal to 2k. Let π : RL Ñ RL´1 be
the projection onto the orthogonal complement of Spanpaq. If Dpπ ˝ fqppvq “ 0, then

0 “ Dpπ ˝ fqppvq “ pπ ˝Dfpqpvq ùñ Dfppvq “ gpp, vq P Spanpaq.

Since a is not in the image of g, we must have Dfppvq “ 0 implying that v “ 0 since f is an immersion
so Dfp is injective. Hence Dpπ ˝ fqp is injective for each p P M so π ˝ f : M Ñ RL´1 is an immersion,
completing the inductive step.

Fall 2016-3. Let U1, . . . , Un be n bounded, connected, open subsets of Rn. Prove that there exists an
pn ´ 1q-dimensional hyperplane H Ă Rn that bisects every Ui; i.e., if A and B are the two off-spaces
that form Rn ´H, then

volumepUi XAq “ volumepUi XBq

for all i “ 1, . . . , n.

Hint: Continuum of hyperplanes for each point on Sn´1 Ă Rn. Find one for each point that bisects Un by
intermediate value theorem. Borsuk-Ulam theorem about antipodal points being mapped to same point for
Sn´1 Ñ Rn´1.

Let S be the unit pn ´ 1q-sphere in Rn. For each p on the surface of S, there is a continuum of oriented
affine hyperplanes tHα

p uαPR perpendicular to the vector from the origin to p, with the positive side of each
hyperplane defined as the side pointed to by that vector. Define gp : R Ñ R by letting gppαq be the volume
of Un that is on the positive side of Hα

p . Note that this is a continuous function so by the intermediate value
theorem, since there is some β, γ P R so that gppβq “ volumepUnq and gppγq “ 0 (as Un is bounded), there
exists some αp P A so that gppαpq “ 1

2volumepUnq.

I.e., for each p P S, we have found a hyperplane Hp :“ H
αp
p that is perpendicular to the vector from the

origin to p and that bisects Un. Next, define f : S Ñ Rn´1 component-wise by setting fippq to be the volume
of Ui on the positive side of Hp. This function is continuous since it is continuous in each coordinate since
the hyperplane chosen Hp depends continuously on p.

Hence, we may apply the Borsuk-Ulam theorem which gives us antipodal points p and q on S such that
fppq “ fpqq. Then, the hyperplanes Hp and Hq are the same except that they are oppositely oriented. I.e.,
fppq “ fpqq implies that the volume of Ui is the same on the positive and negative side of Hp (and Hq) for
all i “ 1, . . . , n´ 1 so we are done.

83



Fall 2016-4. Show that

D “ kerpdx3 ´ x1dx2q X kerpdx1 ´ x4dx2q Ă TR4

is a smooth distribution of rank two, and determine whether D is integrable.

Hint: Matrix with kernel D. Not integrable since p0, 0, 0, 1q, px4, 1, x1, 0q P D but Lie bracket “ p1, 0, 0, 0q is
not.

Using the standard basis B
Bx1

, . . . , B
Bx4

of TR4 at each point, we note that dx3 ´ x1dx2 and dx1 ´ x4dx2 can
be represented by the matrices

`

0 ´x1 1 0
˘

, and
`

1 ´x4 0 0
˘

,

respectively as maps from TpR4 Ñ R for p “ px1, x2, x3, x4q P R4. For a vector field X “
řf
i“1 fi

B
Bxi

to be in
D, i.e., in the kernel of both of these matrices, we require

ˆ

0 ´x1 1 0
1 ´x4 0 0

˙

¨

˚

˚

˝

f1
f2
f3
f4

˛

‹

‹

‚

“

ˆ

0
0

˙

at all points p P R4. However, we can easily see that this matrix has rank exactly two due to the 1’s in
column one and three so by rank-nullity, also has kernel of dimension 2 at every point. Hence, D is indeed
a distribution of rank 2. Moreover, we can note that X1 “ B

Bx4
, X2 “ x4

B
Bx1

` B
Bx2

` x1
B

Bx3
P D and X1 and

X2 are linearly independent so X1 and X2 form a global frame for D. However,

rX1, X2s “
B

Bx4

ˆ

x4
B

Bx1
` 1

B

Bx2
` x1

B

Bx3

˙

´

ˆ

x4
B

Bx1
`

B

Bx2
` x1

B

Bx3

˙ ˆ

1
B

Bx4

˙

“ 1
B

Bx1
` 0 ` 0 ´ 0 ´ 0 ´ 0 “

B

Bx1
R D,

so D is not integrable since it is not involutive using Frobenius’ theorem.

Fall 2016-5. (a) Let M be a smooth compact manifold and N Ă M a smooth compact submanifold.
Explain (in terms of integrals, without reference to cohomology) what it means for a closed
differential form ω to be Poincaré dual to N .
In parts (b) and (c), you are free to use your knowledge of homology and cohomology:

(b) Let M “ T 2 be the two-dimensional torus with coordinates px, yq P pR{Zq ˆ pR{Zq – T 2. Identify
a submanifold N Ă M Poincaré dual to the form dy, and show that they are indeed dual.

(c) Give an example of a closed 1-form on T 2 that is not Poincaré dual to any submanifold.

Hint:
ş

N
i˚η “

ş

M
η ^ ω for all η. (b) Use dx “ π˚

1 θ, dy “ π˚
2 θ and N “ S1 ˆ tpu. (c) πdx since degree is

always an integer and
ş

N
f˚ω “ degpfq

ş

S1 ω for any f : N Ñ S1.

(a) Let dimpNq “ n, dimpMq “ m. The Poincaré dual to N is the unique closed pm´ nq-form ω on M such
that, for all n-forms η on M , we have

ż

N

i˚η “

ż

M

ω ^ η,

where i : N ãÑ M is the inclusion.

(b) Denote by π1, π2 : M Ñ S1 the two projections. Then, dx “ π˚
1 θ, dy “ π˚

2 θ where θ is a 1-form on S1

with
ş

S1 θ “ 1. Note that we have
ş

M
dx^ dy “ 1. Choose N “ S1 ˆ tpu Ă M with N oriented clockwise.
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Since rdxs, rdys form a basis for H1
dRpMq “ R2, we may write any closed 1-form η as rηs “ ardxs ` brdys for

some a, b P R.We thus check the above formula for the Poincaré dual (which is independent of representative
of the cohomology class chosen) by letting η “ adx` bdy. In particular, dy ^ η “ ´adx^ dy. I.e.,

ż

M

dy ^ η “ ´a

ż

M

dx^ dy “ ´a.

Meanwhile, note that i˚dx “ i˚π˚
1 θ “ pπ1 ˝ iq˚θ “ θ since π1 ˝ i is the identity map by construction of N .

We also have i˚dy “ pπ2 ˝ iq˚θ “ 0 since π2 ˝ i is just the constant map S1 ÞÑ p P S1. Thus, we compute

ż

N

i˚η “

ż

´S1

api˚dxq ` bpi˚dyq “

ż

´S1

aθ “ ´a,

showing that N is indeed the Poincaré dual to dy (the minus sign comes from N being oriented clockwise
instead of counterclockwise).

(c) If N is any closed connected oriented 1-submanifold of M , we note that f : N Ñ S1 satisfies
ş

N
f˚ω “

degpfq
ş

S1 ω for ω any 1-form on S1. In particular, degpfq is always an integer, so we claim that the form
α “ πdx has no Poincaré dual. If N was the Poincaré dual of α, we would have

ż

N

i˚pdyq “

ż

M

pπdxq ^ dy.

The right-hand side is π
ş

M
dx^ dy “ π. On the other hand,

ż

N

i˚pdyq “

ż

N

i˚pπ˚
2 θq “

ż

N

pπ2 ˝ iq˚θ “ degpπ2 ˝ iq

ż

S1

θ “ degpπ2 ˝ iq.

So degpπ2 ˝ iq “ π, contradicting the fact that the degree of a map is always an integer so indeed πdx has
no Poincaré dual.

Fall 2016-6. Let M be a smooth, compact, oriented n-dimensional manifold. Suppose that the Euler
characteristic of M is zero.

(a) Show that M admits a nowhere vanishing vector field.
(b) A Lorentzian metric on M is a smoothly varying, symmetric bilinear form

gp : TpM ˆ TpM Ñ R

of signature pn ´ 1, 1q; that is, at every p P M there exists a basis e1, . . . , en of TpM such that,
with respect to this basis, gp is a diagonal matrix with n ´ 1 entries of 1 and one entry of ´1.
Prove that M admits a Lorentzian metric.

Hint: Sum of indices of isolated zeros is zero. Put them all in a neighborhood diffeomorphic to a ball and
the function on the boundary Xp{||Xp|| has degree zero so can be extended into the ball. Define new vector
field based on this. Use nowhere vanishing vector field to define difference of two Riemannian metrics.

(a) This is exactly part (a) of Fall 2017-7.

(b) Let X be a nowhere vanishing vector field on M guaranteed by part (a). Thus, SpanpXq “ ε1 is a
trivial real line bundle on M with complementary bundle NpXq. In particular, we can decompose TM as
TM “ NpXq ‘ ε1. So TM admits an indefinite metric g with signature pn´ 1, 1q by letting g “ gNpXq ´ gε1
where gNpXq is a Riemannian metric on NpXq and gε1 is a Riemannian metric on ε1.

Fall 2016-7. Let X be a connected CW-complex with π1pX,xq finite. Show that any map X Ñ pS1qn

is null-homotopic.
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Hint: f˚π1pX,xq is both finite and free so must zero so f lifts to rf : X Ñ Rn. Straight-line homotopy to
constant map.

As a functor, we know that π1 preserves products so π1ppS1qnq “ pπ1pS1qqn “ Zn. In particular, π1ppS1qnq

is torsion-free. Now f˚π1pX,xq Ă π1ppS1qnq is both a subgroup of a free group and also the image of a finite
group so is free and finite, implying it must be zero. Hence, letting p : Rn Ñ pS1qn be the universal cover,

we have f˚π1pX,xq “ 0 Ă p˚π1pRnq so f lifts to a map rf : X Ñ Rn with p ˝ rf “ f.

Now, letting ft “ t rf , we see that rf is null-homotopic in Rn. Moreover, p ˝ ft is a homotopy from a constant
map p ˝ f0 “ pp0q to p ˝ f1 “ p ˝ rf “ f , showing that f is null-homotopic, as desired.

Fall 2016-8. Consider X “ RP2
_ RP2. Let a generate π1 of the first summand and b generate π1 of

the second summand. For n ě 1, describe the covering space p : Y Ñ X such that p˚pπ1pY qq is the
subgroup of π1pXq generated by pabqn. (A drawing and a short explanation would suffice.)

Hint: Bracelet of 2n S2’s which alternate between a and b.

The universal cover of RP2 is S2 which is a double cover. Thus, a cover of RP2
_ RP2 is a chain (finite or

infinite) or bracelet of RP2’s and S2’s which alternatingly correspond to a and b respectively. The S2’s will
be connected to two things so must occur in the middle of the chain while the RP2’s will attach to only one
other thing so must occur at the end of the chain. In the case of pabqn, we would want 2n copies of S2 in
a bracelet configuration. This is because any (nontrivial) loop in this space goes along the equator of these
2n S2’s alternating a then b some number of times, i.e. pabqn is the generator of its fundamental group.

Fall 2016-9. Let S2 q1
ÐÝ S2 _ S2 q2

ÝÑ S2 be the maps that crush out one of the two summands. Let
f : S2 Ñ S2 _ S2 be a map such that qi ˝ f : S2 Ñ S2 is a map of degree di. Compute the homology
groups of pS2 _ S2q Yf D

3.

Hint : CW structure gives chain complex with only one non-zero map. If d1 “ d2 “ 0, then H˚pXq “

Zp3q ‘ Z2
p2q

‘ Zp0q and otherwise, H˚pXq “ ppZ{ gcdpd1, d2qZq ˆ Zqp2q ‘ Zp0q.

We note that X has the following CW-structure: one 3-cell D3, two 2-cells e1, e2, and one 0-cell. So we have
the chain complex

0 Ñ Z B3
ÝÑ Z2 0

ÝÑ 0
0

ÝÑ Z Ñ 0.

Based on the description of the attaching maps, we have B3pD3q “ d1e1`d2e2 as the only nontrivial boundary
map. If d1 “ d2 “ 0, then B3 “ 0, so we have

HkpXq “

$

’

&

’

%

Z k “ 0, 3,

Z2 k “ 2,

0 otherwise.

If d1 and d2 are not both zero, then B3 is injective so H3pxq “ 0 and H2pXq “ cokerpB3q. In particular,
B3paq “ pd1a, d2aq. By Bézout’s lemma or otherwise, we can see that cokerpB3q – pZ{ gcdpd1, d2qZq ˆ Z and
so we have

HkpXq “

$

’

&

’

%

Z k “ 0,

pZ{ gcdpd1, d2qZq ˆ Z k “ 2,

0 otherwise.

Fall 2016-10. If f : X Ñ X is a self-map, then the “mapping torus of f” is the quotient

Tf :“ pX ˆ r0, 1sq{px, 0q „ pfpxq, 1q,@x P X.

For n P Z, let fn be a degree n map on S3. Compute the homology groups of Tfn .
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Hint: First, prove (or just use) general fact for f, g : X Ñ Y to get long exact sequence HkpS3q
pfnq˚´id˚

ÝÝÝÝÝÝÝÑ

HnpS3q
j˚

ÝÑ HkpTfnq Ñ Hk´1pS3q. Use two good pairs and naturality of homology for this. Then, answer is
H˚pTfnq “ pZ{pn´ 1qZqp3q ‘ Zp1q ‘ Zp0q. If n “ 1, get Zp4q as well.

Referenced in: Spring 2015-9, Fall 2011-10.

We first prove a more general fact. Given f, g : X Ñ Y continuous maps, let Z “ Y \ pX ˆ r0, 1sq{ „ where
px, 0q „ fpxq and px, 1q „ gpxq for all x P X. Then, we claim we have a long exact sequence of the form

¨ ¨ ¨ Ñ HnpXq
f˚´g˚

ÝÝÝÝÑ HnpY q
j˚

ÝÑ HnpZq Ñ Hn´1pXq Ñ ¨ ¨ ¨ ,

where j : Y Ñ Z is the inclusion. Denote I “ r0, 1s for simplicity. For this, we first consider the good pairs
pXˆI,XˆBIq and pZ, Y q. Also, let q : XˆI Ñ Z be the composition of the inclusion XˆI ãÑ Y \pXˆIq

and the quotient Y \ pX ˆ Iq Ñ Z. By functoriality of homology, q induces a map on homology. Moreover,
since q maps X ˆ BI into (the image of) Y (under the quotient map) in Z, q induces a map on homology
from XˆBI to Y and thus on the relative pairs. I.e., we have the following commutative diagram with exact
rows:

¨ ¨ ¨ HnpX ˆ BIq HnpX ˆ Iq HnpX ˆ I,X ˆ BIq ¨ ¨ ¨

¨ ¨ ¨ HnpY q HnpZq HnpZ, Y q ¨ ¨ ¨

B1 i˚ ϕ B1

q˚

B2 j˚ ψ B2

Here, i : X ˆ BI ãÑ X ˆ I and j : Y ãÑ Z are the inclusions (j is the inclusion followed by the quotient but
we can treat this as just an inclusion since the quotient doesn’t identify any two things in Y ). Now, we note

that q : XˆI{pXˆBIq Ñ Z{Y is a homeomorphism which means that q˚ : rHnpXˆI{pXˆBIqq Ñ rHnpZ{Y q

is an isomorphism for all n, so since these are good pairs, where relative homology is equal to the reduced
homology of the quotient, we have that

q˚ : HnpX ˆ I,X ˆ BIq Ñ HnpZ, Y q

is an isomorphism for all n. Next, observe that X ˆ I deformation retracts to either X ˆ t0u or X ˆ t1u. So
the inclusions X ˆ t0u ãÑ X ˆ I and X ˆ t1u ãÑ X ˆ I induce isomorphisms

HnpX ˆ BIq – HnpX ˆ t0uq ‘HnpX ˆ t1uq “ HnpXq ‘HnpXq

and the map
i˚ : HnpX ˆ BIq “ HnpXq ‘HnpXq Ñ HnpX ˆ Iq – HnpXq

is surjective, with i˚pa, bq “ a ` b. By exactness of the top row, we thus get ϕ “ 0 and B1 is injective. I.e.,
HnpX ˆ I,X ˆ BIq is isomorphic to its image in Hn´1pX ˆ BIq via B1 and this image is precisely kerpi˚q.
But we know

kerpi˚q “ tpa,´aq P Hn´1pXq ‘Hn´1pXq | a P Hn´1pXqu – Hn´1pXq.

Hence, we have HnpZ, Y q – HnpX ˆ I,X ˆ BIq “ kerpi˚q – Hn´1pXq so the bottom row is our desired
exact sequence and it suffices to show that B2 “ f˚ ´ g˚. To see this, note that B2 : HnpZ, Y q – Hn´1pXq Ñ

Hn´1pY q is the composition q˚ ˝ B1 by commutativity which is just

q˚ : Hn´1pX ˆ BIq “ Hn´1pXq ‘Hn´1pXq Ñ Hn´1pY q

restricted to the image of B1 which is kerpi˚q. This map is the sum of the two maps HnpX ˆ t0uq Ñ HnpY q

and HnpX ˆ t1uq Ñ HnpY q induced by f and g respectively. I.e., the map kerpi˚q Ñ HnpY q is pa,´aq ÞÑ

f˚paq ` g˚p´aq “ pf˚ ´ g˚qpaq so we get the desired long exact sequence.

Returning to the question at hand, we apply the above long exact sequence with X “ Y “ S3, f “ fn, g “ id
so that Z “ Tfn is what we are trying to compute the homology of:

¨ ¨ ¨ Ñ HkpS3q
pfnq˚´id˚

ÝÝÝÝÝÝÝÑ HkpS3q
j˚

ÝÑ HkpTfnq Ñ Hk´1pS3q Ñ ¨ ¨ ¨ .
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Using the fact that HkpS3q “ Z when k “ 0 or 3 and 0 otherwise, this simplifies to

¨ ¨ ¨ Ñ 0
j˚

ÝÑ H4pTfnq Ñ Z pfnq˚´id˚
ÝÝÝÝÝÝÝÑZ j˚

ÝÑ H3pTfnq Ñ 0 Ñ ¨ ¨ ¨

Ñ 0 Ñ H1pTfnq Ñ Z pfnq˚´id˚
ÝÝÝÝÝÝÝÑ Z j˚

ÝÑ H0pTfnq Ñ 0.

First, Tfn is clearly connected so H0pTfnq – Z, implying that on zeroth homology, j˚ is surjective so an
isomorphism and pfnq˚ ´ id˚ is 0 and thus H1pTfnq – Z. The left part of this sequence tells us that on third
homology, H4pTfnq – kerppfnq˚ ´ id˚q and H3pTfnq – cokerppfnq˚ ´ id˚q.

However, pfnq˚ ´ id˚ : H3pS3q Ñ H3pS3q is precisely multiplication by the degree of fn minus the degree of
id which is n´ 1. Thus, H4pTfnq “ 0 and H3pTfnq “ Z{pn´ 1qZ. To summarize, we have

HkpTfnq “

$

’

&

’

%

Z k “ 0, 1, or k “ 4 and n “ 1,

Z{pn´ 1qZ k “ 3,

0 otherwise.

Spring 2016

Spring 2016-1. Consider the space of all straight lines in R2 (not necessarily those passing through
the origin). Explain how to give it the structure of a smooth manifold. Is it orientable?

Hint : f : X Ñ RP2, ax ` by ` c “ 0 ÞÑ ra : b : cs P RP2 is a bijection onto its image which is
RP2

´ tr0 : 0 : 1su. Not orientable since RP2 is not, double cover S2 Ñ RP2.

Referenced in: Fall 2023-1.

Let X be the space of all straight lines in R2. We have a map

f : X Ñ RP2, ax` by ` c “ 0 ÞÑ ra : b : cs P RP2.

f is well-defined since the numbers a, b, c P R are determined by a line in R2 up to scaling (exactly as in
RP2). Further, f is injective since each equation ax ` by ` c “ 0 determines a unique straight line in R2.
Finally, we can see that the image of f is U “ RP2

´ tr0 : 0 : 1su since c “ 0 is not a line for any c P R. We
know that U Ă RP2 is an open subset.

Thus, X – U is an open submanifold of RP2, so we give it the smooth manifold structure inherited from
being an open subset of RP2. Now, we know that RP2 is non-orientable and has orientation double cover
p : S2 Ñ RP2. Then Y “ S2 ´ tp0, 0, 1q, p0, 0,´1qu, which is still orientable as it is an open subset of S2, is
the orientation double cover of U via p|Y : Y Ñ U . Note that Y – R2 ´ tp0, 0, 0qu is still connected so U
must be non-orientable.

Spring 2016-2. Let X and Y be submanifolds of Rn. Prove that, for almost every a P Rn, the translate
X ` a intersects Y transversely.

Hint: Show F : X ˆ Rn Ñ Rn, F px, aq “ x` a is transverse to Y . Thom’s transversality theorem.

Referenced in: Fall 2023-4, Fall 2010-2.

Define F : X ˆ Rn Ñ Rn by F px, aq “ x` a. We claim F is transverse to Y . To show this, by definition, it
suffices to show that for each px, aq P F´1pY q,

dFpx,aqpTpx,aqpX ˆ Rnqq ` TF px,aqY “ TF px,aqRn “ Rn.

In fact, we claim that just the first term already gives us all of Rn. Note that

dFpx,aq : Tpx,aqpX ˆ Rnq Ñ TF px,aqRn “ Rn
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is a linear map between vector spaces. For b P Rn arbitrary, consider the curve γptq “ px, a`btq which passes
through px, aq at time t “ 0 and has γ1p0q “ p0, bq. So p0, bq P Tpx,aqpX ˆ Rnq “ TxX ˆ TaRn “ TxX ˆ Rn.
Then

dFpx,aqp0, bq “
d

dt
|t“0pF ˝ γqptq “

d

dt
px` a` btq “ b P Rn,

so, since b was arbitrary, dFpx,aq is surjective for any x P X, a P Rn, showing the claim. Now, by Thom’s
transversality theorem, for almost all a P Rn, the map Fa : X Ñ Rn given by Fapxq “ F px, aq is transverse
to Y . But FapXq “ X ` a so we conclude that X ` a is transverse to Y for almost all a P Rn.

Spring 2016-3. Consider the vector field Xpzq “ z2016 ` 2016z2015 ` 2016 on C “ R2. (By this
we mean the following: take a complex coordinate z on C, identify TzC “ C, and write Xpzq “

z2016 ` 2016z2015 ` 2016 P TzC.) Compute the sum of the indices of X over all zeros of X.

Hint: Poincaré-Hope does not apply. Sum multiplicities of roots. 2016.

The polynomial z2016 ` 2016z2015 ` 2016 “ 0 has only finitely many zeros (at most 2016 distinct zeros) so
all of its roots are isolated. Since C is algebraically closed, we can factor Xpzq as

Xpzq “

k
ź

i“1

pz ´ ziq
mi ,

where zi P C are the zeroes of X and mi P N are the corresponding multiplicities. Moreover, the local index
indzipXq “ mi is the multiplicity of the root since we can locally write X as Xpzq “ pz ´ ziq

mi ¨ hpzq for
hpzq some non-vanishing polynomial. Since the multiplicities of the roots of a complex polynomial sum to
its degree (by the fundamental theorem of algebra), the sum of the indices of X over all zeros of X is 2016.

Spring 2016-4. Let M be a compact odd-dimensional manifold with nonempty boundary BM . Show
that the Euler characteristics of M and BM are related by:

χpMq “
1

2
χpBMq.

Hint: Glue two copies of M together along the boundary to make N . N is closed, odd-dimensional so has
χpNq “ 0 by Poincaré duality (use Z{2Z coefficients) and then use Mayer-Vietoris to get equation.

This is exactly Spring 2022-9.

Spring 2016-5. Let M be a compact oriented manifold of dimension n with de Rham cohomology
group H1

dRpM ;Rq “ 0 and let Tn be the n-dimensional torus. For which integers k does there exist a
smooth map f :M Ñ Tn of degree k?

Hint: Must have degree 0. Grading 1 cohomology classes generate all the other ones as exterior algebra, i.e.,
Hn
dRpTnq is generated by θ1 ^ ¨ ¨ ¨ ^ θn.

Let f : M Ñ Tn. This induces f˚ : H˚
dRpTnq Ñ H˚

dRpMq. We know that if θ1, . . . , θn are the cohomology
classes that generate H1

dRpTnq, then Hn
dRpTnq is generated by θ1 ^ ¨ ¨ ¨ ^ θn. Then, we have

f˚pθ1 ^ ¨ ¨ ¨ ^ θnq “ f˚pθ1q ^ ¨ ¨ ¨ ^ f˚pθnq.

Then if H1
dRpMq “ 0, we have f˚pθiq “ 0 for all 1 ď i ď n, implying that f˚pθ1 ^ ¨ ¨ ¨ ^ θnq “ 0. Hence

f˚ : Hn
dRpTnq Ñ Hn

dRpMq is the zero homomorphism so f has degree 0.
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Spring 2016-6. Let T 2 “ R2{Z2 be the two-dimensional torus with coordinates px, yq P R2 and let
p P T 2.

(a) Compute the de Rham cohomology of the punctured torus T 2 ´ tpu.
(b) Is the volume form ω “ dx^ dy exact on T 2 ´ tpu?

Hint: T 2 ´ tpu deformation retracts onto S1 _ S1. H˚
dRpT 2 ´ tpuq “ R2

p1q
‘ Rp0q. (b) is yes since top form

and second cohomology is zero.

(a) It is not hard to see that T 2 ´ tpu deformation retracts onto S1 _ S1 so H˚
dRpT 2 ´ tpuq – H˚

dRpS1 _ S1q

and hence we have (via de Rham’s theorem and the universal coefficient theorem)

Hk
dRpT 2 ´ tpuq “

$

’

&

’

%

R k “ 0,

R2 k “ 1,

0 otherwise.

(b) Yes. ω is a top form (since T 2 ´ tpu is dimension 2) so is closed. Then, by part (a), H2
dRpT 2 ´ tpuq “ 0

implies that all closed 2-forms are exact so ω is exact.

Spring 2016-7. Exhibit a space whose fundamental group is isomorphic to pZ{mZq ˚ pZ{nZq, where
Z{kZ denotes the integers modulo k and ˚ denotes the free product. Exhibit another space whose
fundamental group is isomorphic to pZ{mZq ˆ pZ{nZq.

Hint: Attach via z ÞÑ zk to get Z{kZ. Wedge sum and product of these spaces.

Referenced in: Spring 2024-7.

For k P N, construct a space Xk by attaching a 2-cell as follows: regarding D2 Ă C as the unit disk in the
complex plane, and S1 as the unit circle, attach D2 to S1 along BD2 “ S1 via the map z ÞÑ zk. Then, it is
clear that π1pXkq “ xa | aky “ Z{kZ. By Van Kampen’s, π1pXm _ Xnq “ pZ{mZq ˚ pZ{nZq and since π1 is
a functor that preserves products, π1pXm ˆXnq “ pZ{mZq ˆ pZ{nZq.

Spring 2016-8. Let Lx be the x-axis, Ly be the y-axis, and Lz be the z-axis of R3. Compute

π1pR3 ´ Lx ´ Ly ´ Lzq.

Hint: Z ˚ Z ˚ Z ˚ Z ˚ Z. Deformation retract to S2 minus 6 points and then homotopy to R2 minus 5 points
and finally to the wedge sum of 5 copies of S1. Use induction/Van Kampen’s to prove.

This is exactly Fall 2022-7 with n “ 3.

Spring 2016-9. Let X be a topological space and p P X. The reduced suspension ΣX of X is the space
obtained from X ˆ r0, 1s by contracting pX ˆ t0, 1uq Y ptpu ˆ r0, 1sq to a point. Describe the relation
between the homology groups of X and ΣX.

Hint: rHnpΣXq “ rHnpSXq “ rHn´1pXq for all n ě 1 and H0pΣXq “ Z. Because ΣX “ SX{ptpu ˆ r0, 1sq so

look at long exact sequence. Get rHnpSXq from Mayer-Vietoris.

Referenced in: Spring 2024-6.

Let SX “ Xˆr0, 1s{ „ where px, 0q „ py, 0q and px, 1q „ py, 1q for all x, y P X be the (unreduced) suspension
of X. Then, ΣX “ SX{ptpu ˆ r0, 1sq and pSX, tpu ˆ r0, 1sq is a good pair so we have a long exact sequence

¨ ¨ ¨ Ñ rHnptpu ˆ r0, 1sq Ñ rHnpSXq Ñ rHnpΣXq Ñ rHn´1ptpu ˆ r0, 1sq Ñ ¨ ¨ ¨ ,

since HnpSX, tpu ˆ r0, 1sq “ rHnpSX{ptpu ˆ r0, 1sqq “ rHnpΣXq for all n. But then, tpu ˆ r0, 1s – r0, 1s is

contractible so rHnptpu ˆ r0, 1sq “ 0 for all n, implying that rHnpSXq “ rHnpΣXq for all n ě 1. Then, by Fall

2020-6, we know rHnpSXq “ rHn´1pXq for all n ě 1 and for n “ 0, HnpΣXq “ Z since ΣX is connected.
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Spring 2016-10. Consider the 3-form on R4 given by

α “ x1dx2 ^ dx3 ^ dx4 ´ x2dx1 ^ dx3 ^ dx4 ` x3dx1 ^ dx2 ^ dx4 ´ x4dx1 ^ dx2 ^ dx3.

Let S3 be the unit sphere in R4 and let ι : S3 Ñ R4 be the inclusion map.

(a) Evaluate
ş

S3 ι
˚α.

(b) Let γ be the 3-form on R4 ´ t0u given by:

γ “
α

px21 ` x22 ` x23 ` x24qk

for k P R. Determine the values of k for which γ is closed and those for which it is exact.

Hint: Stokes’, 4volpBq “ 2π2. Never exact, closed for k “ 2. Use R “ x21 `x22 `x23 `x24 and differentiate dγ.

(a) Note that dα “ 4dx1 ^ dx2 ^ dx3 ^ dx4 “ 4dV where dV is the standard volume form on R4. Next, we
recall that BB4 “ S3 where B4 is the closed unit ball in R4. Thus, by Stokes’ theorem,

ż

S3

ι˚α “

ż

B

dα “

ż

B

4dV “ 4volpBq.

We know the volume of a unit n-ball can be calculated recursively as V pBnq “ 2π
n V pBn´2q and the unit

2-ball or closed unit disk has volume π so
ş

S3 ι
˚α “ 4 ¨ 2π

4 π “ 2π2.

(b) Let R “ x21 ` x22 ` x23 ` x24 so that γ “ αR´k. Noting that dR “
ř4
i“1 2xidxi, we have

dγ “ dpR´kq ^ α `R´kdα

“ ´kR´k´1
4

ÿ

i“1

2xidxi ^ α ` 4R´kdV

“ ´2kR´k´1
4

ÿ

i“1

x2i dV ` 4R´kdV

“ p4 ´ 2kqR´kdV.

Since dV is nowhere vanishing and R ‰ 0, dγ “ 0 if and only if 4 “ 2k, i.e., k “ 2. For exactness, note that
for any p P S3, we have γp “ αp so ι˚γ “ ι˚α and thus

ż

S3

ι˚γ “

ż

S3

ι˚α “ 2π2.

But if γ is exact, say with dθ “ γ, then dpι˚θq “ ι˚dθ “ ι˚γ so

2π2 “

ż

S3

ι˚γ “

ż

S3

dpι˚θq “

ż

BS3

ι˚θ “ 0,

by Stokes’ theorem, since BS3 “ H, a contradiction. So no value of k makes γ exact.

Fall 2015

Fall 2015-1. Let MnpRq be the space of nˆ n matrices with real coefficients.

(a) Show that SLpn,Rq “ tA P MnpRq | detpAq “ 1u is a smooth submanifold of MnpRq.
(b) Show that SLpn,Rq has trivial Euler characteristic.
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Hint: Preimage theorem with A ÞÑ detpAq. Homotopy equivalent to SOpnq which is parallelizable so has
nowhere vanishing vector field. Also, compact so has χ “ 0 by Poincaré-Hopf.

Referenced in: Fall 2010-3.

(a) Consider det : MnpRq Ñ R. Note that SLpn,Rq “ det´1
p1q so we claim that 1 P R is a regular value of

det . Let A P det´1
p1q. Let c P R. For B P TAMnpRq – MnpRq, we have

dpdetqApBq “ lim
hÑ0

detpA` hBq ´ detpAq

h
“ lim
hÑ0

detpAqpdetpI ` hA´1Bq ´ 1q

h

“ lim
hÑ0

detpI ` hA´1Bq

h
,

so if we take B “ c
nA, then

dpdetqAp
c

n
Aq “ lim

hÑ0

detpI ` h cnIq ´ 1

h
“ lim
hÑ0

p1 ` h cn qn ´ 1

h
“ lim
hÑ0

c

n
np1 ` h

c

n
qn´1 “

c

n
n “ c,

so dpdetqA is indeed surjective. So SLnpRq is a smooth manifold by the preimage theorem.

(b) This is exactly Fall 2020-10.

Fall 2015-2. Let f, g : M Ñ N be smooth maps between smooth manifolds that are smoothly homo-
topic. Prove that if ω is a closed form on N , then f˚ω and g˚ω are cohomologous.

Hint: Prove id´π˚i˚ “ dΦ`Φd where Φ : ΩkpMˆRq Ñ Ωk´1pMˆRq is Φp
ř

I aIpx, tqdxI `
ř

J bJpx, tqdt^

dxJq “
ř

J

´

şt

0
bJpx, sqds

¯

dxJ . So i˚0 “ i˚1 on the level of cohomology for ij : M Ñ M ˆ R is given by

ijppq “ pp, jq.

Referenced in: Spring 2020-1.

We first prove the following lemma. Let M be a smooth manifold, π :M ˆ R Ñ M the projection onto the
first factor, and i :M Ñ M ˆ R the inclusion p ÞÑ pp, 0q. Consider the induced maps

π˚ : H˚
dRpMq Ñ H˚

dRpM ˆ Rq, i˚ : H˚
dRpM ˆ Rq Ñ H˚

dRpMq.

Then there exists a cochain homotopy

Φ : ΩkpM ˆ Rq Ñ Ωk´1pM ˆ Rq

between id and π˚i˚, i.e.,
id ´ π˚i˚ “ dΦ ` Φd on ΩkpM ˆ Rq.

In particular, π˚ is an isomorphism with inverse i˚.

Given an arbitrary k-form ω P ΩkpM ˆ Rq, take local coordinates and write

ω “
ÿ

I

aIpx, tqdxI `
ÿ

J

bJpx, tqdt^ dxJ

where the first sum is over increasing multi-indices I of length k and the second is over increasing multi-indices
J of length k ´ 1. Define Φ by

Φpωq “
ÿ

J

ˆ
ż t

0

bJpx, sqds

˙

dxJ .

We claim that
dpΦpωqq ` Φpdωq “ ω ´ π˚i˚ω.
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By linearity, we may separate into the following cases: ω “ apx, tqdxI , and ω “ bpx, tqdt^dxJ . In the former
case, Φpωq “ 0 and

Φpdωq “

ˆ
ż t

0

Ba

Bs
ds

˙

dxI “ papx, tq ´ apx, 0qqdxI “ ω ´ π˚i˚ω.

In the latter case, i˚ω “ 0, so pid ´ π˚i˚qω “ ω, and we compute

dpΦpωqq “ d

ˆ
ż t

0

bpx, sqds

˙

dxJ “

ˆ
ż t

0

Bb

Bs
ds

˙

dxJ `

˜

ż t

0

n
ÿ

m“1

Bb

Bxm
dxmds

¸

^ dxJ

“ ω `

n
ÿ

m“1

ˆ
ż t

0

Bb

Bxm
ds

˙

dxm ^ dxJ by the F.T.C.,

Φpdωq “ Φ

˜

´

n
ÿ

m“1

Bb

Bxm
dt^ dxm ^ dxJ

¸

“ ´

n
ÿ

m“1

ˆ
ż t

0

Bb

Bxm
ds

˙

dxm ^ dxJ .

Thus, dpΦpωqq ` Φpdωq “ ω, showing the claim in local coordinates. But the definition of Φ is independent
of the choice of coordinates, since it only affects the real coordinate. We have thus shown that id and i ˝ π
induce chain homotopic maps on the de Rham complex of M ˆ R so π˚ is an isomorphism on cohomology
with i˚ as its inverse.

Back to our problem, let F :MˆR Ñ N be the homotopy between f and g so that F px, 0q “ fpxq, F px, 1q “

gpxq. Define i0, i1 :M Ñ MˆR by i0ppq “ pp, 0q and i1ppq “ pp, 1q. Clearly, we have f “ F ˝i0 and g “ F ˝i1.
By the above lemma, we have shown that i˚0 “ i˚1 “ pπ˚q´1 (by replacing 0 with 1) so f˚ “ g˚ as maps on
cohomology so f˚ω and g˚ω are cohomologous for ω a closed form.

Fall 2015-3. For two smooth vector fields X,Y on a smooth manifold M , prove the formula

rLX , iY sω “ irX,Y sω,

where LX is the Lie derivative in the direction of X, iX is the interior product of X, and ω is a k-form
for k ě 1.

Hint : Compute left hand side using pιY ωqpV1, . . . , Vk´1q “ ωpY, V1, . . . , Vk´1q and pLXωqpV1, . . . , Vkq “

XpωpV1, . . . , Vkqq ´
řk
i“1 ωpV1, . . . , Vi´1, rX,Vis, Vi`1, . . . , Vkq.

This is exactly Spring 2020-4.

Fall 2015-4. LetM “ R3{Z3 be a three dimensional torus and C “ πpLq, where L Ă R3 is the oriented
line segment from p0, 1, 1q to p1, 3, 5q and π : R3 Ñ M is the quotient map. Find a differential form on
M which represents the Poincaré dual of C.

Hint: η “ 4xd^dy´2dx^dz`dy^dz. Expand and solve in terms of the generators of the exterior algebra
dx, dy, and dz.

Referenced in: Spring 2014-5.

Identify L with πpLq for simplicity. We seek a 2-form η such that, for any 1-form θ, we have

ż

L

θ “

ż

M

η ^ θ.
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Now, L is a loop on M that wraps in the x-direction once, in the y-direction twice, and in the z-direction
four times. We know that the coordinate 1-forms on T 3, dx, dy, dz, generate the de Rham cohomology
of T 3 as an exterior algebra. Hence, we can write θ “ adx ` bdy ` cdz for some a, b, c P R and η “

Adx^ dy `Bdx^ dz ` Cdy ^ dz for some A,B,C P R. Calculating the integrals, we have
ż

L

adx` bdy ` cdz “ a` 2b` 4c,

ż

M

pAdx^ dy `Bdx^ dz ` Cdy ^ dzq ^ padx` bdy ` cdzq “

ż

M

pAc´Bb` Caqdx^ dy ^ dz

“ Ac´Bb` Ca.

This immediately gives A “ 4, C “ 1, and B “ ´2. Hence the Poincaré dual is

η “ 4dx^ dy ´ 2dx^ dz ` dy ^ dz.

Fall 2015-5. Recall that the Hopf fibration π : S3 Ñ S2 is defined as follows: if we identify

S3 “ tpz1, z2q P C2 | |z1|2 ` |z2|2 “ 1u

and S2 “ CP1 with homogeneous coordinates rz1, z2s, then πpz1, z2q “ rz1, z2s. Show that π does not
admit a section, i.e., a smooth map s : S2 Ñ S3 such that π ˝ s “ idS2 .

Hint: Just look at induced maps on homology, H2pS2q “ Z while H2pS3q “ 0.

If s : S2 Ñ S3 with π ˝ s “ idS2 existed, this would induce a map s˚ : H2pS2q Ñ H2pS3q on homology such
that π˚ ˝ s˚ “ pπ ˝ sq˚ “ pidS2q˚ “ idH2pS2q. Note that H2pS2q “ Z while H2pS3q “ 0. Thus s˚ “ 0 but
idZ ‰ 0, a contradiction.

Fall 2015-6. LetMm Ă Rn be a smooth submanifold of dimensionm ă n´2. Show that its complement
Rn ´M is connected and simply-connected.

Hint: Homotope a path in Rn to one that is transversal to M and show this must not intersect M . Use
extension theorem on a homotopy from r0, 1s ˆ r0, 1s Ñ M with C “ t0, 1u ˆ r0, 1s Y r0, 1s ˆ t0, 1u a closed
subset with the image of H|C transverse to M .

Referenced in: Spring 2024-3, Fall 2012-3.

We showed that M ´ Rn is (path-)connected in part (a) of Spring 2023-5. For simply-connectedness, let
γ : r0, 1s Ñ Rn ´ M be a loop with γp0q “ γp1q “ p. Since γ is nullhomotopic in Rn (Rn is simply
connected), let H : r0, 1s ˆ r0, 1s be a path homotopy between γ and the constant map at p. Namely,
Hp0, xq “ γpxq, Hp1, xq “ p, and Hpt, 0q “ Hpt, 1q “ p for all t, x P r0, 1s.

Let C “ t0, 1u ˆ r0, 1s Y r0, 1s ˆ t0, 1u, which is a closed subset of r0, 1s ˆ r0, 1s. Note that the image of H|C

does not intersect M Ă Rn so H|C is trivially transverse to M . So by the extension theorem, we can find a
map G : r0, 1s ˆ r0, 1s Ñ Rn such that G “ H on a neighborhood of C and G is also transverse to M. I.e.,
for any pt, xq P G´1pMq, we have

dGpt,xqpTpt,xqpr0, 1s ˆ r0, 1sqq ` TGpt,xqM “ TGpt,xqRn.

But the left-hand side has dimension at most

dimpTpt,xqpr0, 1s ˆ r0, 1sqq ` dimpTGpt,xqMq “ dimpr0, 1s ˆ r0, 1sq ` dimpMq “ 2 `m ă 2 ` n´ 2 “ n,

while the right hand side clearly has dimension n. Hence, G´1pMq must in fact be empty so G maps to
Rn ´ M . Namely, G is a path homotopy between γ and a constant map in Rn ´ M so γ is nullhomotopic.
But this was true for arbitrary γ so π1pRn ´Mq “ 0 and Rn ´M is simply connected.
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Fall 2015-7. Show that there exists no smooth degree one map from S2 ˆ S2 to CP2.

Hint: Cohomology rings H˚pCP2
q “ Zrαs{pα3q, |α| “ 2 and H˚pS2 ˆ S2q “ Zrβ, γs{pβ2, γ2q, |β| “ |γ| “ 2.

Write f˚pαq “ aβ ` bγ so f˚pα2q “ 2abβγ so degree is 2ab.

This is exactly Spring 2020-6.

Fall 2015-8. Show that CP2n, n P Z`, is not a covering space of any manifold except itself.

Hint : π1pXq acts on CP2n via deck transformations. Any map g : CP2n
Ñ CP2n has a fixed point by

Lefschetz trace formula so they are all the identity.

This is exactly Spring 2020-5.

Fall 2015-9. Given a continuous map f : X Ñ Y between topological spaces, define

Cf “

´

pX ˆ r0, 1sq
ğ

Y
¯

{ „,

where px, 1q „ fpxq for all x P X and px, 0q „ px1, 0q for all x, x1 P X. Here
Ů

is the disjoint union.
Show that there is a long exact sequence

¨ ¨ ¨ Ñ Hi`1pXq
f˚

ÝÝÑ Hi`1pY q Ñ rHi`1pCf q Ñ HipXq
f˚

ÝÝÑ HipY q Ñ ¨ ¨ ¨ ,

where f˚ is the map on homology induced from f and rHi denotes the ith reduced homology group.

Hint: Good pair long exact sequence with mapping cylinder and mapping cone. Consider what happens if
we replace A ãÑ Mf by X ãÑ A ãÑ Mf , i.e., changing HipAq to HipXq, HipMf q to HipY q and i˚ to f˚.

This is exactly the first part of Fall 2022-9.

Fall 2015-10. Let RPn be the real projective space given by Sn{ „, where Sn “ t||x|| “ 1u Ă Rn`1

and x „ ´x for all x P Sn.

(a) Give a cell (CW) decomposition of RPn for n ě 1.
(b) Use the cell decomposition to compute the homology groups HkpRPnq, k ě 0.
(c) For which values of n ě 1 is RPn orientable? Explain.

Hint: One cell in each dimension with double cover for attaching maps. HkpRPnq “ Z if k “ n and n is odd,
Z{2Z if k ď n and k is odd and 0 otherwise. Orientable if and only if top homology is Z if and only if n is
odd.

(a) and (b) This is done in Fall 2020-7 and we get

HkpRPnq “

$

’

&

’

%

Z k “ 0, k “ n and n odd,

Z{2Z 1 ď k ă n, k odd,

0 otherwise.

(c) We know that a closed and connected n-manifold M is orientable if and only if HnpMq – Z. In our
cases, RPn is closed and connected so is orientable if and only if n is odd.
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Spring 2015

Spring 2015-1. Let Mpn,m, kq Ă Mpn,mq denote the space of n ˆ m-matrices of rank k. Show that
Mpn,m, kq is a smooth manifold of dimension nm´ pn´ kqpm´ kq.

Hint:

ˆ

Ik 0
´CA´1 In´k

˙ ˆ

A B
C D

˙

“

ˆ

A B
0 D ´ CA´1B

˙

so consider f : N Ñ Mpn ´ k,m ´ kq given by
ˆ

A B
C D

˙

ÞÑ D ´ CA´1B. Preimage theorem.

This is exactly Fall 2018-2 with nˆm instead of nˆ n (but this only changes the dimensions throughout).

Spring 2015-2. Assume that N Ă M is a codimension 1 properly embedded submanifold. Show that
N can be written as f´1p0q, where 0 is a regular value of a smooth function f : M Ñ R, if and only if
there is a vector field X on M that is transverse to N .

Hint: Riemannian metric g, then dfppvq “ gpp∇fqp, vq and ∇f is a vector field transverse to N . Converse is
actually false: S1 Ă S1 ˆ S1 would have f always positive or negative on M ´N .

Suppose N “ f´1p0q where 0 is a regular value of f :M Ñ R. Let g be a Riemannian metric on M . Define
the gradient vector field ∇f on M as the dual vector field to the 1-form df with respect to the metric g. I.e.,
dfppvq “ gpp∇fqp, vq for all v P TpM . Since f is constant on N , we have df ” 0 on TN Ă TM so ∇f K TN .

We also note that p∇fqp ‰ 0 for all p P N since 0 is a regular value of f so df cannot vanish at p. Now,
since N has codimension 1, it follows that TpN `Spanp∇fqp “ TpM for all p P N by considering dimension.
Hence, ∇f is our desired transverse vector field.

In fact, the converse is false. Let M “ S1 ˆ S1 with coordinates pθ, ϕq, N Ă M the circle with coordinates
pθ, 0q, and X “ B

Bϕ . So X is transverse to N . Also, M ´ N is connected so if f : M Ñ R has N “ f´1p0q,
then f is either always positive or negative on M ´N . In particular, N is the set of maxima or minima of f ,
which means the output of f at points in N cannot be regular values since the partial derivatives are zero.

Spring 2015-3. Consider two collections of 1-forms ω1, . . . , ωk and ϕ1, . . . , ϕk on an n-dimensional
manifold M . Assume that

ω1 ^ ¨ ¨ ¨ ^ ωk “ ϕ1 ^ ¨ ¨ ¨ ^ ϕk

never vanishes on M . Show that there are smooth functions fij :M Ñ R such that

ωi “

k
ÿ

j“1

fijϕj , i “ 1, . . . , k.

Hint: Wedge product of 1-forms is 0 if and only if the 1-forms are linearly dependent.

By Spring 2014-4, we know that a wedge of 1-forms is 0 if and only if the 1-forms are linearly dependent.
Thus, ϕ1 ^ ¨ ¨ ¨ ^ϕk ‰ 0 so ϕ1, . . . , ϕk are linearly independent while ϕ1 ^ ¨ ¨ ¨ϕk ^ωi “ ω1 ^ ¨ ¨ ¨ ^ωk ^ωi “ 0
for any 1 ď i ď k since ωi ^ ωi “ 0 for 1-forms. Thus, we see that ωi must be a linear combination of
ϕ1, . . . , ϕk as desired.

Spring 2015-4. Consider a smooth map F : RPn Ñ RPn.

(a) When n is even show that F has a fixed point.
(b) When n is odd give an example where F does not have a fixed point.
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Hint: HkpRPn;Qq is Q in degree 0 only so use Lefschetz trace formula. Rotation of S1 “ RP1.

(a) For n even, we know the homology of RPn is

HkpRPnq “

$

’

&

’

%

Z k “ 0,

Z{2Z 1 ď k ă n, k odd,

0 otherwise.

Thus, by the universal coefficients theorem, since the Ext terms vanish (as Q is an injective Z-module) and
Q is torsion-free, we have

HkpRPn;Qq “

#

Q k “ 0,

0 otherwise.

Using the Lefschetz trace formula, we know

Lpfq “

n
ÿ

i“0

p´1qiTrpF˚ : HipRPn;Qq Ñ HipRPn;Qqq “ 1,

since only the i “ 0 term is non-zero and F certainly induces an isomorphism in degree 0 as F˚ is a
cohomology ring homomorphism. Thus, by the Lefschetz fixed point theorem, F has a fixed point.

(b) We can just take n “ 1,RP1
“ S1 and F rotation by π{2 has no fixed points.

Spring 2015-5. Assume we have a codimension 1 distribution ∆ Ă TM .

(a) Show if the quotient bundle TM{∆ is trivial (or equivalently that there is a vector field on M
that never lies in ∆), then there is a 1-form ω on M such that ∆ “ kerω everywhere on M .

(b) Give an example where TM{∆ is not trivial.
(c) With ω1 and ω2 as in (a) show that ω1 ^ dω1 “ f2ω2 ^ dω2 for a smooth function f that never

vanishes.
(d) If ω is as in (a) and ω ^ dω ‰ 0, show that ∆ is not integrable.

Hint: q : TM Ñ TM{∆, ϕ : TM{∆ Ñ M ˆ R Define ωp “ π ˝ ϕp ˝ qp. (b) Möbius strip with Spanp B
Bx q.

(c) Show ω1 “ fω2 since Ip∆q is generated by ω2 (d) kerpωq “ spanp B
Bx1 , . . . ,

B
Bxm´1 q, ω|U “ fUdx

m. Set

α|U “
dfU
fU

and put together with partition of unity.

(a) Let q : TM Ñ TM{∆ be the fiber-wise surjection, ϕ : TM{∆ Ñ M ˆ R be the isomorphism that comes
from triviality of TM{∆, and π :M ˆ R Ñ R be projection onto the second factor. For each p P M , define

ωppXq “ πpϕppqppXqq, i.e., ωp “ π ˝ ϕp ˝ qp.

Then, ωppXq “ 0 if and only if ϕppqppXqq P M ˆ t0u. But we know ϕp : TpM{∆p Ñ tpu ˆ R maps into
tpu ˆ R so ωppXq “ 0 if and only if ϕppqppXqq “ pp, 0q which occurs if and only if qppXq “ 0 in TpM{∆p,
i.e., if and only if Xp P ∆p. Thus, ∆ “ kerpωq.

(b) Take M “ r0, 2πs ˆ r´1, 1s{ „ to be the Möbius strip and ∆ “ Spanp B
Bx q. Suppose that ω P Ω1pMq

satisfies ∆ “ kerpωq, then ω is of the form ω “ fpx, yqdy. Moreover, we know that fp0, yq “ ´fp2π,´yq since
ω is invariant under p0, yq „ p2π,´yq. Restricting to the segment r0, 2πsˆt0u, we see that fp0, 0q “ ´fp2π, 0q

which by the intermediate value theorem, implies that f has a zero on r0, 2πs ˆ t0u. At this point, kerpωq

has dimension 2, contradicting kerpωq “ ∆. Thus, by part (a), this is an example where TM{∆ cannot be
trivial.

(c) It suffices to show that ω1 “ fω2 where f does not vanish, since then, dω1 “ df ^ ω2 ` fdω2 so
ω1 ^ dω1 “ fω2 ^ pdf ^ ω2 ` fdω2q “ f2ω2 ^ dω2. To show this, we note that the ideal Ip∆q, consisting
of forms that vanish on ∆, is generated by ω1 so we can write ω2 “ fω1. If fppq “ 0 for some p, then
pω2qp “ fppqpω1qp “ 0, contradicting the fact that kerpω2q is always codimension 1 so indeed this f is
nonvanishing.

(d) This is exactly (a) ùñ (b) of Fall 2022-4.
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Spring 2015-6. Let

ω “
xdy ^ dz ` ydz ^ dx` zdx^ dy

px2 ` y2 ` z2q3{2

be a 2-form defined on R3 ´ t0u. If i : S2 “ tx2 ` y2 ` z2 “ 1u Ñ R3 is the inclusion, then compute
ş

S2 i
˚ω. Also compute

ş

S2 j
˚ω, where j : S2 Ñ R3 maps px, y, zq ÞÑ p3x, 2y, 8zq.

Hint : Both are 4π. Use Stokes. Show that ω is closed so
ş

E
k˚pdωq “ 0 where E “ jpS2q ´ S2 and

k : E ãÑ R3 ´ t0u.

This is exactly Spring 2023-3 (the different numbers in part (b) do not change the solution).

Spring 2015-7. Define the de Rham cohomology groups Hi
dRpMq of a manifold M and compute

Hi
dRpS1q, S1 “ R{Z, i “ 0, 1, . . . , directly from the definition.

Hint: H˚
dRpS1q “ Rp0q ‘ Rp1q. Exterior derivative cochain complex. Smooth 1-periodic functions and fdθ

for θ the angular coordinate.

Referenced in: Fall 2011-6.

Let ΩkpMq be the k-forms on M . We have the de Rham cochain complex

0 Ñ Ω0pMq
d0

ÝÑ Ω1pMq
d1

ÝÑ Ω2pMq
d2

ÝÑ ¨ ¨ ¨ ,

where di is the exterior derivative and is defined locally by

dkpfdxi1 ^ ¨ ¨ ¨ ^ dxikq “ df ^ dxi1 ^ ¨ ¨ ¨ ^ dxik , where df “

n
ÿ

i“1

Bf

Bxi
dxi.

The de Rham cohomology groups Hk
dRpMq are the cohomology groups of this cochain complex, i.e.,

Hk
dRpMq “

kerpdkq

impdk´1q
.

Since S1 is 1-dimensional, there are no k-forms for k ą 1 so we need only determine H0
dRpS1q and H1

dRpS1q

as all other cohomology groups will be zero. I.e., in this case, the de Rham cochain complex is simply

0 Ñ Ω0pS1q
d

ÝÑ Ω1pS1q Ñ 0.

Now, Ω0pS1q “ C8pS1q consists of the smooth functions on S1, which are precisely 1-periodic functions
R Ñ R. Next, Ω1pS1q consists of 1-forms fdθ, where f is a 1-periodic smooth function and dθ is the usual
angular coordinate 1-form.

For f P Ω0pS1q, we have df “
Bf
Bθ dθ so H0

dRpS1q “ kerpdq Ă Ω0pS1q consists of those 1-periodic functions
that are constant in θ, and hence is isomorphic to the vector space of real constants R. On the other hand
impdq Ă Ω1pS1q consists of forms fdθ where f is a derivative of a function in C8pS1q, i.e., those functions
whose integral is 1-periodic.

So we see that impdq “ tfdθ | f P C8pS1q,
ş1

0
fpθqdθ “ 0u. Thus, fdθ, gdθ P H1

dRpS1q “
Ω1

pS1
q

impdq
are equal on

the level of cohomology if and only
ş1

0
fpθq ´ gpθqdθ “ 0. So each cohomology class is uniquely represented

by its integral which means the first cohomology is also isomorphic to R. To summarize,

Hk
dRpS1q “

#

R k “ 0, 1,

0 otherwise.

98



Spring 2015-8. Let X be a CW complex consisting of one vertex p, two edges a and b, and two 2-cells
f1 and f2 where the boundaries of a and b map to p, the boundary of f1 is mapped to the loop ab2

(that is first a and then b twice), and the boundary of f2 is mapped to the loop ba2.

(a) Compute the fundamental group π1pXq of X. Is it a finite group?
(b) Compute the homology groups HipXq, i “ 0, 1, . . . , of X.

Hint: Group presentation. π1pXq “ Z{3Z. H˚pX;Zq “ Zp0q ‘ Z{3Zp1q.

In essence, this is exactly Spring 2022-7 but with the cubes replaced by squares. In this case π1pXq “ Z{3Z
and

HnpXq “

$

’

&

’

%

Z n “ 0,

Z{3Z n “ 1,

0 otherwise.

Spring 2015- 9. Let X,Y be topological spaces and let f, g : X Ñ Y be two continuous maps.
Consider the space Z obtained from the disjoint union pX ˆ r0, 1sq \Y by identifying px, 0q „ fpxq and
px, 1q „ gpxq for all x P X. Show that there is a long exact sequence of the form:

¨ ¨ ¨ Ñ HipXq
a

ÝÑ HipY q
b

ÝÑ HipZq
c

ÝÑ Hi´1pXq Ñ ¨ ¨ ¨ .

Also describe the maps a, b, c.

Hint: Two long exact sequences for the pairs pX ˆ I,X ˆ BIq and pZ, Y q where the relatively homology
fits in with an isomorphism. a “ f˚ ´ g˚, b “ j˚ for j : Y ãÑ Z, and c “ B1 is the first coordinate of the
connecting map induced from the snake lemma.

This was proved in Fall 2016-10 except we did not describe c. But c : HnpZq Ñ Hn´1pXq arises from the
connecting map B : HnpZq Ñ Hn´1pXq ‘Hn´1pXq obtained via the snake lemma.

Spring 2015-10. Let n ě 0 be an integer. Let M be a compact, orientable, smooth manifold of
dimension 4n` 2. Show that dimpH2n`1pM ;Rqq is even.

Hint: H2n`1pMq ˆ H2n`1pMq Ñ R by pω, ηq ÞÑ
ş

M
ω ^ η. Show this is bilinear, anti-symmetric, and non-

degenerate. Corresponds to an invertible kˆk (k “ dimpH2n`1pMqq) matrix with A “ ´AT but if k is odd,
we get detpAq “ ´detpAq, a contradiction.

This is exactly Fall 2021-5.

Fall 2014

Fall 2014- 1. Let f : M Ñ N be a proper immersion between connected manifolds of the same
dimension. Show that f is a covering map.

Hint: Submersion is open map so onto. Local diffeomorphism implies locally even covering and then piece
together using compact/connected.

Since f is an immersion between manifolds of the same dimension, it is also a submersion. Moreover, f is
proper so it is a closed map and thus fpMq Ă N is closed. The rest of the argument is essentially the same
as Spring 2018-1.
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Fall 2014-2. Let Mm Ă Rn be a closed connected submanifold of dimension m.

(a) Show that Rn ´Mm is connected when m ď n´ 2.
(b) When m “ n ´ 1, show that Rn ´ Mm is disconnected by showing that the mod 2 intersection

number I2pf,Mq “ 0 for all smooth maps f : S1 Ñ Rn.

Hint: Homotope a path in Rn to one that is transversal to M and show this must not intersect M . Slice
chart with one 0. Take linear path between px1, . . . , xm, εq and px1, . . . , xm,´εq and make into loop to get
contradiction.

This is exactly Spring 2023-5.

Fall 2014-3. Let ω be an n-form on a closed connected non-orientable n-manifold M and π : O Ñ M
the orientation cover.

(a) Show that π˚ω is exact.
(b) Show that ω is exact.

Hint: Show π˚ω integrates to 0 since it equals its negative as degpF q “ ´1. (b) π˚ is injective: U Ă Y

evenly covered by f´1pUq “
Ťk
i“1 Ui with local inverses ϕi : U Ñ Ui to f. Then, define gpωq|U “ 1

k

řk
i“1 ϕ

˚
i ω

which is well-defined and satisfies g ˝ f˚ “ id.

(a) Since M is connected, closed, and non-orientable, O is connected, closed, and orientable. Thus its top
de Rham cohomology is Hn

dRpOq – R with isomorphism

rθs Ø

ż

O
θ P R,

by de Rham’s theorem. In particular, note that a closed n-form is exact (i.e., zero in cohomology) if and
only if θ integrates to 0 over O. So now, we claim that

ş

O π
˚ω “ 0. As π : O Ñ M is the orientation

double cover, the group of deck transformations of π is tid, F u, where F is the unique non-identity covering
transformation and is orientation-reversing. So degpF q “ ´1 and

ż

O
F˚pπ˚ωq “ degpF q

ż

O
π˚ω “ ´

ż

O
π˚ω.

On the other hand, because F is a deck transformation, π ˝ F “ π so F˚π˚ “ pπ ˝ F q˚ “ π˚. Hence,
ż

O
π˚ω “

ż

O
F˚π˚ω “ ´

ż

O
π˚ω,

so we must have
ş

O π
˚ω “ 0, showing that π˚ω is indeed exact.

(b) Since π is a finite covering map, π˚ is injective on top cohomology by Spring 2019-6. By part (a),
π˚ω “ 0 P Hn

dRpOq so ω “ 0 P Hn
dRpMq so ω is exact.

Fall 2014- 4. Show that for n ě 1 any smooth map f : Sn´1 Ñ Sn´1 has a smooth extension
F : Dn Ñ Dn where Dn “ tx P Rn | |x| ď 1u.

Hint: Bump function.

Let ϕ : r0,8q Ñ r0, 1s be a smooth bump function supported in r 12 ,
3
2 s which is 1 on r 34 ,

5
4 s. Define Φ :

Rn Ñ r0, 1s as the radially symmetric function with Φpxq “ ϕp|x|q so that Φ is supported in the annulus
t 1
2 ď |x| ď 3

2u and is 1 on the annulus t 3
4 ď |x| ď 5

4u. Then,

F : Dn Ñ Dn, F pxq “

#

Φpxqfp x
||x||

q 0 ă ||x|| ď 1,

0 x “ 0,

is the desired smooth extension of f.
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Fall 2014-5. Let M be a smooth manifold and ω a nowhere vanishing 1-form on M . Show that
ω is locally proportional to the differential of a function (i.e., around every point p P M there is a
neighborhood U Q p and functions f, λ : U Ñ R such that ω “ λdf) if and only if ω ^ dω “ 0.

Hint: Work locally. kerpωq is an integrable distribution which is the zero locus of a function f . Show ωq and
dfq have same kernel for any q in a neighborhood.

If ω “ λdf locally near p, then dω “ dλ ^ df can be computed locally. So ω ^ dω “ λdf ^ pdλ ^ dfq “ 0
since df ^ df “ 0 for df a 1-form. Conversely, suppose ω ^ dω “ 0. So by Fall 2022-4, we know kerpωq is an
integrable codimension 1 distribution.

So at every point p P M , there is an immersed integral submanifold N through p, i.e., TpN “ kerpωpq. An
immersed submanifold of codimension 1 can locally be expressed as the zero locus of a function, i.e., there is
a neighborhood U Q p and a function f on U so that N X U “ tq P U | fpqq “ 0u. Then dfqpXq “ 0 for any
X P TqN “ kerpωqq so kerpωqq “ kerpdfqq, implying that λpqqdfq “ ωq for some λpqq ‰ 0, showing ω “ λdf .

Fall 2014-6. Recall that the rank of a matrix is the dimension of the span of its row vectors. Show
that the space of all 2 ˆ 3 matrices of rank 1 forms a smooth manifold.

Hint:

ˆ

I1 0
´CA´1 I1

˙ ˆ

A B
C D

˙

“

ˆ

A B
0 D ´ CA´1B

˙

so consider f : N Ñ M1ˆ2 given by

ˆ

A B
C D

˙

ÞÑ

D ´ CA´1B. Preimage theorem.

This is a slightly more general case of Fall 2018-2 where we have n ˆ m instead of n ˆ n but this doesn’t
change anything nontrivial.

Fall 2014-7. A compact surface of genus g, smoothly embedded in R3, bounds a compact region called
a handlebody H.

(a) Prove that two copies of H glued together along their boundaries by the identity map produces a
closed topological 3-manifold M .

(b) Compute the homology of M .
(c) Compute the relative homology of pM,Hq, where H is one of the two copies.

Hint : H˚pMq “ Zp3q ‘ Zg
p2q

‘ Zg
p1q

‘ Zp0q, H˚pM,Hq “ Zp3q ‘ Zg
p2q

. Good pair pX,Hq where we know

H˚pX,Hq “ H˚pH, BHq and we compute H˚pH, BHq using Lefschetz duality/universal coefficient formula
from HkpHq. The important map Zg Ñ Zg is zero. Or can Mayer-Vietoris instead.

(a) If x R BH, then x P H is contained in some chart x P U Ă H with U – R3 since H is a 3-manifold. We
may also assume that U X BH “ 0 by shrinking as necessary. Then px, 0q P pU, 0q and px, 1q P pU, 1q are
both contained in charts with each pU, iq open and homeomorphic to U and thus to R3. On the other hand,
if x P BH, then pick some V Ă H open with V – H3, the upper plane of R3. Then, px, 0q “ px, 1q P M has
neighborhood pV, 0qYpV, 1q which is homeomorphic to two upper half planes glued together at the boundary
which is exactly R3 itself. Thus, every point in M has a neighborhood homeomorphic to R3 so M is a
3-manifold without boundary. It is compact since it is the quotient of a compact space H ˆ t0, 1u as H is
compact.

(b) We did this in Fall 2017-9 with three copies of H and the idea is the exact same. The only difference is
that H2pM,Hq “ Zg and H3pM,Hq “ Z so the homology groups become

HkpMq “

$

’

&

’

%

Z k “ 0, 3,

Zg k “ 1, 2,

0 otherwise.

101



(c) In fact, we computed this in the process of doing part (b). We have

HkpM,Hq “

$

’

&

’

%

Zg k “ 2,

Z k “ 3,

0 otherwise.

Fall 2014-8. Consider the space X “ M1 YM2, where M1 and M2 are Möbius bands and M1 XM2 “

BM1 “ BM2. Here a Möbius band is the quotient space pr´1, 1s ˆ r´1, 1sq{pp1, yq „ p´1,´yqq.

(a) Determine the fundamental group of X.
(b) Is X homotopy equivalent to a compact orientable surface of genus g for some g?

Hint: Klein bottle. π1pXq “ xa, b | bab´1ay – Z ¸ Z. Polygon representation, CW structure.

(a) This is exactly Fall 2017-8.

(b) No. H1pXq “ π1pXqab – Z ˆ Z{2Z while H1pMgq – Z2g where Mg is the compact orientable surface of
genus g. Since X and Mg have different homology groups, they can never be homotopy equivalent.

Fall 2014-9. Determine all the connected covering spaces of the wedge sum RP14
_ RP15.

Hint: Alternate between S14 and S15. Finite chain with RP on both sides. Finite bracelet of spheres. Infinite
chain in one or two directions.

First, note that RPn has universal double cover Sn for any n. In particular, no space other than RPn and Sn

can cover RPn as this would correspond to a nontrivial, proper subgroup of Z{2Z which doesn’t exist. Now,
in a covering space of RP14

_ RP15, when we have an S14 or S15, there are two connecting points that can
be wedge summed with coverings of the other while when we have an RP14 or RP15, there is one connecting
point.

Thus, we have the following options. First, a finite chain that begins with RP14 or RP15, ends with the
other one, and has alternating S14’s and S15’s in between. Second, a finite alternating bracelet of S14’s and
S15’s. Third, a (one-sided infinite) chain that starts with RP14 or RP15 and has alternating S14’s and S15’s
infinitely in one direction. Fourth, a (two-sided infinite) chain of alternating S14’s and S15’s going in both
directions.

Fall 2014-10. Let D be the unit disk in the complex plane and S1 be the unit circle in the complex
plane. Consider the 2-dimensional torus T 2 “ S1 ˆ S1 and two copies D1 and D2 of D. Let X be the
quotient of the disjoint union T 2 \D1 \D2 by the equivalence relations

eiθ „ peipθ, 1q, eiϕ „ p1, eiqϕq,

where eiθ P D1, e
iϕ P D2, pe

iθ, 1q, p1, eiqϕq P T 2, and p, q are integers ą 1. Compute the homology groups
of X.

Hint: H˚pXq “ Zp2q ‘ pZ{pZ ˆ Z{qZqp1q ‘ Zp0q. CW structure with two 1-cells and three 2-cells attached
via aba´1b´1, ap, bq respectively.

Note that X is the space with CW structure as follows: one 0-cell v, two 1-cells a and b, and three 2-cells
f1, f2, and f3. The 1-cells are attached to v in the obvious way and f1 is attached via the loop aba´1b´1

and f2, f3 are attached via the loops ap, bq respectively. Hence, the cell complex is

0 Ñ Z3 B2
ÝÑ Z2 B1

ÝÑ Z Ñ 0.
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Based on the attaching maps, we know B1 “ 0 while B2pf1q “ a` b´ a´ b “ 0, B2pf2q “ p ¨ a, B2pf3q “ q ¨ b.
In other words B2px, y, zq “ ppy, qzq. So H2pXq “ kerpB2q – Z, H1pXq “ Z2{impB2q – Z{pZ ˆ Z{qZ, and
clearly H0pXq “ Z. To summarize,

HkpXq “

$

’

&

’

%

Z k “ 0, 2,

Z{pZ ˆ Z{qZ k “ 1,

0 otherwise.

Spring 2014

Spring 2014-1. Let Γ Ă R2 be the graph of the function y “ |x|.

(a) Construct a smooth function f : R Ñ R2 whose image is Γ.
(b) Can f be an immersion?

Hint: Bump function, fpxq “ pψpxqx, ψpxq|x|q. Compute |f 1px0q| from both directions.

(a) Let ϕ : R Ñ r0, 1s be a bump function supported in r´2, 2s and identically 1 on K “ r´1, 1s. Let
ψ “ 1 ´ ϕ so that ψ : R Ñ r0, 1s is 0 on K and 1 outside r´2, 2s. Define

f : R Ñ R2, x ÞÑ pψpxqx, ψpxq|x|q.

Now, f is smooth at x ‰ 0 since ψ and | ¨ | both are. f is also smooth at x “ 0 since ψpxqx ” 0 in
a neighborhood of 0. Note that ψpxq|x| “ |ψpxqx| since ψpxq ě 0 for all x. Thus, the image of f is
tpy, |y|q | y “ ψpxqx, x P Ru so impfq Ă Γ. But it is easy to see by construction (and the intermediate value
theorem) that x ÞÑ ψpxqx is a surjective function so impfq “ Γ as desired.

(b) It is clear that any such map f , must be of the form fpxq “ pgpxq, |gpxq|q for some smooth function
g : R Ñ R. Since p0, 0q P Γ, there exists x0 P R such that gpx0q “ 0. If f is an immersion, then dfx0

is
injective so dfx0

‰ 0 and d
dx |x“x0

|gpxq| must exist for smoothness. But we can compute

g1px0q “ lim
hÑ0

gpx0 ` hq ´ gpx0q

h
“ lim
hÑ0˘

gpx0 ` hq

h
,

|g1px0q| “ lim
hÑ0`

|gpx0 ` hq|

h
“ lim
hÑ0`

|gpx0 ` hq| ´ |gpx0q|

h
“

d

dx

ˇ

ˇ

ˇ

ˇ

x“x0

|gpxq|,

|g1px0q| “ lim
hÑ0´

|gpx0 ` hq|

|h|
“ lim
hÑ0´

´|gpx0 ` hq| ` |gpx0q|

h
“ ´

d

dx

ˇ

ˇ

ˇ

ˇ

x“x0

|gpxq|.

So we conclude that g1px0q “ d
dx

ˇ

ˇ

x“x0
|gpxq| “ 0, a contradiction and f cannot be an immersion.

Spring 2014-2. Let W be a smooth manifold with boundary, and f : BW Ñ Rn a smooth map, for
some n ě 1. Show that there exists a smooth map F :W Ñ Rn such that F |BW “ f .

Hint: Neighborhood BW Ă U Ă W diffeomorphic to r0, 1q ˆ BW . Projection π : U Ñ BW . Bump function
ϕ, F pxq “ ϕpxqfpπpxqq.

Choose a (collar) neighborhood U of BW in W that is diffeomorphic to r0, 1q ˆ BW (with BW corresponding
to t0u ˆ BW ). Write π : U Ñ BW as the projection of U onto BW . Let ϕ : W Ñ r0, 1s be a bump function
supported in U and identically 1 on BW , which can be done since BW Ă W is closed. Define F : W Ñ Rn
by F pxq “ ϕpxqfpπpxqq. This is well-defined since ϕ is zero outside of U and πpxq is defined for x P U . This
agrees with f on the boundary BW.
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Spring 2014-3. Let Sn Ă Rn`1 be the unit sphere. Determine the values of n ě 0 for which the
antipodal map Sn Ñ Sn, x ÞÑ ´x is isotopic to the identity.

Hint: Degree is homotopy invariant, degpAq “ p´1qn`1. Block diagonal matrix with blocks rotation by πt
for 0 ď t ď 1.

This is exactly Spring 2019-3.

Spring 2014-4. Let ω1, ¨ ¨ ¨ , ωk be 1-forms on a smooth n-dimensional manifold M . Show that tωiu
are linearly independent if and only if

ω1 ^ ω2 ^ ¨ ¨ ¨ ^ ωk ‰ 0.

Hint: Linear combination and expand. Dual vector fields are linearly independent.

Referenced in: Spring 2021-10, Spring 2015-3.

Suppose that ω1, . . . , ωk are linearly dependent. Without loss of generality, suppose we can write ωk “
řk´1
i“1 ciωi for some ci P R. Then,

ω1 ^ ¨ ¨ ¨ ^ ωk “ ω1 ^ ¨ ¨ ¨ ^ ωk´1 ^

k´1
ÿ

i“1

ciωi “

k´1
ÿ

i“1

ciω1 ^ ¨ ¨ ¨ ^ ωk´1 ^ ωi

“

k´1
ÿ

i“1

p´1qk´1´iciω1 ^ ¨ ¨ ¨ ^ ωi ^ ωi ^ ¨ ¨ ¨ ^ ωk´1 “

k´1
ÿ

i“1

0 “ 0

since ωi^ωi “ 0 for ωi a 1-form. Conversely, suppose that ω1, . . . , ωk are linearly independent. Take a point
p P M and locally, let Vi be dual vector fields to ωi. Since ω1, . . . , ωk are linearly independent, so too are
V1, . . . , Vk so

ω1 ^ ¨ ¨ ¨ ^ ωkpV1, . . . , Vkq “ 1,

showing ω1 ^ ¨ ¨ ¨ ^ ωk ‰ 0 locally. Since this works in any chart on M , the form cannot be identically zero.

Spring 2014- 5. Let M “ R2{Z2 be the two dimensional torus, L the line 3x “ 7y in R2, and
S “ πpLq Ă M where π : R2 Ñ M is the projection map. Find a differential form on M which
represents the Poincaré dual of S.

Hint: Expand and solve in terms of the generators of the exterior algebra dx and dy.

Referenced in: Fall 2023-5.

The loop S wraps around 7 times in the x-direction and 3-times in the y-direction. Similar to Fall 2015-4,
we have

7a` 3b “

ż

S

adx` bdy “

ż

M

pAdx`Bdyq ^ padx` bdyq “

ż

M

pAb´Baqdx^ dy “ Ab´Ba,

so B “ ´7 and A “ 3 and the Poincaré dual of S is 3dx´ 7dy.

Spring 2014-6. Let Sn Ă Rn`1 be the unit sphere, equipped with the round metric gS (the restriction
of the Euclidean metric on Rn`1). Consider also the hyperplane H “ Rn ˆ t0u Ă Rn`1, equipped with
the Euclidean metric gH . Any line passing through the North Pole p “ p0, . . . , 0, 1q and another point
A P Sn will intersect this hyperplane in a point A1. The map

Ψ : Sn ´ tpu Ñ H, ΨpAq “ A1

is called the stereographic projection. Show that Ψ is conformal, i.e. for any x P Sn ´ tpu, the bilinear
form pgSqx is a multiple of the bilinear form Ψ˚ppgHqΨpxqq.
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Hint: Metric gS is i˚ω for ω “ dx1 b dx1 ` . . .` dxn`1 b dxn`1 the standard metric on Rn`1 while gH is η,
the standard metric on Rn. Then, suffices to show pΨ´1q˚i˚ω “ µ2η for some function µ which can be done
in the n “ 1 case.

Note that Ψ´1 : Rn Ñ Sn ´ tpu Ă Rn ˆ R is given by

u ÞÑ

ˆ

2u

|u|2 ` 1
,

|u|2 ´ 1

|u|2 ` 1

˙

.

Let i : Sn ´ tpu Ñ Rn`1 be the inclusion. The metric gS is i˚ω where ω “ dx1 b dx1 ` . . .` dxn`1 b dxn`1

is the standard metric on Rn`1. The metric gH is η “ dx1 b dx1 ` . . . ` dxn b dxn. To show that Ψ is
conformal, we would like to show that i˚ω and Ψ˚η differ by a positive function, i.e., that there is some
function λ such that i˚ω “ λ2Ψ˚η.

It suffices to show pΨ´1q˚i˚ω “ µ2η for some function µ, as then i˚ω “ Ψ˚pµ2ηq “ pΨ˚µ2qΨ˚η “

pΨ˚µq2Ψ˚η. Now,

pΨ´1q˚i˚ω “ pi ˝ Ψ´1q˚ω “ pi ˝ Ψ´1q˚

n`1
ÿ

i“1

pdxi b dxiq

“

˜

n
ÿ

i“1

d

ˆ

2ui
|u|2 ` 1

˙

b d

ˆ

2ui
|u|2 ` 1

˙

¸

` d

ˆ

|u|2 ´ 1

|u|2 ` 1

˙

b d

ˆ

|u|2 ´ 1

|u|2 ` 1

˙

.

Continuing in the n “ 1 case,

“ d

ˆ

2x

x2 ` 1

˙

b d

ˆ

2x

x2 ` 1

˙

` d

ˆ

x2 ´ 1

x2 ` 1

˙

b d

ˆ

x2 ´ 1

x2 ` 1

˙

“

ˆ

d

dx

ˆ

2x

x2 ` 1

˙˙2

dxb dx`

ˆ

d

dx

ˆ

x2 ´ 1

x2 ` 1

˙˙2

dxb dx

“
4

px2 ` 1q2
dxb dx,

which is precisely µ2η for µpxq “ 2
x2`1 . Indeed, the calculation for n ą 1 is far more messy but one can (not

easily) see that it similarly gives a positive function times η.

Spring 2014-7. Let X be the wedge sum S1 _ S1. Give an example of an irregular covering space
rX Ñ X.

Hint: Subgroup xa2, b2, aba´1, bab´1y Ă xa, by. Corresponding cover has three vertices with a loop on left
one, b loop on right one and base point in the middle.

Referenced in: Spring 2024-8.

Recall that regular covering spaces of X are those whose group of deck transformations act transitively on all
fibers and correspond to normal subgroups of π1pXq. We know π1pS1 _ S1q “ xa, by where a corresponds to
a loop that goes counterclockwise around the first copy of S1 and b to the second copy of S1. I.e., a covering
space rX is regular if and only if for any v, w vertices of rX, there is a symmetry σ such that σpvq “ w.

The subgroup xa2, b2, aba´1, bab´1y Ă xa, by is not normal and the corresponding covering space is shown
below where it is clear that there is no symmetry σ that takes the left vertex to the middle one since the
left vertex has a loop while the middle does not.
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Spring 2014-8. For n ě 2, let Xn be the space obtained from a regular p2nq-gon by identifying the
opposite sides with parallel orientations. For example, X3 is

The above description produces a cell decomposition of Xn.

(a) Write down the associated cellular chain complex.
(b) Show that Xn is a surface, and find its genus.

Hint: Split into even and odd case, odd has two 0-cells. Classification of compact, orientable 2-manifolds.
g “ n{2 or pn´ 1q{2 for n even, odd, respectively.

(a) If n is even, we have only one 0-cell, while if n is odd, we have two 0-cells. In both cases, we
have n 1-cells, a1, . . . , an, corresponding to the pairs of opposite sides, and one 2-cell, F , attached via
a1a2 ¨ ¨ ¨ ana

´1
1 a´1

2 ¨ ¨ ¨ a´1
n . Thus, the cell chain complex is

0 Ñ Z B2
ÝÑ Zn B1

ÝÑ Z Ñ 0

for n even. In this case, B2pF q “ a1 ` . . . ` an ´ a1 ´ . . . ´ an “ 0 and B1paiq “ v ´ v “ 0 for all i so both
maps are 0. And for n odd, we have

0 Ñ Z B2
ÝÑ Zn B1

ÝÑ Z2 Ñ 0

where we again have B2 “ 0 but now, B1paiq “ p´1qiv ` p´1qi`1w for v, w the two generators of Z2 “ C0.
I.e., B1pz1, . . . , znq “ p´z1 ` z2 ´ . . .` zn´1 ´ zn, z1 ´ z2 ` . . .´ zn´1 ` znq.

(b) First, note that each point in the p2nq-gon has a neighborhood homeomorphic to R2. Each point on
an edge has a neighborhood homeomorphic to the closed half plane, but since the edge is identified (glued)
with another edge, after identification, the neighborhood is homeomorphic to R2. Similarly, each point on a
vertex has a neighborhood homeomorphic to R2 after the identification.

Clearly the polygon itself is compact so Xn, as the quotient space of a compact space, is also compact. Based
on the cell complex described in part (a), we can see that H2pXnq “ kerpB2q “ Z so Xn is orientable. So
by the classification of compact orientable 2-manifolds, Xn is homeomorphic to Mg, a torus of genus g for
some g.

To find g, we calculate the Euler characteristic of Xn since we know that χpMgq “ 2 ´ 2g. For n even,
χpXnq “ 1 ´ n` 1 “ 2 ´ n and for n odd, χpXnq “ 1 ´ n` 2 “ 3 ´ n. Hence, for n even, g “ n

2 while for n
odd, g “ n´1

2 .

Spring 2014-9. (a) Consider the space Y obtained from S2 ˆ r0, 1s by identifying px, 0q with p´x, 0q

and also identifying px, 1q with p´x, 1q, for all x P S2. Show that Y is homeomorphic to the
connected sum RP3#RP3.

(b) Show that S2 ˆ S1 is a double cover of the connected sum RP3#RP3.

Hint: Removing a 3-cell from RP3 gives RP2 so RP3#RP3 is two copies of RP2 glued at the ends of a 2-tube
S2 ˆ r0, 1s which is exactly what Y is. Standard double cover S2 Ñ RP2 at the ends and then S2 ˆ p0, 0.5q

covers it once and S2 ˆ p0.5, 1q covers it a second time.

(a) Note that S2{ „“ RP2 where x „ ´x for all x P S2 since this is exactly the antipodal identification.
Thus, Y is the union of S2 ˆ p0, 1q and RP2

ˆ t0, 1u. On the other hand, consider the CW-structure on RP3
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with one k-cell for each k “ 0, 1, 2, 3. Then, RP3#RP3 can be formed by removing the 3-cell of each copy of
RP3 and gluing the underlying 2-skeletons (which is exactly RP2) to each end of the 3-cylinder S2 ˆ r0, 1s

via the covering map S2 Ñ RP2. One can easily see that this is the same as Y as described above.

(b) We use part (a) to identify RP3#RP3 with S2 ˆ r0, 1s{ „. Let S1 “ r0, 1s{ „0 where 0 „0 1. Then, define

p : S2 ˆ pr0, 1s{ „0q Ñ pS2 ˆ r0, 1sq{ „, ppx, tq “

#

px, 2tq 0 ď t ď 0.5,

px, 2 ´ 2tq 0.5 ď t ď 1.

Note that this is smooth/well-defined since px, 0q “ px, 1q P S2 ˆ pr0, 1s{ „0q both get sent to px, 0q P

pS2 ˆ r0, 1sq{ „. For px, 0q P pS2 ˆ r0, 1sq{ „, we have the standard double cover S2 ˆ t0u Ñ RP2
ˆ t0u and

similarly px, 1q is covered by S2 ˆ t0.5u Ñ RP2
ˆ t1u. For any other px, tq, we have both px, t2 q and px, 1´ t

2 q

getting sent to px, tq so indeed, this is a double cover.

Spring 2014-10. Let X be a topological space. Define the suspension SpXq to be the space obtained
from X ˆ r0, 1s by contracting X ˆ t0u to a point, and contracting X ˆ t1u to another point. Describe
the relation between the homology groups of X and SpXq.

Hint: rHkpSpXqq “ rHk´1pXq for all k. Use Mayer-Vietoris.

This is exactly Fall 2020-6.

Fall 2013

Fall 2013-1. Let f :M Ñ N be a nonsingular smooth map between connected manifolds of the same
dimension. Answer the following questions with a proof or counter-example.

(a) Is f necessarily injective or surjective?
(b) Is f necessarily a covering map when N is compact?
(c) Is f necessarily an open map?
(c) Is f necessarily a closed map?

Hint: All but (c) false, consider t ÞÑ eit and p0, 1q ãÑ R and p´0.1, 1.1q Ñ S1. Local homeomorphisms are
open maps, just restrict to neighborhood.

Referenced in: Fall 2014-1.

(a) Both are false. f : R Ñ S1, fptq “ eit is not injective and i : p0, 1q ãÑ R is not surjective but both are
local diffeomorphisms between connected manifolds of the same dimension.

(b) False. f : p´0.1, 1.1q Ñ S1, fpxq “ e2πix is not a covering map since f´1p1q “ t0, 1u while f´1p´1q “

t0.5u.

(c) True. Since f is a local diffeomorphism (nonsingular and dimpMq “ dimpNq), it is a local homeomor-
phism. Let V Ă M be a nonempty open subset and let y P fpV q. Choose some x P f´1pyq X V . Since
f is a local homeomorphism, find a neighborhood U Q x such that f |U : U Ñ fpUq is a homeomorphism
onto fpUq Ă N an open subset. Then, f |U is an open map so f |U pU X V q “ fpU X V q Ă fpV q is an open
neighborhood of y P fpV q so fpV q is an open set and f is an open map.

(d) False. i : p0, 1q ãÑ R has ip0, 1q “ p0, 1q which is not closed in R while p0, 1q is trivially closed in p0, 1q.

Fall 2013-2. Let M be a connected compact manifold with non-empty boundary BM . Show that M
does not retract onto BM .
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Hint: Use Z{2Z coefficients in order to apply Lefschetz duality to simplify the long exact sequence for the pair
pM, BMq. Get kerpHn´1pBMq Ñ Hn´1pMqq – Z{2Z, contradicting the fact that it should be an injection if
r :M Ñ BM is a retraction.

This is exactly Spring 2023-4.

Fall 2013-3. Let M,N Ă Rp`1 be two compact, smooth, oriented submanifolds of dimensions m and
n, respectively, such that m` n “ p. Suppose that M XN “ H. Consider the linking map

λ :M ˆN Ñ Sp, λpx, yq “
x´ y

||x´ y||
.

The degree of λ is called the linking number lpM,Nq.

(a) Show that lpM,Nq “ p´1qpm`1qpn`1qlpN,Mq.
(b) Show that if M is the boundary of an oriented submanifold W Ă Rp`1 disjoint from N , then

lpM,Nq “ 0.

Hint: lpN,Mq “ degpλ1q, λ1 “ A ˝ λM ˝S : N ˆM Ñ Sp. Define F pw, nq “ w´n
||w´n||

so that λ “ BF “ F ˝ iM

so dλ˚ω “ dF˚ω and use Stokes’ to integrate degpλq
ş

Sp ω for any volume form ω.

This is exactly Fall 2020-5.

Fall 2013-4. Let ω be a 1-form on a connected manifoldM . Show that ω is exact, i.e., ω “ df for some
function f , if and only if for all piecewise smooth closed curves c : S1 Ñ M it follows that

ş

c
ω “ 0.

Hint: Stokes’. Define gpxq “
ş

γx
ω where γx is path from x0 to x. Well-defined since integrating any loop

gives 0 by assumption. Then dg “ ω.

Referenced in: Spring 2013-2.

This is essentially the same as Spring 2019-5. The reverse direction there is purely stronger while for the
forward direction, if ω “ df is exact, we have

ż

c

ω “

ż

c

df “

n
ÿ

i“1

ż ti

ti´1

c˚df “

n
ÿ

i“1

ż ti

ti´1

dpf ˝ cq “

n
ÿ

i“1

fpcptiqq ´ fpcpti´1qq “ fpcptnqq ´ fpcpt0qq “ 0.

Fall 2013-5. Let ω be a smooth, nowhere vanishing 1-form on a three dimensional smooth manifold
M3.

(a) Show that kerpωq is an integrable distribution on M if and only if ω ^ dω “ 0.
(b) Give an example of a codimension one distribution on R3 that is not integrable.

Hint: kerpωq “ spanp B
Bx1 , . . . ,

B
Bxm´1 q, ω|U “ fUdx

m. Set α|U “
dfU
fU

and put together with partition of unity.

For backward direction, use Frobenius’s theorem with dωpX,Y q “ ´ωprX,Y sq to show rX,Y s P kerpωq. Take
ω “ ´ydx` xdy ` dz.

(a) This is exactly (a) ðñ (b) in Fall 2022-4.

(b) Let ω “ ´ydx` xdy ` dz. Then

ω ^ dω “ p´ydx` xdy ` dzq ^ p2dx^ dyq “ 2dx^ dy ^ dz ‰ 0,

so kerpωq is not integrable by part (a).
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Fall 2013-6. Let f : Rn Ñ R be a smooth function.

(a) Define the gradient ∇f as a vector field dual to the differential df.
(b) Define the Hessian HessfpX,Y q as a symmetric p0, 2q-tensor.
(c) If the usual Euclidean inner product between tangent vectors in TpRn is denoted gpX,Y q “ X ¨Y ,

show that

HessfpX,Y q “
1

2
L∇fgpX,Y q.

Here LZg is the Lie derivative of g in the direction of Z.

Hint: ∇f “
řn
i“1

Bf
Bxi

B
Bxi
, Hf “

ř

1ďi,jďn
B
2f

BxiBxj
dxi b dxj . Expand out with g “

řn
i“1 dxi b dxi. Cartan’s

magic formula.

(a) We know that the dual of dxi is pdxiq
˚ “ B

Bxi
. Thus, since df “

řn
i“1

Bf
Bxi
dxi, we have

∇f “

n
ÿ

i“1

Bf

Bxi

B

Bxi
.

(b) We will write Hf pX,Y q for HessfpX,Y q for simplicity. We have

Hf “
ÿ

1ďi,jďn

B2f

BxiBxj
dxi b dxj .

Note that this is symmetric since mixed partials commute B
2f

BxiBxj
“

B
2f

BxjBxi
.

(c) Note that g “
řn
i“1 dxi b dxi. Now,

L∇fg “ L∇f

˜

n
ÿ

i“1

dxi b dxi

¸

“

n
ÿ

i“1

L∇f pdxi b dxiq

“

n
ÿ

i“1

pL∇fdxiq b dxi ` dxi b pL∇fdxiq.

Then, by Cartan’s magic formula,

L∇fdxi “ i∇fdpdxiq ` di∇fdxi “ 0 ` dpp∇fqpxiqq “ d

ˆ

Bf

Bxi

˙

“

n
ÿ

j“1

B2f

BxiBxj
dxj .

So we have,

L∇fg “

n
ÿ

i“1

˜

n
ÿ

j“1

B2f

BxiBxj
dxj

¸

b dxi `

n
ÿ

i“1

dxi b

˜

n
ÿ

j“1

B2f

BxiBxj
dxj

¸

“

n
ÿ

i“1

n
ÿ

j“1

B2f

BxiBxj
dxj b dxi `

n
ÿ

i“1

n
ÿ

j“1

B2f

BxiBxj
dxi b dxj “ 2Hf ,

using the equality of mixed partials and symmetricity of tensors.

Fall 2013-7. Let M “ T 2 ´ D2 be the complement of a disk inside the two-torus. Determine all
connected surfaces that can be described as 3-fold covers of M .
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Hint: Graphs with 3 vertices of degree 4 each. Consider the edges a and b. Seven (thirteen) total, four
normal.

Note thatM is homotopy equivalent to a punctured torus which we know deformation retracts onto S1 _S1.
Thus, this is essentially the same as Fall 2020-8. Note that if we kept track of base point, we would have
thirteen 3-sheeted covers instead because the third, fifth, and sixth examples have no symmetry so split into
three examples each. Then, to get a covering of M , we would attached three 2-cells to each of these graphs
via the boundary words aba´1b´1, one starting/ending at each vertex and remove a D2 from each 2-cell.

Fall 2013-8. Let n ą 0 be an integer and let A be an abelian group with a finite presentation by
generators and relations. Show that there exists a topological space X with HnpXq – A.

Hint: Fundamental theorem of finitely generated abelian groups. Disjoint union of spaces gives direct sum
of homology groups. Attach pn` 1q-cell to Sn by a degree m map to get Z{mZ.

Referenced in: Fall 2010-7.

Note that finitely presented abelian groups are exactly the finitely generated ones and we know that any
such group can be uniquely written as

A – Zr ‘ Z{m1Z ‘ ¨ ¨ ¨ ‘ Z{mkZ,

for some r ě 0,m1 | m2 | ¨ ¨ ¨ | mk natural numbers. Let X “ Sn for which we know HnpXq “ Z. For
m P N, let Xm be the space with CW structure obtained by attaching an pn ` 1q-cell to Sn by a degree m
map fm : BDn`1 “ Sn Ñ Sn. (We know such a degree m map exists say by Fall 2022-3.) It is clear that
HnpXmq “ Z{impfmq “ Z{mZ. Then, using the fact that H˚pY \ Zq – H˚pY q ‘H˚pZq, we get

H˚

˜

r
ğ

i“1

X \Xm1 \ ¨ ¨ ¨ \Xmk

¸

– Zr ‘ Z{m1Z ‘ ¨ ¨ ¨ ‘ Z{mkZ “ A.

Fall 2013-9. Let H Ă S3 be the Hopf link, shown in the figure

Compute the fundamental group and the homology groups of the complement S3 ´H.

Hint: π1pS3 ´Hq “ Z2. H˚pS3 ´Hq “ Zp2q ‘ Z2
p1q

‘ Zp0q. Homotopy equivalent to torus T 2.

We explained in Fall 2017-10 how X “ S3 ´ H is homotopy equivalent to T 2, the standard torus so has
fundamental group π1pXq “ Z2. The homology groups of the torus are also very easy to see by inspection
(or Künneth’s formula):

HkpXq “

$

’

&

’

%

Z k “ 0, 2,

Z2 k “ 1,

0 otherwise.

Fall 2013-10. Let H “ R‘Ri‘Rj‘Rk be the group of quaternions, with relations i2 “ j2 “ ´1, ij “

´ji “ k. The multiplicative group H˚ “ H ´ t0u acts on Hn ´ t0u by left multiplication. The quotient
HPn´1

“ pHn ´ t0uq{H˚ is called the quaternionic projective space. Calculate its homology groups.
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Hint: One cell in each dimension 4k for 0 ď k ď n. So H˚pHPnq “ Zp0q ‘ Zp4q ‘ ¨ ¨ ¨ ‘ Zp4nq.

We give HPn a cell structure with one 4k-cell for each 0 ď k ď n by induction. Clearly HP0 is just a single
point, i.e., a single 0-cell. Then, given such a cell structure on HPn´1, we attach a p4nq-cell via

ϕn : BD4n “ S4n´1 Ñ HPn´1, pa0, . . . , an´1q ÞÑ ra0 : ¨ ¨ ¨ : an´1s,

where we are viewing S4n´1 Ă R4n – Hn. Then, we can see that D4n Yϕn
HPn´1

– HPn, with homeomor-
phism given by

f : D4n Yϕn
HPn´1

Ñ HPn,

$

&

%

ra0 : ¨ ¨ ¨ : an´1s ÞÑ ra1 : ¨ ¨ ¨ : an´1 : 0s on HPn´1,

pa0, . . . , an´1q ÞÑ

„

a0 : ¨ ¨ ¨ : an´1 :
b

1 ´
řn´1
i“0 |ai|2

ȷ

on D4n.

On the boundary BD4n, we have
řn´1
i“0 |ai|

2 “ 1 so indeed this is well-defined and continuous. Moreover, it
is not hard to see that this is a bijection with continuous inverse. The corresponding cell complex thus has
Z in degree 4k for 0 ď k ď n and 0 elsewhere. So all the boundary maps are 0 and the homology is just

HipHPnq “

#

Z i “ 4k, 0 ď k ď n,

0 otherwise.

Spring 2013

Spring 2013-1. Let MatmˆnpRq be the space of mˆ n matrices with real valued entries.

(a) Show that the subset S Ă MatmˆnpRq of rank 1 matrices forms a submanifold of dimension
m` n´ 1.

(b) Show that the subset T Ă MatmˆnpRq of rank k matrices form a submanifold of dimension
kpm` n´ kq.

Hint:

ˆ

Ik 0
´CA´1 Ik

˙ ˆ

A B
C D

˙

“

ˆ

A B
0 D ´ CA´1B

˙

so consider f : N Ñ Mn´k given by

ˆ

A B
C D

˙

ÞÑ

D ´ CA´1B. Preimage theorem.

This is exactly Fall 2018-2 with mˆ n instead of nˆ n (but this only changes the dimensions throughout).

Spring 2013-2. Let M be a smooth manifold and ω P Ω1pMq a smooth 1-form.

(a) Define the line integral
ż

c

ω

along piecewise smooth curves c : r0, 1s Ñ M .
(b) Show that ω “ df for a smooth function f : M Ñ R if and only if

ş

c
ω “ 0 for all closed curves

c : r0, 1s Ñ M , i.e., cp0q “ cp1q.

Hint: Define as sum of integrals on each piece of γ˚
i ω. Stokes’. Define gpxq “

ş

γx
ω where γx is path from

x0 to x. Well-defined since integrating any loop gives 0 by assumption. Then dg “ ω.

(a) For c : r0, 1s Ñ M piecewise smooth, with each γi “ c|rti´1,tis : rti´1, tis Ñ M smooth for 0 ď t0 ď t1 ď

. . . ď tn “ 1, we define
ż

c

ω “

n
ÿ

i“1

ż ti

ti´1

γ˚
i ω.

(b) This is exactly Fall 2013-4.
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Spring 2013-3. Let S1, S2 Ă M be smooth embedded submanifolds.

(a) Define what it means for S1, S2 to be transversal.
(b) Show that if S1, S2 Ă M are transversal then S1 X S2 Ă M is a smooth embedded submanifold of

dimension dimS1 ` dimS2 ´ dimM.

Hint: TxS1`TxS2 “ TxM for all x P S1XS2.Work locally with a slice chart and compose with the inclusion.
Show 0 is still a regular value using transversality, then preimage theorem.

(a) S1 and S2 are transversal if for all x P S1 X S2, we have

TxS1 ` TxS2 “ TxM.

This is equivalent to saying that the inclusion map i : S1 ãÑ M is transverse to S2, i.e., for each x P S1 such
that ipxq P S2, we have

dixpTxS1q ` TipxqS2 “ TipxqM.

(b) Write dimM “ m, dimS1 “ s1,dimS2 “ s2. Let i : S1 Ñ M be the embedding of S1 into M and
let p P S1 X S2. Since S2 is an embedded submanifold of M of codimension m ´ s2, we can find an
open neighborhood U Ă M of p and m ´ s2 independent functions g1, . . . , gm´s2 : U Ñ R such that
U X S2 “ tq P U | g1pqq “ ¨ ¨ ¨ “ gm´s2pqq “ 0u. Thus, we have

U X S1 X S2 “ tq P U X S1 | g1 ˝ ipqq “ ¨ ¨ ¨ “ gm´s2 ˝ ipqq “ 0u.

We see that g : U Ñ Rm´s2 defined by g “ pg1, . . . , gm´s2q has 0 as a regular value with g´1p0q “ U X S2.
Then, consider g ˝ i : U X S1 Ñ Rm´s2 . Note that pg ˝ iq´1p0q “ U X S1 X S2 and we claim that 0 is a
regular value of g ˝ i. For this, let q P pg ˝ iq´1p0q so that dpg ˝ iqq “ dgq ˝ diq where diq : TqpU X S1q Ñ TqU
and dgq : TqU Ñ Rm´s2 . Since i is transversal to S2, we have TqU “ diqpTqpU X S1qq ` TqpU X S2q. By
construction, dgq is zero on TqpU X S2q since g is constant on U X S2. Thus, dgq is surjective even when
restricted to diqpTqpU X S1qq which exactly implies that dgq ˝ diq is surjective so indeed 0 is a regular value
of g ˝ i.

Thus, by the preimage theorem, U X S1 X S2 is a submanifold of U X S1 of codimension m ´ s2, i.e., of
dimension s1 ´ pm ´ s2q “ s1 ` s2 ´ m. Since a manifold structure is determined locally, we conclude that
S1 X S2 is a submanifold of S1 of dimension s1 ` s2 ´m.

Spring 2013-4. Let C Ă M be given as F´1pcq where F “ pF 1, . . . , F kq : M Ñ Rk is smooth and
c P Rk is a regular value for F . If f :M Ñ R is smooth, show that its restriction f |C to a submanifold
C Ă M has a critical point at p P C if and only if there exist constants λ1, . . . , λk such that

dfp “
ÿ

λidF
i
p

where dgp : TpM Ñ R denotes the differential at p of a smooth function g.

Hint: F is constant on C so dF ip “ 0 for all i and any p P C. dfp can only be nonzero on directions normal

to C for which dF ip form a basis.

Let i : C ãÑ M be the inclusion. A point p P C is a critical point of f |C if and only if dpf |Cqp : TpC Ñ

TfppqR “ R is not surjective. But dpf |Cqp “ dpf ˝ iqp “ dfp ˝ dip, and since R is 1-dimensional, this is

surjective if and only if it is nonzero. If dfp “
řk
j“1 λjpdF

jqp, then we have

dfp ˝ dip “

k
ÿ

j“1

λjpdF
jqp ˝ dip “

k
ÿ

j“1

λjdpF j ˝ iqp “

k
ÿ

j“1

λj ¨ 0 “ 0,
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since each F j ˝ i : C Ñ Rk is just a constant function C ÞÑ cj by assumption. So certainly if dfp is of this
form, p will be a critical point. Conversely, suppose that p P C is a critical point of f |C so dfp ˝ dip “ 0.
Write TpM “ TpC‘Vp where Vp is the orthogonal complement of TpC in TpM . Then, note that dip : TpC Ñ

TpC ‘ Vp is an injection into the first factor.

Thus, dfppTpCq “ 0 so dfp is nonzero only in directions normal to C. By construction, we know that

dF 1
p , . . . , dF

k
p form a (dual) basis for Vp. Thus, we can find constants λ1, . . . , λk such that dfp “

řk
j“1 λjdF

j
p

as desired.

Spring 2013-5. Let M be a smooth, orientable, compact manifold with boundary BM . Show that
there is no (smooth) retract r :M Ñ BM.

Hint: Use Z{2Z coefficients in order to apply Lefschetz duality to simplify the long exact sequence for the pair
pM, BMq. Get kerpHn´1pBMq Ñ Hn´1pMqq – Z{2Z, contradicting the fact that it should be an injection if
r :M Ñ BM is a retraction.

This is exactly Spring 2023-4.

Spring 2013-6. Let A P GLn`1pCq.

(a) Show that A defines a smooth map A : CPn Ñ CPn.
(b) Show that the fixed points of A : CPn Ñ CPn correspond to eigenvectors for the original matrix.
(c) Show that A : CPn Ñ CPn is a Lefschetz map if the eigenvalues of A all have multiplicity 1.
(d) Show that the Lefschetz number of A : CPn Ñ CPn is n ` 1. Hint: You are allowed to use that

Gln`1pCq is connected.

Hint: pdϕAqx has no fixed points for any eigenvector x of A. Use local coordinates. Since we can homotope
anywhere by connectedness, use A “ diagp1, 2, . . . , n` 1q to use part (c) so Lefschetz number is sum of local
Lefschetz numbers which are all `1 so answer is n` 1.

Referenced in: Spring 2024-9.

(a) Define A : CPn Ñ CPn by
rz0 : ¨ ¨ ¨ : zns “ rpAzq1 : ¨ ¨ ¨ : pAzqns

where we treat z “ pz0, . . . , znqT as a column vector in Cn`1 and we write vi for the ith component of
a vector v. Now, since A is invertible, it descends to a map Cn`1 ´ t0u Ñ Cn`1 ´ t0u. Then, note that
Apλzq “ λApzq so that Apλzq „ Apzq in CPn, showing that A indeed factors through the map CPn Ñ CPn
shown above which is thus well-defined. Finally, smoothness is merely inherited from A P GLn`1pCq being
linear and thus a smooth map from Cn`1 to Cn`1.

(b), (c), and (d) This is exactly Spring 2022-10.

Spring 2013-7. Let F : Sn Ñ Sn be a continuous map.

(a) Define the degree degF of F and show that when F is smooth

degF

ż

Sn

ω “

ż

Sn

F˚ω

for all ω P ΩnpSnq.
(b) Show that if F has no fixed points then degF “ p´1qn`1.

Hint:
ş

Sn F
˚ω “

ş

F˚Sn ω since we can view Sn as an n-cycle in the domain Sn. Lefschetz trace fixed point

formula.
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Referenced in: Spring 2011-3, Spring 2010-8.

(a) Note that HnpSnq “ Z so F : Sn Ñ Sn induces a map F˚ : Z Ñ Z on nth homology. Such a(n
additive) group homomorphism is precisely multiplication by some α P Z and we define degpF q “ α. I.e.,
degpF q “ F˚r1s on top homology. If we view Sn as an n-cycle in the domain Sn, we have

ż

Sn

F˚ω “

ż

F˚Sn

ω “ degF

ż

Sn

ω,

since F˚pSnq is a pdegF q-fold cover of Sn.

(b) This is exactly part (a) of Spring 2021-2.

Spring 2013-8. Let f : Sn´1 Ñ Sn´1 be a continuous map and Dn the disk with BDn “ Sn´1.

(a) Define the adjunction space Dn Yf D
n.

(b) Let deg f “ k and compute the homology groups HppDn Yf D
n;Zq for p “ 0, 1, . . . .

(c) Assume that f is a homeomorphism, show that Dn Yf D
n is homeomorphic to Sn.

Hint: Cell structure with one 0-cell, one pn´ 1q-cell, and two n-cells. Think of Sn “ Dn Yid D
n.

(a) Dn Yf D
n “ pDn \Dnq{ „ where x „ fpxq for all x P BDn “ Sn´1. I.e., we have two copies of Dn and

we glue their boundaries together via the function f .

(b) Let X “ Dn Yf D
n. Then X has a CW structure with one 0 cell v, an pn ´ 1q-cell e attached to v to

make Sn´1, and two n-cells f1 and f2, one of which is attached via the identity map (in order to make the
first copy of Dn), and the other is attached via the degree k map f : Sn´1 Ñ Sn´1 (this is the other Dn

glued to the first by f). So X has cell chain complex

0 Ñ Z2 B
ÝÑ Z Ñ 0 Ñ ¨ ¨ ¨ Ñ 0 Ñ Z Ñ 0,

where the nonzero terms only appear in degree n, n´1, and 0. (Note that n ą 1 so n´1 ą 0 and there is no
overlap to worry about.) The single nonzero map B is given by pa, bq ÞÑ a` kb by definition of the attaching
maps. Hence, we easily compute

HkpXq “

#

Z k “ 0, n,

0 otherwise.

(c) We can think of Sn as Dn Yid D
n and view Dn Ă Rn as the unit n-ball centered at the origin. Then

define

g : Dn Yid D
n Ñ Dn Yf D

n,

#

x ÞÑ x between the first copies of Dn,

x ÞÑ ||x||fp x
||x||

q between the second copies of Dn.

On the boundary Sn´1 Ă Dn, we note that these two cases agree because ||x|| “ 1 in the first copy of Dn

in Dn Yf D
n is identified with fpxq in the second copy of Dn by definition. Moreover, this is continuous

bijection from a compact space to a Hausdorff space so is a homeomorphism.

Spring 2013-9. Let F : M Ñ N be a finite covering map between closed manifolds. Either prove or
find counter examples to the following questions.

(a) Do M and N have the same fundamental groups?
(b) Do M and N have the same de Rham cohomology groups?
(c) When M is simply connected, do M and N have the same singular homology groups?

Hint: All false with counterexample p : S2 Ñ RP2.

All three are false with the same counterexample p : S2 Ñ RP2. We know π1pS2q “ 0 while π1pRP2
q “ Z{2Z.

Also H2
dRpS2q “ R while H2

dRpRP2
q “ 0. Finally, H2pS2q “ Z while H2pRP2

q “ 0.
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Spring 2013-10. Let A Ă X be a subspace of a topological space. Define the relative singular homology
groups HppX,Aq and show that there is a long exact sequence

¨ ¨ ¨ Ñ HppAq Ñ HppXq Ñ HppX,Aq Ñ Hp´1pAq Ñ ¨ ¨ ¨ .

Hint: CnpX,Aq “ CnpXq{CnpAq. Show we have short exact sequence of chain complexes which induces two
of the three maps on homology and the last is the connecting map from the snake lemma.

On the level of chain complexes, we have CnpX,Aq “ CnpXq{CnpAq where the latter forms a chain complex
with boundary operator Br∆s “ rB∆s. This is well-defined because if ∆ P CnpXq has r∆s “ 0, then ∆ P CnpAq

so B∆ P Cn´1pAq and rB∆s “ 0. Moreover, it is clear that B ˝ B “ 0.

Now, we claim that
0 Ñ C‚pAq Ñ C‚pXq Ñ C‚pX,Aq Ñ 0

forms a short exact sequence of chain complexes. For each n, we have a short exact sequence of abelian
groups

0 Ñ CnpAq Ñ CnpXq Ñ CnpXq{CnpAq Ñ 0

which by the above comment is the same as

0 Ñ CnpAq
i

ÝÑ CnpXq
j

ÝÑ CnpX,Aq Ñ 0.

It is clear that i ˝ B “ B ˝ i by definition. Moreover j ˝ Bp∆q “ jpB∆q “ rB∆s “ Br∆s “ B ˝ jp∆q so we also
have j ˝ B “ B ˝ j. Thus, i and j are indeed maps of chain complexes, proving the claim. Then, the maps
HnpAq Ñ HnpXq and HnpXq Ñ HnpX,Aq are simply induced by i and j respectively for each n. Finally,
the map HnpX,Aq Ñ Hn´1pAq is the connecting map obtained from applying the snake lemma (say as in
part (b) of Fall 2022-6).

Fall 2012

Fall 2012-1. (a) Show that the Lie group SL2pRq “ tA P M2ˆ2pRq | detpAq “ 1u is diffeomorphic
to S1 ˆ R2.

(b) Show that the Lie group SL2pCq “ tA P M2ˆ2pCq | detpAq “ 1u is diffeomorphic to S3 ˆ R3.

Hint: Polar decomposition for both parts, orthogonal/unitary and positive definite symmetric/hermitian.
Then SO2pRq – S1 and SU2pCq – S3.

Referenced in: Spring 2024-1.

(a) For A P SL2pRq, we can find the polar decomposition A “ OP forO an orthogonal matrix and P a positive
semidefinite matrix. Since detpAq “ 1, we have detpOqdetpP q “ 1 implying that detpOq “ detpP q “ 1 as
detpOq “ ˘1 for orthogonal matrices and detpP q ě 0 for positive semidefinite matrices. Thus O P SO2pRq

and P is positive definite. Now, recall that SO2pRq – S1 since a special orthogonal 2 ˆ 2 matrix is just
rotation by some θ P r0, 2πq which we can map diffeomorphically to S1 via θ ÞÑ eiθ.

On the other hand, P is a positive definite matrix with determinant 1. So

P “

ˆ

a b
b d

˙

with ad ´ b2 “ 1. Hence P is determined uniquely by a ą 0 and b P R since d “ 1`b2

a is forced by
the determinant condition. Conversely, any choice of a ą 0, b P R yields a positive definite matrix with
determinant 1 of the above form (by Sylvester’s criterion). I.e., the positive definite matrices of determinant
1 are diffeomorphic to p0,8q ˆ R – R2. Finally, it is easy to see that any choice of special orthogonal 2 ˆ 2
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matrix and positive definite 2ˆ 2 matrix with determinant 1 gives a matrix with determinant 1 via A “ OP
so we have the desired diffeomorphism SL2pRq – S1 ˆ R2.

(b) Now, polar decomposition gives A “ UP for U unitary and P positive semidefinite and Hermitian.
Similarly, we have detpUq “ detpP q “ 1 so U P SU2pCq and P is positive definite, Hermitian, and has
determinant 1. In this case, we recall that

SU2pCq – S3 via

ˆ

a b

´b a

˙

Ø pa, bq P S3 Ă C2.

On the other hand, P must be of the form

P “

ˆ

a b

b c

˙

for a, b, c P C with ac ´ |b|2 “ 1. By Sylvester’s criterion, such a matrix is positive definite if and only if

R Q a ą 0, ac ´ |b|2 ą 0 and the determinant condition is satisfied if and only if c “
1`|b|

2

a . I.e., the positive
definite Hermitian matrices of determinant 1 are in bijection with ordered pairs pa, bq P p0,8q ˆ C – R3 so
we have the desired diffeomorphism SL2pCq – S3 ˆ R3.

Fall 2012- 2. For n ě 1, construct an everywhere non-vanishing smooth vector field on the odd-
dimensional real projective space RP2n´1.

Hint: Standard nowhere zero vector field on Sn, px1, x2, . . . , xn, xn`1q ÞÑ p´x2, x1, . . . ,´xn`1, xnq, factors
through a vector field on RPn.

This is the second part of Fall 2019-3.

Fall 2012-3. LetMm Ă Rn be a smooth submanifold of dimensionm ă n´2. Show that its complement
Rn ´M is connected and simply connected.

Hint: Homotope a path in Rn to one that is transversal to M and show this must not intersect M . Use
extension theorem on a homotopy from r0, 1s ˆ r0, 1s Ñ M with C “ t0, 1u ˆ r0, 1s Y r0, 1s ˆ t0, 1u a closed
subset with the image of H|C transverse to M .

This is exactly Fall 2015-6.

Fall 2012-4. (a) Show that for any n ě 1 and k P Z, there exists a continuous map f : Sn Ñ Sn of
degree k.

(b) Let X be a compact, oriented n-dimensional manifold. Show that for any k P Z, there exists a
continuous map f : X Ñ Sn of degree k.

Hint: Construct fk : Sn Ñ Sn of degree k using z ÞÑ zk in S1 and suspending. B Ă M homeomorphic to Rn,
show q : M Ñ M{pM ´ Bq – Sn has degree 1 using a commutative square. Use Whitney’s approximation
theorem to get smooth map.

This is exactly Fall 2022-3.

Fall 2012-5. Assume that ∆ “ tX1, . . . , Xku is a k-dimensional distribution spanned by vector fields
on an open set Ω Ă Mn in an n-dimensional manifold. For each open subset V Ă Ω define

ZV “ tu P C8pV q | X1u “ 0, . . . , Xku “ 0u

Show that the following two statements are equivalent:

(a) The distribution ∆ is integrable.
(b) For each x P Ω there exists an open neighborhood x P V Ă Ω and n´k functions u1, . . . , un´k P ZV

such that the differentials du1, . . . , dun´k are linearly independent at each point in V .
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Hint: Find chart for which N “ txk`1pqq “ ak`1, . . . , xnpqq “ anu and the coordinate functions are the
desired functions. Check that if η is a 1-form which annihilates ∆, then dη also annihilates ∆, using
du1, . . . , dun´k span ZV .

(a) ùñ (b). For each p P Ω, there exists an integral submanifold N for ∆ at p. We can find a slice chart
pV, xq for N centered at p, i.e., x : V Ñ p´ϵ, ϵqn and xppq “ 0, such that

N X V “ tq P V | xk`1pqq “ ¨ ¨ ¨ “ xnpqq “ 0u.

For q P N X V , note that

TqN “ Spant
B

Bxi
ˇ

ˇ

q
| i “ 1, . . . , ku “ ∆q “ SpantpX1qq, . . . , pXkqqu.

Then, since B
Bxix

j “ 0 for i ‰ j, we have that xk`1, . . . , xn are killed by all vectors in TqN “ ∆q. In
particular, for each q P N X V , pXiqqpx

jq “ 0 for 1 ď i ď k and k ` 1 ď j ď n. Hence xj P ZV for all
k ` 1 ď j ď n. Finally, note that the differentials dxk`1, . . . , dxn are clearly linearly independent at each
point in V since the xi are coordinate functions so letting ui “ xk`i gives the desired n´k functions on ZV .

(b) ùñ (a). By Frobenius’ theorem, ∆ is integrable if and only if ∆ is involutive which occurs if and only
if the annihilator ideal

Ip∆q “ tη P ΩjpMq | 1 ď j ď n and ηpY1, . . . , Yjq “ 0 for all Y1, . . . , Yj P ∆u

is closed under the exterior derivative. It suffices to check that if η is a smooth closed 1-form which annihilates
∆ (locally on V ), then dη also annihilates ∆. By the linear independence of du1, . . . , dun´k, we can tell that

they generate the degree 1 part of Ip∆q at each point, so if η P Ip∆q, then η “
řn´k
i“1 fidui for some smooth

functions fi.

Then, dη “
řn´k
i“1 dfi ^ dui. For X,Y P ∆, we have pdfi ^ duiqpX,Y q “ dfipXqduipY q ´ dfipY qduipXq “

0 ´ 0 “ 0 since dui annihilates ∆. Thus, we see that dηpX,Y q “ 0 and we conclude if η is a 1-form
annihilating ∆, so too is dη as desired.

Fall 2012-6. On Rn ´ t0u define the pn´ 1q-forms

σ “

n
ÿ

i“1

p´1qi´1xidx1 ^ ¨ ¨ ¨ ^ xdxi ^ ¨ ¨ ¨ ^ dxn

ω “
1

|x|n

n
ÿ

i“1

p´1qi´1xidx1 ^ ¨ ¨ ¨ xdxi ^ ¨ ¨ ¨ ^ dxn

(a) Show that ω “ r˚ ˝ i˚pσq, where i : Sn´1 Ñ Rn ´ t0u is the natural inclusion of the unit sphere
and rpxq “ x

|x|
: Rn ´ t0u Ñ Sn´1 the natural retraction.

(b) Show that σ is not a closed form.
(c) Show that ω is a closed form that is not exact.

Hint: (a) σppX1, . . . , Xn´1q “ det
`

p pX1qp ¨ ¨ ¨ pXn´1qp
˘

. Check pointwise and do it for bases of the
components TpS

n´1
p and NpS

n´1
p . (b) Just compute. (c) Use part (a) to show closed, not exact since

integrates to n ¨ volpBq ą 0.

(a) First, we claim that

σppX1, . . . , Xn´1q “ det
`

p pX1qp ¨ ¨ ¨ pXn´1qp
˘

.

For this, it suffices to plug in the basis vectors B
Bx1 , . . . ,

xB
Bxi , . . . ,

B
Bxn . The right hand side then becomes

det
`

p e1 ¨ ¨ ¨ pei ¨ ¨ ¨ en
˘

“ p´1qi´1 det
`

e1 ¨ ¨ ¨ ei´1 p ei`1 ¨ ¨ ¨ en
˘

“ p´1qi´1xippq,
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which agrees with the coefficients of σ. To show ω “ r˚i˚σ, it suffices to check pointwise and for a fixed
p P Rn´t0u, it suffices to check by plugging in basis vectors. We choose a basis of TpRn “ TpS

n´1
p ‘NpS

n´1
p

by selecting a basis for each component, where Sn´1
p is the unique pn´ 1q-sphere containing p. For NpS

n´1
p ,

we simply take the basis tpu.

First, we check that if any of the pXiqp’s are in NpS
n´1
p , then pr˚i˚σqppX1, . . . , Xn´1q and ωppX1, . . . , Xn´1q

are both 0. Write pXiqp “ λp. Then by the determinant form of σ above, we see immediately that
σppX1, . . . , Xn´1q “ 0. So ωppX1, . . . , Xn´1q “ 1

|x|n
σppX1, . . . , Xn´1q “ 0 as well. On the other hand,

pr˚i˚σqppX1, . . . , Xn´1q “ σ p
|p|

pdpi ˝ rqpX1, . . . , dpi ˝ rqpXn´1q.

Taking γptq “ tλp, we see γ1p1q “ λp. Meanwhile r ˝ γ “
p

|p|
is constant, so that pdrqppλpq “ 0. Then

dpi ˝ rqppXiqp “ pdiqp{|p|drppXiqp “ 0 for pXiqp “ λp. From this, we see

σ p
|p|

pdpi ˝ rqpX1, . . . , dpi ˝ rqpXn´1q “ 0.

Hence ωppX1, . . . , Xn´1q “ pr˚i˚σqppX1, . . . , Xn´1q “ 0 whenever any pXiqp P NpS
n´1
p . By the above

remarks, it only remains to check on the basis vectors in TpS
n´1
p . However, if Xp P TpS

n´1, we may write
it as pdjpqpYp, where jp : S

n´1
p Ñ Rn ´ t0u is inclusion, for some vector field Y on Sn´1

p . Thus it remains to
check

pr˚i˚σqpppdjpqppY1qp, . . . , pdjpqppYn´1qpq “ ωpppdjpqppY1qp, . . . , pdjpqppYn´1qpq.

However, for this, it simply suffices to check that j˚
p pr˚i˚σq “ j˚

p pωq. Note that i ˝ r ˝ jp “ x{|p| is just

multiplication by 1{|p|, so that pi ˝ r ˝ jpq˚σ is 1
|p|n

σ|Sn´1
p

, where we gain a 1{|p| factor from each xi and dx
j

term. Meanwhile,

j˚
pω “ j˚

p p
1

|x|n
σq “

1

|x|n ˝ jp
j˚
p σ “

1

|p|n
j˚
p σ “

1

|p|n
σ|Sn´1

p
,

since |x|n ˝ jp “ |p|n is constant.

(b) We can just compute

dσ “

n
ÿ

i“1

p´1qi´1dxi ^ dx1 ^ ¨ ¨ ¨ ^ xdxi ^ ¨ ¨ ¨ ^ dxn “

n
ÿ

i“1

dx1 ^ ¨ ¨ ¨ ^ dxi ^ ¨ ¨ ¨ ^ dxn “ npdx1 ^ ¨ ¨ ¨ ^ dxnq,

which is nonzero so σ is not closed.

(c) We have ω “ r˚i˚σ so dω “ dpr˚i˚σq “ r˚i˚pdσq “ 0 since dσ is an n-form so i˚dσ is an n-form on
Sn´1 so must be zero. So ω is closed. On the other hand, i˚ω “ i˚r˚i˚σ “ pr ˝ iq˚i˚σ “ i˚σ since r ˝ i “ id.
But from the expression for σ, we can find a form pσ on Rn such that σ “ j˚

pσ for j : Rn ´ t0u ãÑ Rn. Then,
dpσ “ npdx1 ^ ¨ ¨ ¨ ^ dxnq by the same calculation as in part (b) so Stokes’ theorem gives us

ż

Sn´1

i˚ω “

ż

Sn´1

i˚σ “

ż

Sn´1

i˚j˚
pσ “

ż

B

dpσ “

ż

B

npdx1 ^ ¨ ¨ ¨ ^ dxnq “ n ¨ volpBq ‰ 0,

where B “ tx P Rn | |x| ď 1u is the closed unit n-ball. But if ω were exact, we would have ω “ dθ so that
i˚ω “ i˚dθ “ dpi˚θq is exact and hence integrates to 0, a contradiction so ω is not exact.

Fall 2012-7. Let n ě 0 be an integer. Let M be a compact, orientable, smooth manifold of dimension
4n` 2. Show that dimH2n`1pM ;Rq is even.

Hint: H2n`1pMq ˆ H2n`1pMq Ñ R by pω, ηq ÞÑ
ş

M
ω ^ η. Show this is bilinear, anti-symmetric, and non-

degenerate. Corresponds to an invertible kˆk (k “ dimpH2n`1pMqq) matrix with A “ ´AT but if k is odd,
we get detpAq “ ´detpAq, a contradiction.

This is exactly Fall 2021-5.
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Fall 2012-8. Show that there is no compact three-dimensional manifold M whose boundary is the real
projective space RP2.

Hint: Immediate from χpMq “ 1
2χpBMq and χpRP2

q “ 1. Glue two copies ofM together along the boundary
to make N . N is closed, odd-dimensional so has χpNq “ 0 by Poincaré duality (use Z{2Z coefficients) and
then use Mayer-Vietoris to get equation.

By Spring 2022-9, we know χpMq “ 1
2χpBMq. But χpRP2

q “ 1 and the Euler characteristic of a manifold is

an integer, so we get a contradiction if BM “ RP2.

Fall 2012-9. Consider the coordinate axes in Rn :

Li “ tpx1, . . . , xnq | xj “ 0 for all j ‰ iu

Calculate the homology groups of the complement Rn ´ pL1 Y ¨ ¨ ¨ Y Lnq.

Hint: H˚pXq “ Zp0q ‘ Z2n´1
pn´2q

. X is homotopy equivalent to the wedge sum of 2n´ 1 copies of Sn´2.

Note first that X “ Rn ´ pL1 Y ¨ ¨ ¨ Y Lnq deformation retracts onto Sn´1 ´ J where J is a collection of 2n
points. Then, we know that Sn´1´tpu is homotopy equivalent to Rn´1 for p P Sn´1 a point soX – Rn´1´K
for K a collection of 2n´1 points. From here, each neighborhood of a removed point is homotopy equivalent
to Sn´2. So with a proper deformation, we can isolate these neighborhoods and retract X onto the wedge
sum of 2n´ 1 copies of Sn´2. Hence, we get

HkpXq “ Hk

˜

2n´1
ł

i“1

Sn´2

¸

“

$

’

&

’

%

Z k “ 0,

Z2n´1 k “ n´ 2,

0 otherwise.

We have degenerate cases for n “ 1 and 2. Namely for n “ 2, we get HkpXq “ Z4 for k “ 0 and 0 otherwise,
while for n “ 0, X “ H so we ignore this case.

Fall 2012-10. (a) Let X be a finite CW complex. Explain how the homology groups of X are related
to the homology groups of X ˆ S1.

(b) For each integer n ě 0, give an example of a compact smooth manifold of dimension 2n` 1 such
that HipXq “ Z for all i “ 0, . . . , 2n` 1.

Hint: HkpX ˆ S1q “ HkpXq ‘Hk´1pXq by using product CW structure. CPn ˆ S1.

(a) For each 0 ď k ď N , let X have nk k-cells, namely ek1 , . . . , e
k
nk
. Consider the CW structure on S1 given

by one 0-cell v and one 1-cell e “ r0, 1s which is attached to v by the endpoints. Then, the product X ˆ S1

has cells that are the products of the cells of X and the cells of S1.

Namely, we have pnk `nk´1q k-cells eki ˆ v and ek´1
j ˆ e for i “ 1, . . . , nk and j “ 1, . . . , nk´1. We then have

boundaries as follows
Bpeki ˆ vq “ Beki ˆ v ` p´1qkeki ˆ Bv “ Beki ˆ v,

Bpek´1
j ˆ eq “ Bek´1

j ˆ e` p´1qk´1ek´1
j ˆ Be “ Bek´1

j ˆ e,

since Bv “ 0 and Be “ v ´ v “ 0. So, given the following chain complex for X:

0 Ñ Cn Ñ ¨ ¨ ¨ Ñ Ci
Bi

ÝÑ Ci´1 Ñ ¨ ¨ ¨ Ñ C0 Ñ 0,

we have the complex for X ˆ S1:

¨ ¨ ¨ Ñ Ci ‘ Ci´1
pBi,Bi´1q

ÝÝÝÝÝÑ Ci´1 ‘ Ci´2 Ñ ¨ ¨ ¨ .
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Clearly kerpBi, Bi´1q “ kerpBiq ‘ kerpBi´1q and impBi`1, Biq “ impBi`1q ‘ impBiq. So, taking the homologies
of these chain complexes, we have

HipX ˆ S1q “ HipXq ‘Hi´1pXq,

where we set H´1pXq “ 0.

(b) First, we know that the homology CPn is Z in all even degrees and 0 in all odd degrees up to 2n. Thus
CPn ˆ S1 has homology Z in all degrees from 0 to 2n` 1 (inclusive) by part (a).

Spring 2012

Spring 2012-1. Explain in detail from the viewpoint of transversality theory, why the sum of the
indices of a vector field with isolated zeroes on a compact orientable manifoldM is independent of what
vector field we choose.

Hint: Vector field X corresponds to global (by compactness) flow ϕt that is a diffeomorphism for small t.
This is homotopic to ϕ0 “ idM , independent of X.

This is precisely the Poincaré-Hopf index theorem. Let X be a vector field with isolated zeroes. By com-
pactness, X has only finitely many zeroes, and we can find a global flow ϕt corresponding to X (i.e.,
d
dt |t“0 ϕt “ X.) For small enough t, ϕt is a diffeomorphism with fixed points precisely the zeroes of X which
are isolated. In particular, ϕt is a Lefschetz map. Then, we have

ÿ

p|Xp“0

indppXq “
ÿ

p|ϕtppq“p

Lppϕtq “ Λϕt
.

Namely, the Lefschetz number of ϕt is the sum of the local Lefschetz numbers, which are identically the
indices of the zeroes of X. Now, note that ϕ0 “ idM so ϕt and idM are homotopic via the backwards flow
ϕ´t. Since the Lefschetz number of a map is homotopy invariant, we have Λϕt

“ ΛidM
which is independent

of the vector field X that we began with.

Spring 2012-2. Call the index sum in problem 1 the Euler characteristic χpMq. Explain why the Euler
characteristic of a genus g surface (2-sphere with g handles attached) is 2 ´ 2g. [Do this explicitly: do
NOT appeal to the theorem that the Euler characteristic in the vector field sense indicated is computable
from homological information. That comes next!]

Hint: Dunking the donut flow. Index of source and sink is `1 while of a saddle is ´1 because of eigenvalues
being greater/smaller than one.

We construct a vector field on the surface of genus g as follows: imagine dunking an n-holed donut in some
kind of liquid and taking the vector field induced by the flow of the liquid after you pull it out. This will
have a source at the top, a sink at the bottom, and 2g saddles, one at the top and bottom of each of the g
holes. Now, we compute the indices of these zeroes.

Both the source and sink have index 1. This is because at the source, dϕt has eigenvalues both greater than
1 so dϕt ´ I has both positive eigenvalues and is thus orientation preserving, while at the sink dϕt ´ I has
both eigenvalues less than 1 so again dϕt ´ I has positive determinant and is orientation preserving. On the
other hand, at a saddle, we have one eigenvalue of dϕt greater than one and one less than one, meaning the
determinant of dϕt ´ I is negative so it is orientation reversing. Thus, the sum over the indices is indeed
2 ´ 2g.
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Spring 2012-3. Suppose that M is a triangulated compact orientable manifold, i.e., a manifold M
represented as a finite simplicial complex.

(a) Show that the alternating sum of the Betti numbers b0 ´ b1 ` b2 ´ . . . (where bk “ rank of the kth
homology group with real coefficients) is equal to the alternating sum

(number of vertices) ´ (number of faces) ` (number of 2-simplices) ´ . . .

(b) Show that there is a vector field with the sum of its indices equal to the number described in part
(a).
[You do not need to worry about smoothness of the vector field – just describe how to build it. In
part (a), the result should follow from some dimension counting.]

Hint: (a) Use kerpBiq and impBiq and dimension of quotient vector space etc. (b) Suffices to show for n-
simplex, define inductively so we get a sink at the center of each face which gives a zero of index p´1qk for
each k-simplex.

(a) Denote by ci the number of i-simplices of M . Let Bi denote the map Ci Ñ Ci´1 in the chain complex
with R coefficients, where we define C´1 “ 0. So Ci{kerpBiq – impBiq as vector spaces, implying that
dimRCi “ dimRkerpBiq ` dimRimpBiq. Clearly, dimRCi “ ci by definition of simplicial homology (the rank
doesn’t change when using R-coefficients instead of Z-coefficients.) So we have

n
ÿ

i“0

p´1qici “

n
ÿ

i“0

p´1qipdimRkerpBiq ` dimRimpBiqq.

Again, since the rank doesn’t change when using R-coefficients (by the universal coefficient theorem), we
have

bi “ dimRHipX;Rq “ dimRpkerpBiq{impBi`1qq “ dimRkerpBiq ´ dimRimpBi`1q.

Hence

n
ÿ

i“0

p´1qibi “

n
ÿ

i“0

p´1qipdimRkerpBiq ´ dimRimpBi`1qq

“

n
ÿ

i“0

p´1qidimRkerpBiq `

n
ÿ

i“0

p´1qidimRimpBiq ´ dimRimpB0q ` p´1qn`1dimRimpBn`1q

“

n
ÿ

i“0

p´1qipdimRkerpBiq ` dimRimpBiqq ´ 0 ` 0

“

n
ÿ

i“0

p´1qici,

as desired.

(b) It suffices to exhibit such a vector field for ∆n, as then we can glue these vector fields as we glue the
simplices to get a vector field on M . Define X on ∆n ´ B∆n to be a vector field pointing towards the center
of the interior of ∆n. This will make the center an n-dimensional sink, with corresponding index p´1qn (we
may even insist the vector field near the center is just p “ px1, . . . , xnq ÞÑ Xp “ p´x1, . . . ,´xnq).

Now, B∆n is the union of pn ´ 1q-simplices so we repeat this process inductively, describing what to do on
the interior of each k-simplex. Each simplex will thus contribute a fixed point of index p´1qk, so we will get
the sum of the indices to be the sum of p´1qk times the number of k-simplices, as desired.
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Spring 2012-4. Suppose V is a smooth (C8) vector field on R3 that is nonzero at p0, 0, 0q. The vector
field is said to be gradient-like at p0, 0, 0q if there is a neighborhood of p0, 0, 0q and a nowhere zero
smooth function λpx, y, zq on that neighborhood such that λV is the gradient of some smooth function
in some (possible smaller) neighborhood of p0, 0, 0q.

(a) Write V “ pP,Q,Rq. Show by example that there are functions P,Q,R for which V is not
gradient-like in a neighborhood of p0, 0, 0q.
[Suggestion: the orthogonal complement of V taken at each point would have to be an integrable
2-plane field.]

(b) Derive a general differential condition on pP,Q,Rq which is necessary and sufficient for V to be
gradient-like in a neighborhood of p0, 0, 0q.

Hint: ω “ ´ydx ` xdy ` dz has ω ^ dω ‰ 0, V “ p´y, x, 1q. If and only if ω ^ dω “ 0, implies kerpωq

integrable so we can find chart such that V “ f B
Bz .

Referenced in: Spring 2009-4.

(a) Write ω “ Pdx`Qdy`Rdz. If V “ pP,Q,Rq is gradient-like, then λω “ df for some nonzero function λ
and some function f . Then ω “ 1

λdf and dω “ dp 1
λ q^df so that ω^dω “ λdf ^dp 1

λ q^df “ 0. In particular,
if we take P “ ´y,Q “ x,R “ 1, then ω “ ´ydx`xdy`dz so dω “ 2dx^dy and ω^dω “ 2dx^dy^dz ‰ 0
so ω is not gradient-like. The corresponding vector field is V “ p´y, x, 1q.

(b) In part (a), we showed that if V is gradient-like, then its dual ω satisfies ω ^ dω “ 0. Conversely, if
ω^dω “ 0, then kerpωq is an integrable distribution, meaning that there is a 2-manifold N containing 0 such
that V is normal to N . We may then choose a coordinate system on an open set U containing 0 in which
V “ f B

Bz . Since V is nonvanishing, f is nonzero so taking λ “ 1
f , we see λV “ B

Bz which is the gradient of

gpx, y, zq “ p0, 0, zq so V is gradient-like. I.e., the necessary and sufficient condition for V “ pP,Q,Rq to be
gradient-like is for ω “ Pdx`Qdy `Rdz to satisfy ω ^ dω “ 0.

Spring 2012-5. (a) Define carefully the “boundary map” which defines the Hn to Hn´1 mapping
that arises in the long exact sequence arising from a short exact sequence of chain complexes.

(b) Prove that the kernel of the boundary map is equal to the image of the map into Hn.

Hint: The art of the diagram chase cannot be hinted at. Show part (b) as two directions.

Referenced in: Spring 2008-7.

(a) We described the map in part (b) of Fall 2022-6.

(b) For a general short exact sequence of chain complexes 0 Ñ A‚ Ñ B‚ Ñ C‚ Ñ 0, we have the following
set up:

Denote by δ : kerBC Ñ cokerBA the connecting homomorphism. Suppose β P kerBB maps to γ P kerBC . By
the definition in (a), δpγq “ α ` imBA P cokerBA where α P Ai´1 is the unique element such that fi´1pαq “
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BBpβq. But β P kerBB implies BBpβq “ 0 so α “ 0 since fi´1 is injective and thus δpγq “ imBA “ 0 P cokerBA.
I.e., impkerBB Ñ kerBCq Ă kerδ.

Conversely, suppose γ P kerBC has δpγq “ 0. By the definition in (a), this means there exists α P imBA such
that fi´1pαq “ BBpβq for some β P Bi such that gipβq “ γ. Suppose α “ BApaq and consider fipaq P Bi. By
commutativity, BB ˝ fipaq “ fi´1 ˝ BApaq “ fi´1pαq “ BBpβq so β ´ fipaq P kerBB . But now, gipβ ´ fipaqq “

gipβq ´ gipfipaqq “ γ ´ 0 by exactness of the top row. I.e., kerδ Ă impkerBB Ñ kerBCq.

Spring 2012-6. Compute the homology of the real projective space RPn for each n ą 1.

Hint: One cell in each dimension with double cover for attaching maps. HkpRPnq “ Z if k “ n and n is odd,
Z{2Z if k ď n and k is odd and 0 otherwise.

The result in Fall 2020-7 generalizes trivially (noting the difference between n even and n odd).

Spring 2012-7. (a) Define complex projective space CPn, pn “ 1, 2, 3, . . .q.
(b) Show that CPn is compact for all n.
(c) Show that CPn has a cell decomposition with one cell in each dimension 0, 2, 4, . . . , 2n and no

other cells. Include a careful description of the attaching maps.

Hint: Attach by ϕn : e2n Ñ CPn, pz0, . . . , zn´1q ÞÑ rz0, . . . , zn´1, ts, t “

b

1 ´
řn´1
i“1 zizi. Compactness

is immediate from CW structure.

(a) and (c) This was done in Spring 2021-5.

(b) CPn has a finite CW structure so is certainly compact.

Spring 2012-8. Suppose a compact (real) manifold M has a (finite) cell decomposition with only even
dimensional cells. Is M necessarily orientable? Justify your answer.

Hint: Yes. A connected, closed n-manifold is orientable if and only if HnpMq “ Z

Note that a closed, connected n-manifold is orientable if and only if HnpMq “ Z. We suppose thatM is path
connected. If not, we repeat this argument on each path component to conclude that each path component
is orientable. If n “ dimpMq, we claim that HnpMq “ Z so indeed M is orientable. This is because we must
have an n-cell as the interior of a k-cell is locally homeomorphic to Rk and we cannot have an pn ´ 1q-cell
or an pn` 1q-cell since n must then be even so n˘ 1 are odd. Thus, the map Cn`1 Ñ Cn Ñ Cn´1 are both
0 and HnpMq – Cn is exactly Z. Further, we know that M has no boundary as if it did, it would be a
manifold of dimension n´ 1 so would require an pn´ 1q-cell which it cannot have.

Spring 2012-9. Suppose that a finite group Γ acts smoothly on a compact manifold M and that the
action is free, i.e., γpxq “ x for some x in M if and only if γ “ the identity of the group Γ.

(a) Show that M{Γ is a manifold (i.e., can be made a manifold in a natural way).
(b) Show that M Ñ M{Γ is a covering space.
(c) If the kth de Rham cohomology of M is 0 for some particular k ą 0, then is the kth de Rham

cohomology of M{Γ necessarily 0? Prove your answer.

Hint: π´1pyq “ tg1x, . . . , gnxu. Find neighborhoods Vi of gix so that Vi – Rn and gjVi “ Vk where gjgi “ gk.
(c) Finite cover induces injection on de Rham cohomology.

(a) and (b) This is exactly Spring 2017-10.

(c) Yes. By Spring 2019-6, π : M Ñ M{Γ induces an injection π˚ : Hk
dRpM{Γq Ñ Hk

dRpMq for any k. So if
Hk
dRpMq is zero, then Hk

dRpM{Γq is also zero.
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Spring 2012-10. Let M “ RP2
ˆ RP2 (where RP2 is real projective 2-space). In a product manifold

like that, homology elements can arise by taking in effect the product of a cycle in one factor with a cycle
in the other factor. Show that in the case of this particular M , there is an element in the 3-homology
with Z coefficients that does not arise in this way be exhibiting such an element explicitly, e.g. in terms
of a cell decomposition.

Hint: Product CW-structure, kerpB3q “ tpx, xq P Z2 | x P Zu and impB4q “ tpx, xq P Z2 | x P 2Zu.

This is exactly Spring 2017-9.

Fall 2011

Fall 2011-1. Let M be an (abstract) compact smooth manifold. Prove that there exists some n P Z`

such that M can be smoothly embedded in the Euclidean space Rn.

Hint: Finite cover, collection of bump functions.

F :M Ñ RNpm`1q, x ÞÑ pλ1pxqϕ1pxq, . . . , λkpxqϕkpxq, λ1pxq, . . . , λkpxqq.

Referenced in: Spring 2009-5.

For compact manifolds, an embedding is an injective immersion (properness is immediate). Let dimM “ m.
Since M is compact, take a finite cover pU1, ϕ1q, . . . , pUn, ϕN q of charts. Let λi be a partition of unity
subordinate to the cover Ui and define:

F :M Ñ RNpm`1q, x ÞÑ pλ1pxqϕ1pxq, . . . , λkpxqϕkpxq, λ1pxq, . . . , λkpxqq.

Suppose that F pxq “ F pyq. Then λipxq “ λipyq for all i. We know x must be in some Ui as they cover M so
some λipxq ‰ 0 so λipxqϕipxq “ λipxqϕipyq implies that ϕipxq “ ϕipyq. But the ϕi’s are all homeomorphisms
which are injective so x “ y and thus F is injective.

Next, suppose that v, w P TxM have dFxpvq “ dFxpwq. Then, dpλiqxpvq “ dpλiqxpwq for all i. Further, we
must have

dpλiϕiqxpvq “ dpλiqxpvqϕipxq ` λipxqdpϕiqxpvq “ dpλiqxpwqϕipxq ` λipxqdpϕiqxpwq,

implying that
λipxqdpϕiqxpvq “ λipxqdpϕiqxpwq

for all i. Again, some λipxq ‰ 0 so dpϕiqxpvq “ dpϕiqxpwq for some i which implies that v “ w since ϕi is
a diffeomorphism so has bijective derivative locally. Thus F is an immersion since dFx is injective for all
x P M.

Fall 2011-2. Prove that the real projective space RPn is a smooth manifold of dimension n.

Hint: Define charts where one coordinate is not zero and send to fraction.

We define charts on RPn. Let

Ui “ trx0 : ¨ ¨ ¨ : xns P RPn | xi ‰ 0u Ă RPn,

for each 0 ď i ď n. Note that its preimage in Sn is Vi “ tx P Sn | xi ‰ 0u which is open so Ui is open in the
quotient topology. Clearly the Ui’s cover RPn since r0 : ¨ ¨ ¨ : 0s R RPn. Define

ϕi : Ui Ñ Rn, rx0 : ¨ ¨ ¨ : xns ÞÑ

ˆ

x0
xi
, . . .

xxi
xi
, . . . ,

xn
xi

˙

.
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This is invariant under scaling so is well-defined. It is also clear that ϕi is a homeomorphism. Further, the
transition maps are all smooth since ϕj ˝ ϕ´1

i is defined by

pv0, . . . , pvi, . . . , vnq ÞÑ rv0 : ¨ ¨ ¨ : 1 : ¨ ¨ ¨ : vns ÞÑ

ˆ

v0
vj
, . . . ,

xvj
vj
, . . . ,

vn
vj

˙

,

where vi :“ 1 which is smooth since vj ‰ 0 on the intersection Ui X Uj .

Fall 2011-3. Let M be a compact, simply connected smooth manifold of dimension n. Prove that
there is no smooth immersion f :M Ñ Tn, where Tn “ S1 ˆ ¨ ¨ ¨ ˆ S1 is the n-torus.

Hint: Submersion is open map so onto. Local diffeomorphism implies locally even covering and then piece
together using compact/connected. Then simply connected covering is universal, a contradiction.

Suppose f :M Ñ Tn is an immersion. Since dimpMq “ n “ dimpTnq, f is actually a local diffeomorphism.
By Spring 2018-1, we know that f is a covering map. Since M is simply connected, we conclude that M is
the universal cover of Tn. But we know the universal cover of Tn is Rn which is not compact, a contradiction
so no such immersion exists.

Fall 2011-4. Give a topological proof of the Fundamental Theorem of Algebra: any non-constant
single-variable polynomial with complex coefficients has at least one complex root.

Hint: Select r ą 0 with
řm´1
i“0

|ai|

rm´i ă 1
2 . Show |ppzqt ` p1 ´ tqzm| ą 0 for all t P r0, 1s and z with |z| “ r.

So we can define a homotopy between pz{rqm and ppzq{|ppzq| from tz P C | |z| “ ru to S1. The latter can be
extended while the former has degree m so m “ 0, a contradiction.

Suppose ppzq “ zm `
řm´1
i“0 aiz

i,m ą 0 has no roots in C. Notice for t P r0, 1s that

ppzqt` p1 ´ tqzm “ zm ` t

˜

m´1
ÿ

i“0

aiz
i

¸

“ zm

˜

1 ` t
m´1
ÿ

i“0

ai
zm´i

¸

.

Choose r ą 0 large enough such that
řm´1
i“0

|ai|

rm´i ă 1
2 which is possible since this sum goes to 0 as r goes to

infinity. Then, for any z P C with |z| “ r and for any t P r0, 1s, we have

|ppzqt` p1 ´ tqzm| “

ˇ

ˇ

ˇ

ˇ

zm

˜

1 ` t
m´1
ÿ

i“0

ai
zm´i

¸

ˇ

ˇ

ˇ

ˇ

“ rm
ˇ

ˇ

ˇ

ˇ

1 ` t
m´1
ÿ

i“0

ai
zm´i

ˇ

ˇ

ˇ

ˇ

ě rm

˜

1 ´ t

ˇ

ˇ

ˇ

ˇ

m´1
ÿ

i“0

ai
zm´i

ˇ

ˇ

ˇ

ˇ

¸

ě rm

˜

1 ´ t
m´1
ÿ

i“0

|ai|

rm´i

¸

ą rmp1 ´
t

2
q ě

rm

2
ą 0.

In particular, ppzqt` p1 ´ tqzm is nonzero for |z| “ r and all t P r0, 1s. So, letting Sr “ tz P C | |z| “ ru, we
may define the homotopy

H : r0, 1s ˆ Sr Ñ S1 Ă C, Hpt, xq “
ppzqt` p1 ´ tqzm

|ppzqt` p1 ´ tqzm|
.

By construction, we have Hp0, zq “ zm{rm “ pz{rqm while Hp1, zq “ ppzq{|ppzq|. The map Sr Ñ S1, z ÞÑ

pz{rqm has degree m and degree is homotopy invariant so z ÞÑ ppzq{|ppzq| also must have degree m. But we
can extend z ÞÑ ppzq{|ppzq| to D2

r “ tz P C | |z| ď ru since ppzq has no roots so this is always well-defined.
So the degree of z ÞÑ ppzq{|ppzq| must be 0, implying that m “ 0, a contradiction so no such ppzq can exist.
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Fall 2011-5. Let f : M Ñ N be a smooth map between two manifolds M and N . Let α be a p-form
on N . Show that dpf˚αq “ f˚pdαq.

Hint: Show induction for function and then for α “ dg ^ η. Linearity/locality finishes the proof.

Referenced in: Spring 2008-1.

We proceed by induction. First let α be a 0-form, α “ g P C8pNq. Then dpf˚αqpXq “ dpg˝fqpXq “ Xpg˝fq

while f˚pdαqpXq “ pdαqpf˚Xq “ pf˚Xqpgq “ Xpg ˝ fq for any vector field X so dpf˚αq “ f˚pdαq. Next,
suppose this holds for pk ´ 1q-forms. Let α “ dg ^ η for some pk ´ 1q-form η and g P C8pNq. Then

dpf˚αq “ dpf˚pdg ^ ηqq “ dpf˚dg ^ f˚ηq “ dpf˚dgq ^ f˚η ´ f˚dg ^ dpf˚ηq

“ dpdf˚gq ^ f˚η ´ f˚dg ^ f˚dη “ ´f˚dg ^ f˚dη “ f˚pdpdg ^ ηqq “ f˚pdαq.

Finally, observe that every k-form can locally be written as a sum of terms of the form gdx1 ^ ¨ ¨ ¨ ^ dxk “

dx1 ^ η for a pk´ 1q-form η. So it follows by linearity and the fact that it is enough to show this locally that
dpf˚αq “ f˚pdαq for every form.

Fall 2011-6. (a) What are the de Rham cohomology groups of a smooth manifold?
(b) State de Rham’s theorem.

Hint: Cochain complex with exterior derivative as boundary operator.

Hp
dRpMq – HppM ;Rq “ HomRpHppMq,Rq, via ω ÞÑ

`

rcs ÞÑ
ş

c
ω

˘

.

(a) This is the first part of Spring 2015-7.

(b) For M a smooth manifold and any nonnegative integer p, we have an isomorphism

Hp
dRpMq – HppM ;Rq “ HomRpHppMq,Rq, via ω ÞÑ

ˆ

rcs ÞÑ

ż

c

ω

˙

.

Fall 2011-7. Consider the form
ω “ px2 ` x` yqdy ^ dz

on R3. Let S2 “ tx2 ` y2 ` z2 “ 1u Ă R3 be the unit sphere, and i : S2 Ñ R3 the inclusion.

(a) Calculate
ş

S2 i
˚ω.

(b) Construct a closed form α on R3 such that i˚α “ i˚ω, or show that such a form α does not exist.

Hint: Stokes’: 4π{3. No such form exists since otherwise
ş

S2 i
˚ω “ 0 ‰ 4π{3.

(a) Note that S2 is the boundary BB for B Ă R3 the unit 3-ball. Thus, using Stokes’ theorem

ż

S2

i˚ω “

ż

B

dω “

ż

B

p2x` 1qdx^ dy ^ dz “

ż

B

p2x` 1qdV.

Now,
ş

B
2xdV “ 0 by the symmetry of the unit ball and

ş

B
1dV “ volpBq “ 4π{3 so

ş

S2 i
˚ω “ 4π{3.

(b) Suppose α is a closed form on R3 with i˚α “ i˚ω. Then

4π{3 “

ż

S2

i˚ω “

ż

S2

i˚α “

ż

B

dα “

ż

B

0 “ 0,

a contradiction so no such α exists.
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Fall 2011-8. (a) Let M be a Möbius band. Using homology, show that there is no retraction from
M to BM .

(b) Let K be a Klein bottle. Show that there exist homotopically nontrivial simple closed curves γ1
and γ2 on K such that K retracts to γ1, but does not retract to γ2.

Hint: Use Z{2Z coefficients in order to apply Lefschetz duality to simplify the long exact sequence for the pair
pM, BMq. Get kerpHn´1pBMq Ñ Hn´1pMqq – Z{2Z, contradicting the fact that it should be an injection
if r : M Ñ BM is a retraction. Look at polygon representation of the Klein bottle, zig-zag shape vs loop
around outside.

(a) This follows from Spring 2023-4.

(b) First, note that K “ M YBM M is space obtained by gluing two Möbius bands along their boundaries.
Thus, if we take γ2 “ BM Ă K to be the loop defined by the boundary of either Möbius band, we immediately
get, by part (a) that K does not retract onto γ2 since M does not retract onto BM “ γ2.

On the other hand, we can also treat K “ pS1 ˆ r0, 1sq{ „ where pz, 0q „ pz´1, 1q for any z P S1 Ă C. Let
L “ t1u ˆ r0, 1s Ă S1 ˆ r0, 1s and L1 be the image of L under the projection π : S1 ˆ r0, 1s Ñ K. Note that
L1 is a loop in K since p1, 0q „ p1, 1q. Now, consider the composition S1 ˆ r0, 1s Ñ L

π
ÝÑ L1 given by pz, tq ÞÑ

p1, tq ÞÑ rp1, tqs. This descends to a well-defined map f : K Ñ L1 since pz, 0q ÞÑ rp1, 0qs “ rp1, 1qs Ð[ pz, 1q for
any z P S1. By construction f ˝ i “ idL1 for i : L1 Ñ K so taking γ1 to be the loop L1 shows that K retracts
onto γ1. However, it is clear that γ1 is homotopically nontrivial.

Fall 2011-9. Let X be the topological space obtained from a pentagon by identifying its edges as in
the picture:

Calculate the homology and cohomology groups of X with integer coefficients.

Hint : CW structure has one 0-cell, one 1-cell, and one 2-cell attached via a degree 5 map. H˚pXq “

Zp0q ‘ Z{5Zp1q. Universal coefficient theorem. H˚pXq “ Zp0q ‘ Z{5Zp2q.

We have a CW structure on X with one 0-cell v, one 1-cell a, and one 2-cell A attached via a degree 5
map. X is connected so H0pXq “ Z. Since the boundary of A is attached to a by a degree 5 map, we know
that H1pXq “ Z{5Z. Finally, this map is injective so kerpB2q “ 0 implying that H2pXq “ 0 and all higher
homology groups are trivially zero. To summarize,

HkpXq “

$

’

&

’

%

Z k “ 0,

Z{5Z k “ 1,

0 otherwise.

For cohomology, the universal coefficient theorem gives

H0pXq “ HomZpH0pXq,Zq ‘ Ext1ZpH´1pXq,Zq “ Z,
H1pXq “ HomZpH1pXq,Zq ‘ Ext1ZpH0pXq,Zq “ 0,

H2pXq “ HomZpH2pXq,Zq ‘ Ext1ZpH1pXq,Zq “ Z{5Z,
HkpXq “ 0, k ą 2.
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Fall 2011-10. Let X,Y be topological spaces and f, g : X Ñ Y two continuous maps. Consider the
space Z obtained from the disjoint union Y

Ů

pX ˆ r0, 1sq by identifying px, 0q „ fpxq and px, 1q „ gpxq

for all x P X. Show that there is a long exact sequence of the form:

¨ ¨ ¨ Ñ HnpXq Ñ HnpY q Ñ HnpZq Ñ Hn´1pXq Ñ ¨ ¨ ¨ .

Hint: Two long exact sequences for the pairs pX ˆ I,X ˆ BIq and pZ, Y q where the relatively homology fits
in with an isomorphism.

This was done in Fall 2016-10.

Spring 2011

Spring 2011-1. Show that if V is a smooth vector field on a (smooth) manifold of dimension n and if
V ppq is nonzero for some point p, then there is a coordinate system defined in a neighborhood of p, say
px1, . . . , xnq, such that on a neighborhood of p, V “ the x1 coordinate vector field.

Hint: Use local flow ϕ : I ˆ U Ñ U , define ψpa1, . . . , anq “ ϕpa1, p0, a2, . . . , anqq. Show dψ0 “ id so inverse
function theorem gives local inverse py1, . . . , ynq “ ψ´1px1, . . . , xnq and this chart is what we want B

By1
“ V.

Referenced in: Spring 2008-2.

Since this is a completely local property, it suffices to work in Rn with p “ 0. We may also assume that
V0 “ B

Bx1
|0 by rotating and rescaling as necessary. We can then write

Vp “

n
ÿ

j“1

fjppq
B

Bxj
|p,

where fjp0q “ δ1j since V0 “ B
Bx1

|0. Let ϕt be a local flow corresponding to V near the origin. Namely, find
a neighborhood U of 0, an interval I “ p´ϵ, ϵq, and a smooth map ϕ : I ˆU Ñ U such that for all p P U , we
have

ϕp : I Ñ U satisfies ϕpp0q “ p and
B

Bt
ϕpptq “ Vϕpptq.

Then, define
ψ : U Ñ U, ψpa1, . . . , anq “ ϕpa1, p0, a2, . . . , anqq “ ϕp0,a2,...,anqpa1q,

where we may shrink U such that this is well-defined. Letting f “ pf1, . . . , fnq so that Vp “ fppq, we notice

B

Bx1
ψpx1, . . . , xnq “

B

Bx1
ϕp0,x2,...,xnqpx1q “ Vϕp0,x2,...,xnqpx1q “ Vψpx1,...,xnq “ fpψpx1, . . . , xnqq.

Now, we claim that dψ0 “ id. To see this, note that the ith column of dψ0 is B
Bxi
ϕpx1, p0, x2, . . . , xnqq|0. As

we just showed, the first column is thus

B

Bx1
ϕpx1, p0, x2, . . . , xnqq|0 “

B

Bx1
ϕp0,x2,...,xnqpx1q|0 “ fpψpx1, . . . , xnqq|0 “ fpψp0qq

“ fpϕp0, 0qq “ fp0q “ p1, 0 . . . , 0q.

While for 2 ď i ď n, we note that x1 “ 0 is fixed so we have

B

Bxi
ϕpx1, p0, x2, . . . , xnqq|0 “

B

Bxi
ϕp0, p0, x2, . . . , xnqq|0 “

B

Bxi
ϕp0,x2,...,xnqp0q|0 “

B

Bxi
p0, x2, . . . , xnq|0,
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which is clearly the vector p0, . . . , 0, 1, 0, . . . , 0q with a 1 in the ith position, showing the claim. Thus, by the
inverse function theorem, ψ is invertible in some neighborhood of 0. Define py1, . . . , ynq “ ψ´1px1, . . . , xnq

as a new coordinate system around 0. Then, we have

B

By1
“

n
ÿ

j“1

Bxj
By1

B

Bxj
.

But using the formula px1, . . . , xnq “ ψpy1, . . . , ynq, we may compute
ˆ

Bx1
By1

, . . . ,
Bxn
By1

˙

“
B

By1
ψpy1, . . . , ynq “ fpψpy1, . . . , ynqq “ fpx1, . . . , xnq

“ pf1px1, . . . , xnq, . . . , fnpx1, . . . , xnqq ,

so that
B

By1
“

n
ÿ

j“1

fjpx1, . . . , xnq
B

Bxj
“ V.

Spring 2011-2. (a) Demonstrate the formula Lx “ diX ` ixd, where L is the Lie derivative and i is
the interior product.

(b) Use this formula to show that a vector field X on R3 has a flow (locally) that preserves volume if
and only if the divergence of X is everywhere 0.
[Here divergence is the classical operator that takes a vector field with components f, g, h to the
function fx ` gy ` hz, in the usual partial derivative notation fx “

Bf
Bx , etc.]

Hint: Work locally, d commutes with pullbacks so LXpdωq “ dpLXωq and use induction, product rule and
product rule for contraction. (b) ϕ preserves volume if and only if ϕ˚

t ω “ ω for small t where ω “ dx^dy^dz
is the standard volume form on R3. Show this if and only if LXω “ dιXω “ 0.

(a) We work locally. Let ϕ be a flow corresponding to X so that by definition

LXω “ lim
hÑ0

ϕ˚
hpωq ´ ω

h
.

We know the exterior derivative commutes with pullbacks so LXpdωq “ dpLxωq. Given a 0-form f, we have

LXf “ Xf “ lim
hÑ0

f ˝ ϕh ´ f

h
“ dfpXq.

On the other hand,
dpiXfq ` iXpdfq “ dp0q ` dfpXq “ dfpXq,

so the formula holds for 0-forms. Now, suppose the formula holds for all pk ´ 1q-forms and consider df ^ η
where η is some pk ´ 1q-form. Then, we have

LXpdf ^ ηq “ LXpdfq ^ η ` df ^ LXpηq “ dpLXpfqq ^ η ` df ^ piXdη ` diXηq

“ ddfpXq ^ η ` df ^ iXdη ` df ^ diXη,

and we also have

diXpdf ^ ηq ` iXdpdf ^ ηq “ dpiXpdfq ^ η ´ df ^ piXηqq ´ iXpdf ^ dηq

“ dpdfpXq ^ η ´ df ^ piXηqq ´ piXdfq ^ dη ` df ^ piXdηq

“ ddfpXq ^ η ` dfpXq ^ dη ` df ^ pdiXηq ´ dfpXq ^ dη ` df ^ piXdηq

“ ddfpXq ^ η ` df ^ pdiXηq ` df ^ piXdηq “ LXpdf ^ ηq.

So the formula works for k-forms of the form fdf1 ^ ¨ ¨ ¨ ^ dfk. Then, by linearity, this holds for all forms by
induction.

(b) This is exactly part (b) of Spring 2017-4.
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Spring 2011-3. (a) Explain some systematic reason why there is a closed 2-form on R3 ´ tp0, 0, 0qu

(Euclidean 3-space with one point removed) that is not exact. You may do this by exhibiting such
a form explicitly and checking that it is closed but not exact or your may argue using theorems
that such a form must exist.

(b) With φ such a form (as in part (a)), discuss why, for any smooth map F : S2 Ñ S2,

ş

S2 F
˚φ

ş

S2 φ
“ degpF q.

[Note that this includes explaining why the denominator integral cannot be 0.]

Hint: R3 ´ t0u – S2 which has non-trivial second cohomology.
ş

Sn F
˚ω “

ş

F˚Sn ω since we can view Sn as

an n-cycle in the domain Sn.

(a) We know R3 ´ t0u deformation retracts onto S2 so they have the same homology groups. We know
H0pS2q “ Z so by Poincaré duality, since S2 is a closed, oriented 2-manifold, H2pS2q “ Z which means that
H2pS2;Rq “ Z bZ R “ R and by de Rham’s theorem, H2

dRpR3 ´ t0uq “ H2
dRpS2q “ R is nontrivial so there

are closed forms that are not exact on R3 ´ t0u.

(b) By Spring 2011-4, φ is not exact so
ş

S2 φ ‰ 0. Then, the equality is shown in part (a) of Spring 2013-7.

Spring 2011-4. Show without using de Rham’s Theorem (but you may use the Poincaré Lemma
without proof), that a 2-form φ on the 2-sphere S2 that has integral 0 is exact, i.e., equal to dω for
some 1-form ω on S2.

Hint: Split into A “ S2 ´ tNu and B “ S2 ´ tSu which are homotopy equivalent to R2 so we can find an
ωA,B on each of these. Glue together using the S1 version of this result which says since ωA ´ ωB is closed,
it is exact on the intersection so we can make ω global via a bump function.

Referenced in: Spring 2011-3, Spring 2009-1.

Let A “ S2 ´ tnu and B “ S2 ´ tsu where n and s are the north and south poles of the sphere respectively.
Let iA : A Ñ S2 and iB : B Ñ S2 be the inclusions. Then,

ż

B

i˚Bpφq “

ż

A

i˚Apφq “

ż

S2

φ “ 0,

since A and S2 differ only be a set of measure zero and similarly for B. But A and B are homotopy equivalent
to R2 which is contractible. Now, note that dφ “ 0 since φ is a top form so dpi˚Apφqq “ i˚Apdφq “ 0 and
dpi˚Bpφqq “ 0 similarly. Thus, by Poincaré’s lemma, i˚Apφq and i˚Bpφq are exact, say i˚Apφq “ dη and
i˚Bpφq “ dγ. Now, consider the form η ´ γ on AXB and we see that

dpi˚AXBpη ´ γqq “ i˚AXBpi˚Apφq ´ i˚Bpφqq “ i˚AXBpφ´ φq “ 0,

since again, d commutes with pullbacks. Note that A X B deformation retracts onto S1. Then, since
i˚AXBpη´ γq is closed and integrates to 0 (because ω does over S2), the S1 version of this result implies that
η ´ γ “ df for some 1-form df .

So we may choose a smooth bump function such that on a small neighborhood of the south pole, we have
ζ “ η ` df and ζ “ γ on a small neighborhood of the north pole. In this case, this gives a valid gluing of ζ
to make it a global form which satisfies dζ “ φ

Spring 2011-5. Suppose that V : U Ñ S2 is a smooth map, considered as a vector field of unit vectors,
where U “ R3 with a finite number of points p1, . . . , pn removed, all of which lie strictly inside the unit
sphere S2.

Explain carefully, from basic facts about critical values and critical points and the like, why the degree
of V |S2 : S2 Ñ S2 is equal to the sum of the indices of the vector field V at the points p1, . . . , pn.
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Hint: Neighborhood around each point. Outward pointing normal vector points into each of these disks.
Extension theorem says degpV |BW q “ 0.

The index of a point pi is the degree of the map V |Si
: Si Ñ S2 where Si “ BDi for some closed 3-ball in

the interior of S2 containing pi but not containing pj for j ‰ i. This degree is independent of the choice of
Di. Let W “ D3 ´

Ť

iDi. Giving BW an outward pointing normal is like giving the disjoint union of S2

and each of the BDi “ Si a normal vector which points outward for S2 and inward for each Si.

The degree is the signed sum of preimages of a regular value so since BW is a disjoint union, we have

degpV |BW q “ degpV |S2q ´

n
ÿ

i“1

degpV |Si
q,

where the right term is exactly the sum of the indices. Note that we can extend V to all of W which means
that degpVBW q must be 0 by the extension theorem so we get the desired equality.

Spring 2011-6. (a) Explain what a short exact sequence of chain complexes is.
(b) Describe how a short exact sequence of chain complexes gives rise to a long exact sequence in

homology. Include how the connecting homomorphism (where the dimension changes) arises. You
do not need to prove exactness of the sequence.

Hint: Chain map (commutes with partials) that makes an exact sequence at each degree).

(a) Let A‚, B‚, C‚ be three chain complexes. Given chain maps, f‚ : A‚ Ñ B‚ and g‚ : B‚ Ñ C‚, we say
that

0 Ñ A‚
f‚

ÝÑ B‚
g‚

ÝÑ C‚ Ñ 0

is a short exact sequence of chain complexes if at every degree i P Z, the following sequence

0 Ñ Ai
fi

ÝÑ Bi
gi

ÝÑ Ci Ñ 0

is a short exact sequence of abelian groups. Note that f‚ and g‚ being chain maps means they commute
with the boundary operators as follows: B ˝ fi “ fi´1 ˝ B for all i P Z and similarly for g.

(b) This is done in part (b) of Fall 2022-6.

Spring 2011-7. (a) Define complex projective space CPn, n “ 1, 2, 3, . . ..
(b) Compute the homology and cohomology of CPn with Z coefficients. (Any method is allowed. Cell

complexes are particularly simple to use. Be sure to explain what the attaching maps are if you
adopt this approach.)

Hint: Attach by ϕn : e2n Ñ CPn, pz0, . . . , zn´1q ÞÑ rz0, . . . , zn´1, ts, t “

b

1 ´
řn´1
i“1 zizi. H˚pCPnq “

Zp0q ‘ Zp2q ‘ ¨ ¨ ¨ ‘ Zp2nq.

This was done in Spring 2021-5.

Spring 2011-8. (a) Find the Z-coefficient homology of RP2 by any systematic method.
(b) Explain explicitly (not using the Künneth Theorem) how a nonzero element of the 3-homology

with Z-coefficients of RP2
ˆ RP2 arises.

Hint: H˚pRP2;Zq “ Z{2Zp1q ‘ Zp0q. Product CW-structure, kerpB3q “ tpx, xq P Z2 | x P Zu and impB4q “

tpx, xq P Z2 | x P 2Zu.

This is exactly Spring 2017-9.
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Spring 2011-9. (a) State the Lefschetz Fixed Point Theorem.
(b) Show that the Lefschetz number of any map from CP2n to itself is nonzero and hence that every

map from CP2n to itself has a fixed point (Suggestion: The action of the map on cohomology with
Z coefficients is determined by what happens to the 2nd cohomology since the whole cohomology
ring is generated by the 2nd cohomology).

Hint: If Λf ‰ 0, then f has a fixed point where Λf “ Ip∆, graphpfqq is the intersection number.

H˚pCP2k;Zq “
Zrαs

α2k`1 , |α| “ 2 so LpF q “
ř2k
j“0m

j for some m P Z.

(a) Let f : X Ñ Y be a smooth map on a compact orientable manifold. If Λf ‰ 0, then f has a fixed point,
where Λf is the Lefschetz number of the map f which is defined to be the intersection number Ip∆, graphpfqq

of two submanifolds of X ˆX where ∆ “ tpx, xq P X ˆX | x P Xu and graphpfq “ tpx, fpxqq P X ˆX | x P

Xu.

(b) This is exactly Spring 2023-2.

Spring 2011-10. Compute explicitly the simplicial homology with Z coefficients of the surface of a
tetrahedron, thus obtains the homology of the 2-sphere.

Hint : H0pXq “ H0p∆3q “ Z and H1pXq “ H1p∆3q “ 0 for ∆3 a (contractible) 3-simplex. Compute
H2pXq “ kerpB2q directly by looking at the 2- and 1-simplices of X.

Let ∆3 be a 3-simplex and let X be a hollow tetrahedron, so X is ∆3 minus the interior. We know

HipXq “
kerpBiq

impBi`1q
only depends on the i- and pi` 1q-skeletons. So since X and ∆3 have the same 0-, 1-, and

2-skeletons, we have H0pXq “ H0p∆3q “ Z and H1pXq “ H1p∆3q “ 0 since the 3-simplex is contractible
so has H˚p∆3q “ H˚p˚q “ Z in degree 0 and 0 otherwise. To compute H2pXq, we consider the following
diagram (but imagine relabeling it so it actually agrees with what we say later):

Note that C3pXq “ 0 since X has no 3-simplices so H2pXq “ kerpB2q. Now, we explicitly write out the four
2-simplices and the six 1-simplices:

α “ rv0, v1, v2s, β “ rv0, v1, v3s, γ “ rv0, v2, v3s, δ “ rv1, v2, v3s

a “ rv0, v1s, b “ rv0, v2s, c “ rv0, v3s, d “ rv1, v2s, e “ rv1, v3s, f “ rv2, v3s.

And our boundary map acts according to

B2pαq “ d´ b` a, B2pβq “ e´ c` a, B2pγq “ f ´ c` b, B2pδq “ f ´ e` d.

Let x “ px1, x2, x3, x4q P C2 “ Z4 be in the kernel of B2. By inspection, we see that x1 “ ´x2 since the
coefficient of a in B2pxq, which must be 0, is x1 ` x2. Similarly, we have x1 “ x3 and x1 “ ´x4, showing us
that x “ px1,´x1, x1,´x1q but any such x will have B2pxq “ 0 so kerpB2q “ Spanpp1, 1,´1,´1qq which is a
rank 1 free subgroup of Z4, implying that H2pXq “ Z. Finally, it is clear that HkpXq “ 0 for all k ą 2 since
there are no k-simplices for k ą 2. To summarize,

HkpXq “

#

Z k “ 0, 2,

0 otherwise.
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Fall 2010

Fall 2010-1. Let M be a connected smooth manifold. Show that for any two non-zero tangent vectors
v1 at point x1 and v2 at point x2, there is a diffeomorphism ϕ : M Ñ M such that ϕpx1q “ x2 and
dϕpv1q “ v2.

Hint: Connectedness is required. Map v to w in Rn (n ě 2) using a rotation of the plane spanned by v and
w. Need to use flows and 1-parameter subgroup of diffeomorphisms.

This is an easier version of Fall 2020-1.

Fall 2010-2. Let X and Y be submanifolds of Rn. Prove that for almost every a P Rn, the translate
X ` a intersects Y transversely.

Hint: Show F : X ˆ Rn Ñ Rn, F px, aq “ x` a is transverse to Y . Thom’s transversality theorem.

This is exactly Spring 2016-2.

Fall 2010-3. Let MnˆnpRq – Rn2

be the space of nˆ n matrices with real coefficients.

(a) Show that
SLpn,Rq “ tA P MnˆnpRq | detpAq “ 1u

is a smooth submanifold of MnˆnpRq.
(b) Identify the tangent space to SLpn,Rq at the identity matrix In.
(c) Show that SLpn,Rq has trivial Euler characteristic.

Hint : Preimage theorem with A ÞÑ detpAq. TIpSLpn,Rq “ kerpdpdetqIq “ tB P MnpRq | TrpBq “ 0u.
Homotopy equivalent to SOpnq which is parallelizable so has nowhere vanishing vector field. Also, compact
so has χ “ 0 by Poincaré-Hopf.

Referenced in: Spring 2009-6.

(a) This is exactly part (a) of Fall 2015-1.

(b) By the regular value theorem, we have

TISLpn,Rq “ kerpdpdetqIq, dpdetqI : TIMN pRq “ MN pRq Ñ T1R “ R.

Taking A “ I in part (a), we get

dpdetqIpBq “ lim
hÑ0

detpI ` hBq ´ 1

h
“ TrpBq.

This is because, if we let λ1, . . . , λn be the generalized eigenvalues of B, then I ` hB has generalized
eigenvalues 1 ` hλ1, . . . , 1 ` hλn so

detpI ` hBq “

n
ź

i“1

p1 ` hλiq “ 1 ` hTrpBq ` h2pphq

for some polynomial pphq in h. From here, it is clear that the limit is the coefficient of the h term which is
exactly the trace of B. Thus, TISLpn,Rq “ tB P MnpRq | TrpBq “ 0u.

(c) This is exactly Fall 2020-10
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Fall 2010-4. (a) Let fi : M Ñ N, i “ 0, 1, be two smooth maps between smooth manifolds M
and N , and f˚

i : Ω˚pNq Ñ Ω˚pMq, i “ 0, 1, be the induced chain maps between the respective de
Rham complexes. Define the notion of chain homotopy between f˚

0 and f˚
1 . Here the co-boundary

operators on the de Rham complexes are the exterior derivatives.
(b) Let X be a smooth vector field on a compact smooth manifold M , and let ϕt : M Ñ M be the

flow generated by X at time t, i.e., the solution of the differential equation dϕt

dt pxq “ Xpϕtpxqq

with initial condition ϕ0pxq “ x. Find an explicit chain homotopy between the chain maps ϕ˚
0

and ϕ˚
1 , where ϕ

˚
i , i “ 0, 1, are the induced chain maps from Ω˚pMq to itself.

Hint: Use the formula that for any differential form ω and vector field X, the Lie derivative
Lxω “ d ˝ ixω ` ix ˝ dω. Here ix is the contraction with respect to X.

Hint : P i´1 : ΩipNq Ñ Ωi´1pMq so that f i1 ´ f i0 “ d ˝ P i ` P i`1 ˝ d. (b) Cartan’s magic formula and

fundamental theorem of calculus. Define P by ω ÞÑ
ş1

0
iXpϕ˚

t pωqqdt.

(a) Let f i0, f
i
1 be the induced map on chains at degree i. Since HompΩipNq,ΩipMqq is itself an abelian group,

it makes sense to consider f i1 ´ f i0, giving us the following commutative diagram:

¨ ¨ ¨ Ωi´1pNq ΩipNq Ωi`1pNq ¨ ¨ ¨

¨ ¨ ¨ Ωi´1pMq ΩipMq Ωi`1pMq ¨ ¨ ¨

d

fi´1
1 ´fi´1

0

d

fi
1´fi

0

d

fi`1
1 ´fi`1

0

d d d

We say that f˚
0 and f˚

1 are chain homotopic if there exists maps P i : ΩipNq Ñ Ωi´1pMq for each i such that

f i1 ´ f i0 “ d ˝ P i ` P i`1 ˝ d.

This can be thought of as the two triangles in the below diagram adding to the vertical map (not commuting
directly):

¨ ¨ ¨ Ωi´1pNq ΩipNq Ωi`1pNq ¨ ¨ ¨

¨ ¨ ¨ Ωi´1pMq ΩipMq Ωi`1pNq ¨ ¨ ¨

d d

P i

fi
1´fi

0
P i`1

d d

(b) Note first that ϕ˚
0 “ id since ϕ0 “ id. We claim the chain homotopy is given by iX , the interior product

by the vector field X. Cartan’s magic formula gives us

LXω “ lim
hÑ0

1

h
pϕ˚
hω ´ ωq “ iXpdωq ` dpiXωq.

By the fundamental theorem of calculus, and using the above, we have

pϕ˚
1 ´ ϕ˚

0 qωppq “

ż 1

0

Bϕ˚
t pωppqq

Bt
dt “

ż 1

0

LXωpϕtppqqdt

“

ż 1

0

diXpωpϕtppqqq ` iXpdωpϕtppqqqdt

“

ż 1

0

diXpωpϕtppqqqdt`

ż 1

0

iXpdωpϕtppqqqdt

“ d

ż 1

0

iXpωpϕtppqqqdt`

ż 1

0

iXpdωpϕtppqqqdt.

So if we define

P i : ΩipMq Ñ Ωi´1pMq, ω ÞÑ

ż 1

0

iXpϕ˚
t pωqqdt,

we can see that ϕ˚
1 ´ ϕ˚

0 “ d ˝ P i ` P i`1 ˝ d.
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Fall 2010- 5. Let ω “ dx1 ^ dx2 ` dx3 ^ dx4 ` ¨ ¨ ¨ ` dx2n´1 ^ dx2n be a 2-form on R2n, where
px1, x2, . . . , x2nq are the standard coordinates on R2n. Define an S1-action on R2n as follows: for each
t P S1, define gt : R2n Ñ R2n by considering R2n as the direct sum of n copies of R2 and rotating each

R2 summand an angle t. Let X be the vector field on R2n defined by Xpxq “
dgtpxq

dt |t“0 for any x P R2n.

(a) Find the Lie derivative LXω and a function f on R2n such that df “ iXω.
(b) The S1-action above induces an action on S2n´1. Let Pn´1 be the quotient space of S2n´1 by

this S1-action. Show that the quotient space Pn´1 has a natural smooth structure and that the
tangent space of Pn´1 at any point x can be identified with the quotient of the tangent space
TxS

2n´1 by the line spanned by Xpxq, for any x P x. Here x is the orbit of x under the S1-action.
(c) Show that ω descends to a well-defined 2-form on the quotient space Pn´1 and that this 2-form

so defined is closed.
(d) Is the closed form in (c) exact?

Hint: For (c) and (d), use (a) and (b).

Hint: fpx1, . . . , x2nq “ ´ 1
2 px21 ` ¨ ¨ ¨ ` x22nq since we can test iXω “ ωpX,´q on arbitrary Y to get iXω “

´
ř2n
i“1 xidxi so LXω “ 0. Pn´1 is just CPn´1, Xpxq is tangent vector in TxS

2n´1 that corresponds to
rotation in the appropriate complex plane that we are identifying to a point. Descends because LXω “ 0,
closed because original is closed. Not exact because ω “ dη with η not descending as it is not invariant
under the group action.

(a) We note that
Xpx1, . . . , x2nq “ p´x2, x1, . . . ,´x2n, x2n´1q

is the standard nowhere vanishing vector field on S2n´1. Cartan’s magic formula gives LXω “ diXω` iXdω.
First, we consider

iXω “ ωpX,´q “

˜

n
ÿ

i“1

dx2i´1 ^ dx2i

¸

pX,´q.

Locally, at the point x “ px1, . . . , x2nq, we have

X “

n
ÿ

i“1

´x2i
B

Bx2i´1
` x2i´1

B

Bx2i
,

so if Y “
ř2n
j“1 yj

B
Byj

is some arbitrary vector field, then

dx2i´1 ^ dx2ipX,Y q “ det

ˆ

´x2i y2i´1

x2i´1 y2i

˙

“ ´px2i´1y2i´1 ` x2iy2iq.

So we can see that

iXω “ ´

2n
ÿ

i“1

xidxi.

Thus, if we set fpx1, . . . , x2nq “ ´ 1
2 px21 ` ¨ ¨ ¨ ` x22nq, we would have df “ iXω. On the other hand, dω “ 0

is clear so LXω “ diXω “ ddf “ 0 since dω “ 0 is clear.

(b) We claim that Pn´1 is just CPn´1 in the following sense. Consider R2n “ Cn where each pair of
coordinates is identified with a copy of C. Then the rotation by S1 in each plane simply corresponds to
complex multiplication by λ P Cˆ for some |λ| “ 1. But this is precisely the identification on Cn that gives
us CPn´1, which we know has a natural smooth structure induced from the quotient pCn ´ t0uq{ „.

Next, we know thatXpxq is the tangent vector in TxS
2n´1 that corresponds to the rotation in the appropriate

complex plane that we are identifying to a point. Since TxCPn´1 has dimension n ´ 1, what remains after
the quotient by the rotation tangent vector must be the remainder.
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(c) We note that ω descends to CPn´1 precisely when ω is invariant with respect to the quotient action.
Since this identification is given by the flows of the vector field X, it suffices to show that LXω “ 0 which
was done in part (a). Pulling back the descended form gives the original which is closed so the descended
one must be itself closed.

(d) Despite the original form being exact, ω “ dη, we note that η “
řn
i“1 x2i´1dx2i is not invariant under

the group action so does not descend to a form on CPn´1

Fall 2010-6. Suppose that f : Sn Ñ Sn is a smooth map of degree not equal to p´1qn`1. Show that
f has a fixed point.

Hint: Lefschetz trace fixed point formula.

This is exactly part (a) of Spring 2021-2.

Fall 2010-7. (a) Let G be a finitely presented group. Show that there is a topological space X with
fundamental group π1pXq – G.

(b) Give an example of X in the case G “ Z ˚ Z, the free group on two generators.
(c) How many connected, 2-sheeted covering spaces does the space X from (b) have?

Hint: Fundamental theorem of finitely generated abelian groups. Disjoint union of spaces gives direct sum
of homology groups. Attach pn` 1q-cell to Sn by a degree m map to get Z{mZ. Three 2-sheeted coverings.

(a) This is exactly Fall 2013-8.

(b) X “ S1 _ S1.

(c) These correspond to graphs with two vertices, four directed edges, two of which labeled a and two labeled
b such that each vertex has two incoming a edges, two outgoing a edges, two incoming b edges, and two
outgoing b edges. It is easy to see that there are three such graphs:

Fall 2010-8. Let G be a connected topological group. Show that π1pGq is a commutative group.

Hint: Define a second product which is γ ˚α : t ÞÑ γptqαptq using the group operation in G. Reparameterize
loops to be half the identity to show this is the same as the concatenation operation and also is abelian.

Referenced in: Fall 2008-8.

Define a second product on π1pGq “ π1pG, eq. For two loops, γ, α : r0, 1s Ñ G, define

rγs ˚ rαs : r0, 1s Ñ G, prγs ˚ rαsqptq “ rγptqαptqs,

where γptqαptq P G is the product in the group G. This is well-defined since γp0qαp0q “ e2 “ e “ γp1qαp1q

so this is still a loop and we can multiply homotopies pointwise to show that this is independent of repre-
sentatives chosen. We claim that this operation ˚ and the standard concatenation operation ¨ are actually
the same on π1pG, eq.
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Reparameterize γ and α to define

γ1ptq “

#

γp2tq t P r0, 12 s,

e t P r 12 , 1s,
, α1ptq “

#

e t P r0, 12 s,

αp2t´ 1q t P r 12 , 1s.

By this construction, we have rγs “ rγ1s and rαs “ rα1s. Moreover, the loop t ÞÑ γ1ptqα1ptq is exactly the
concatenation of γ1 and α1 so rγ1s ˚ rα1s “ rγ1s ¨ rα1s, showing that rγ ˚ αs “ rγ ¨ αs. Since γ and α were
arbitrary, this shows that ˚ and ¨ are indeed the same operation so it suffices to show that ˚ is an abelian
operation.

However, this is clear because for any t P r0, 1s, one of γ1ptq or α1ptq is the identity by construction so
γ1ptqα1ptq “ α1ptqγ1ptq for all t P r0, 1s as the identity commutes with everything else in G. Thus, rγs ˚ rαs “

rαs ˚ rγs and we are done.

Fall 2010-9. Show that if Rm and Rn are homeomorphic, then m “ n.

Hint: Treat n “ 1 case separately using connectedness on removing a point. Otherwise, remove a point and
consider homology of Sm´1 and Sn´1.

First, note that if m “ 1 and n ě 2, then removing a point from Rm leaves a disconnected space while
removing a point from Rn leaves a connected space so Rm and Rn cannot be homeomorphic. Similarly for
n “ 1 so we may assume m,n ě 2. Now, suppose f : Rm Ñ Rn is a homeomorphism. Then, removing a
point still gives us a homeomorphism f |Rm´tpu : Rm ´ tpu Ñ Rn ´ tfppqu.

But Rm´tpu deformation retracts onto Sm´1 and Rn´tfppqu deformation retracts onto Sn´1 so Rm´tpu –

Rn ´ tfppqu implies that HipS
m´1q – HipS

n´1q for all i. However, we know the homology of a k-sphere is
Z in degree 0 and k, and 0 otherwise. So the only way this can happen is if m´ 1 “ n´ 1 so m “ n.

Fall 2010-10. Let Ng be the nonorientable surface of genus g, that is, the connected sum of g copies
of RP2. Calculate the fundamental group and homology groups of Ng.

Hint: CW structure with 2-cell attached via e21 ¨ ¨ ¨ e2g. H˚pNgq “ Zp0q ‘ pZg´1 ‘ Z{2Zqp1q.

We give Ng a CW structure with one 0-cell, v, g 1-cells, e1, . . . , eg, and one 2-cell, A, which is attached to
the 1-skeleton via e21 ¨ ¨ ¨ e2g. Hence, we have a cellular chain complex

0 Ñ Z B2
ÝÑ Zg B1

ÝÑ Z Ñ 0,

where we know that B1 “ 0 and B2pAq “ 2e1 ` ¨ ¨ ¨ ` 2eg so impB2q “ Spanpp2, . . . , 2qq Ă Zg. Hence, we can
easily compute

HkpNgq “

$

’

&

’

%

Z k “ 0,

Zg´1 ‘ Z{2Z k “ 1,

0 otherwise.

We can also figure out the fundamental group directly from this CW decomposition. Namely,

π1pNgq “ xe1, . . . , eg | e21 ¨ ¨ ¨ e2gy.

Spring 2010
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Spring 2010-1. Let Mn be the space of all n ˆ n matrices with real entries and let Sn be the subset
consisting of all symmetric matrices. Consider the map F : Mn Ñ Sn defined by F pAq “ AAt ´ I,
where I is the identity matrix and At is the transpose of A.

(a) Show that 0nˆn (the nˆ n matrix with all entries 0) is a regular value of F .
(b) Deduce that Opnq, the set of all nˆ n matrices such that A´1 “ At is a submanifold of Mn.
(c) Find the dimension of Opnq and determine the tangent space of Opnq at the identity matrix as a

subspace of the tangent space of Mn which is Mn itself.

Hint: F : MatnˆnpRq Ñ SymnˆnpRq by M ÞÑ MTM . Then dFAp 1
2ACq “ C. Preimage theorem. Skew-

symmetric matrices.

(a) and (b) This is exactly Fall 2022-2 (though the map is a little different, it yields the same result).

(c) We computed the dimension above. By the regular value theorem,

TIOpnq “ kerpdFIq, dFI : TIMn “ Mn Ñ TISn “ Sn.

Note that by the above, dFIpAq “ AT I ` ITA “ AT ` A so TIOpnq “ tA P Mn | AT “ ´Au is the set of
skew-symmetric matrices.

Spring 2010-2. Show that T 2 ˆ Sn, n ě 1 is parallelizable, where Sn is the n sphere, T 2 “ S1 ˆ S1

is the two torus, and a manifold of dimension k is said to be parallelizable if there are k vector fields
V1, . . . , Vk on it with V1ppq, . . . , Vkppq linearly independent for all points p on the manifold.

Hint: Show Sp ˆ Sq (for p odd) is parallelizable and that the product of parallelizable manifolds is par-
allelizable. Nowhere vanishing vector field on S2n´1 : px1, . . . , x2nq ÞÑ p´x2, x1,´x4, x3, . . . ,´x2n, x2n´1q.
Gymnastics with vector bundles using projection maps and moving two copies of R2 over to get trivial
bundle.

We showed in Fall 2021-2 that Sp ˆ Sq is parallelizable as long as one of p or q is odd. Thus S1 “ S1 ˆ S0

and S1 ˆ Sn are both parallelizable. Since T 2 ˆ Sn “ S1 ˆ pS1 ˆ Snq, the result follows from the fact that
the product of parallelizable manifolds is parallelizable. This is because

T pM ˆNq “ π˚
MTM ‘ π˚

NTN “ π˚
M pM ˆ Rnq ‘ π˚

N pN ˆ Rmq “ M ˆN ˆ Rn ‘M ˆN ˆ Rm

“ M ˆN ˆ Rm`n.

Spring 2010-3. Suppose π :M1 Ñ M2 is a C
8 map of one connected differentiable manifold to another.

And suppose for each p P M1, the differential π˚ : TpM1 Ñ TπppqM2 is a vector spae isomorphism.

(a) Show that if M1 is compact, then π is a covering space projection.
(b) Give an example where M2 is compact but π :M1 Ñ M2 is not a covering space (but has the π˚

isomorphism property).

Hint: Local diffeomorphism is open map so onto. Local diffeomorphism implies locally even covering and
then piece together using compact/connected. e2πit : p´0.1, 1.1q Ñ S1.

This is exactly Spring 2018-1.
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Spring 2010-4. Let FkpMq denote the differentiable (C8) k-forms on a manifold M . Suppose U and
V are open subsets of a differentiable manifold.

(a) Explain carefully how the usual exact sequence

0 Ñ FpU Y V q Ñ FpUq ‘ FpV q Ñ FpU X V q Ñ 0

arises.
(b) Write down the “long exact sequence” in de Rham cohomology associated to the short exact

sequence in part (a) and describe explicitly how the map

Hk
dRpU X V q Ñ Hk`1

dR pU Y V q

arises.

Hint: Suffices to do short exact sequence in each degree as restrictions commute with taking the exterior
derivative. Maps are ω ÞÑ pω|U , ω|V q and pω, ηq ÞÑ ω|UXV ´ η|UXV . Second part comes from snake lemma,
for ω P HkpU X V q, represent it by ηU ´ ηV , glue dηU and dηV together on U Y V.

(a) Note that the maps between these chains have degree 0 and we know that the exterior derivative d
commutes with pullbacks (restrictions, as we are doing here are a specific case of pullbacks). Thus, it suffices
to show that we have a short exact sequence

0 Ñ FkpU Y V q
fk

ÝÑ FkpUq ‘ FkpV q
gk

ÝÑ FkpU X V q Ñ 0

for each k since the commuting with the boundary map part will be automatically satisfied. We define fk

and gk as follows:
fkpωq “ pω|U , ω|V q, gkpω, ηq “ ω|UXV ´ η|UXV ,

where η|W is the restriction of the form η to the open set W Ă M . Now, we show exactness. Given
ω P FkpU X V q, we have

ω ÞÑ pω|U , ω|V q ÞÑ ω|UXV ´ ω|UXV “ 0

so indeed impfkq Ă kerpgkq. Conversely, if pω, ηq P kerpgkq, then ω|UXV “ η|UXV so we may glue the two
forms together to define

θpxq “

#

ωpxq x P U,

ηpxq x P V ´ U.

Then, θ P FkpU Y V q and we clearly have fkpθq “ pθ|U , θ|V q “ pω, ηq.

(b) The long exact sequence is

¨ ¨ ¨ Ñ Hk´1pU X V q
δ

ÝÑ HkpU Y V q
fk

˚
ÝÝÑ HkpUq ‘HkpV q

gk˚
ÝÝÑ HkpU X V q Ñ ¨ ¨ ¨ ,

where δ is the usual connecting map arising from the snake lemma. In this case, we can explicitly describe
it as follows: given ω P HkpU X V q, we are guaranteed a ηU P FkpUq and ηV P FkpV q such that ω is given
by ηU |UXV ´ ηV |UXV . Then, dω “ dηU |UXV ´ dηV |UXV “ 0 so dηU |UXV “ dηV |UXV meaning we can glue
these two together to form a pk ` 1q-form on U Y V .

Spring 2010-5. Explain carefully why the following holds: if π : SN Ñ M,N ą 1 is a covering space
with M orientable, then every closed k-form on M, 1 ď k ă N is exact.

(Suggestion: Recall that the covering transformations in this situation form a groupG with SN{G – M).
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Hint: Finite-sheeted cover induces injection on de Rham cohomology. U Ă Y evenly covered by f´1pUq “
Ťn
i“1 Ui with local inverses ϕi : U Ñ Ui to f. Then, define gpωq|U “ 1

n

řn
i“1 ϕ

˚
i ω which is well-defined and

satisfies g ˝ f˚ “ id.

Note that SN is compact so π is a finite-sheeted covering map. Note that

Hk
dRpSN q “

#

R k “ 0, N,

0 otherwise.

Then, by Spring 2019-6, we know that π˚ : Hk
dRpMq Ñ Hk

dRpS1q is injective for all k. In particular, for
1 ď k ă N , this allows us to conclude that Hk

dRpMq “ 0 for 1 ď k ă N , implying that every closed k-form
on M is indeed exact.

Spring 2010-6. Calculate the singular homology of Rn, n ą 1, with k points removed, k ě 1. (Your
answer will depend on k and n).

Hint: H˚pXq “ Zp0q ‘ Zk
pn´1q

. Wedge sum of k Sn´1’s.

We can isolate a neighborhood around each of the removed points, allowing us to deformation retract this
space onto the wedge sum of k pn´ 1q-spheres which have homology:

Hi

˜

k
ł

j“1

Sn´1

¸

“

$

’

&

’

%

Z i “ 0,

Zk i “ n´ 1,

0 otherwise.

Spring 2010-7. (a) Explain what is meant by adding a handle to a 2-sphere for a two dimensional
orientable surface in general.

(b) Show that a 2-sphere with a positive number of handles attached can not be simply connected.

Hint: Remove two disks and attach a cylinder. Connected sum of tori, induction. π1pT 2q “ Z ˆ Z is no
trivial.

(a) Remove two 2-disks from the surface and attach a 2-cylinder (with each boundary circle glued to the
boundary of one of the removed disks in an orientation-preserving way).

(b) In part (a) of Spring 2018-7, we showed that π1pM#Nq “ π1pMq ˚π1pNq. We note that a 2-sphere with
k ą 0 handles attached is the connected sum of k ´ 1 tori (T 2 “ S1 ˆ S1) where the torus is diffeomorphic
to a 2-sphere with a single handle attached. Thus, by induction, we have π1pMkq “ ˚

k´1
i“1 π1pT 2q where Mk

is a 2-sphere with k handles attached. But we know π1pT 2q “ Z ˆ Z so π1pMkq ‰ 0 for all k ą 1, showing
that Mk is not simply connected.

Spring 2010-8. (a) Define the degree deg f of a C8 map f : S2 Ñ S2 and prove that deg f as you
present it is well-defined and independent of any choices you need to make in your definition.

(b) Prove in detail that for each integer k (possible negative), there is a C8 map f : S2 Ñ S2 of
degree k.

Hint:
ş

Sn F
˚ω “

ş

F˚Sn ω since we can view Sn as an n-cycle in the domain Sn. Construct fk : Sn Ñ Sn of

degree k using z ÞÑ zk in S1 and suspending.

(a) This is exactly Spring 2013-7.

(b) This is exactly Fall 2022-3.
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Spring 2010-9. Explain how Stokes Theorem for manifolds with boundary gives, as a special case,
the classical divergence theorem (about

ş ş ş

U
divV dpvolq, where U is a bounded open set in R3 with

smooth boundary and V is a C8 vector field on R3).

Hint:
ş ş ş

M
divpXqdV “

ş ş

BM
xX,nydS for n the outward pointing normal unit vector to BM and dS “

i˚ιndV the induced volume form on BM. Recall divpXqdV “ LXpdV q and use Cartan’s magic formula.
Consider Y “ X ´ xX,nyn.

This is exactly Fall 2019-1.

Spring 2010-10. (a) Show that every map F : Sn Ñ S1 ˆ¨ ¨ ¨ˆS1 (k copies of S1) is null-homotopic
(homotopic to a constant map).

(b) Show that there is a map F : S1 ˆ ¨ ¨ ¨ ˆ S1 (n copies) Ñ Sn such that F is not null-homotopic.
(c) Show that every map F : Sn Ñ Sn1 ˆSn2 ˆ ¨ ¨ ¨ ˆSnk , n1 ` ¨ ¨ ¨ `nk “ n, nj ą 0, k ě 2, has degree

0. (You may use any definition of degree you like, and you may assume F is C8.)

Hint : π1pSnq “ 0 (assuming n ą 1) so F lifts to rF : Sn Ñ Rk, straight-line homotopy shows F is
nullhomotopic. One point compactification, map an open neighborhood diffeomorphically to Sn ´ tNu. (c)
Show that F˚ sends a volume form to an exact form, implying that it must be zero.

Referenced in: Fall 2008-9, Spring 2008-6.

(a) We must assume n ą 1 or else this is false. This is then an easy generalization of Spring 2018-8.

(b) Write Tn for S1 ˆ ¨ ¨ ¨ ˆ S1. Let U Ă Tn be some open set diffeomorphic to Rn and let V “ Sn ´ tNu

be the n-sphere without the north pole, noting that V – Rn as Sn is the one-point compactification of Rn.
Define F : Tn Ñ Sn by letting F map U diffeomorphically onto V and sending all of Tn ´ U to N. It is
easy to see that this is continuous by construction. Moreover, we can make it smooth if necessary by the
Whitney approximation theorem.

Then, only points in V can be regular values of F and any such point is necessarily contained in an open
neighborhood onto which F is a diffeomorphism. In particular, F´1pxq contains only one point for any x P V ,
showing that degpF q “ 1. But we know that the degree of a map is homotopy invariant and a constant map
has degree 0 so F cannot be nullhomotopic.

(c) Let πi denote the projection Sn1 ˆ ¨ ¨ ¨ ˆSnk Ñ Sni and let ωi be a non-vanishing closed ni-form on Sni .
Then, take

ω “ π˚
1ω1 ^ ¨ ¨ ¨ ^ π˚

kωk,

so that ω is a non-vanishing closed n-form on Sn1 ˆ ¨ ¨ ¨ ˆ Snk . Now, we have

F˚ω “ F˚π˚
1ωi ^ ¨ ¨ ¨ ^ F˚π˚

kωk.

We know that ni ă n for all i so Hni

dRpSnq “ 0, implying that every closed ni-form on Sn, such as F˚π˚
i ωi,

is exact. Let θi be such that F˚π˚
i ωi “ dθi for all i so

F˚ω “ dθ1 ^ ¨ ¨ ¨ ^ dθk “ dpθ1 ^ dθ2 ^ ¨ ¨ ¨ ^ dθkq

implying that F˚ω is exact. Then by Stokes’ theorem, since BSn “ 0, we have
ş

Sn F
˚ω “ 0. In particular,

if we let the ωi be volume forms on Sni respectively, then ω is a volume form with
ş

S2 ω ‰ 0, implying that
degpF q “ 0 by the definition of F˚ acting as multiplication by degpF q on top cohomology.

Fall 2009

Apparently, this exam doesn’t exist!
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Spring 2009

Spring 2009-1. (a) Show that a closed 1-form θ on S1 ˆ p´1, 1q is dF for some function F : S1 ˆ

p´1, 1q Ñ R if and only if
ş

S1 i
˚θ “ 0 where i : S1 Ñ S1 ˆ p´1, 1q is defined by ippq “ pp, 0q for

p P S1.
(b) Show that a 2-form ω on S2 is dθ for some 1-form θ on S1 if and only if

ş

S2 ω “ 0.

Hint: Define gpxq “
ş

γx
ω where γx is path from x0 to x. Well-defined since integrating any loop gives 0 by

assumption. Then dg “ ω. (b) Split into A “ S2 ´ tNu and B “ S2 ´ tSu which are homotopy equivalent
to R2 so we can find an ωA,B on each of these. Glue together using the S1 version of this result which says
since ωA ´ ωB is closed, it is exact on the intersection so we can make ω global via a bump function.

Referenced in: Spring 2008-4.

(a) Note that S1 ˆ p´1, 1q is homotopic to S1 so i˚ : HkpS1 ˆ p´1, 1qq Ñ HkpS1q is an isomorphism for all
k, where i˚ is induced by the inclusion i : S1 ãÑ S1 ˆ p´1, 1q. Thus, a closed form ω on S1 ˆ p´1, 1q is exact
if and only if i˚ω is exact on S1. But then, this reduces to Spring 2019-5.

(b) This is exactly Spring 2011-4. The other direction is a simple application of Stokes’ theorem.

Spring 2009-2. Suppose that M,N are connected C8 manifolds of the same dimension n ě 1 and
F :M Ñ N is a C8 map such that dF : TpM Ñ TF ppqN is surjective for each p P M .

(a) Prove that if M is compact, then F is onto and F is a covering map.
(b) Find an example of such an everywhere nonsingular equidimensional map where N is compact, F

is onto, F´1ppq is finite for each p P N , but F is not a covering map. [A clearly explained pictorial
version of F will be acceptable; you do not need to have a “formula” for F .]

Hint: Submersion is open map so onto. Local diffeomorphism implies locally even covering and then piece
together using compact/connected. e2πit : p´0.1, 1.1q Ñ S1.

This is exactly Spring 2018-1.

Spring 2009-3. (a) Suppose that M is a C8 connected manifold. Prove that, given an open subset
U of M and a finite set of points p1, p2, . . . , pk in M , there is a diffeomorphism F :M Ñ M such
that fptp1, p2, . . . , pkuq Ă U . (Suggestion: Construct F one point at a time.)

(b) Use part (a) to show that if M is compact and the Euler characteristic χpMq “ 0, then there is
a vector field on M which vanishes nowhere. You may assume that if a vector field has isolated
zeros, then the sum of the indices at the zero points equals χpMq.

Hint: Do each xi ÞÑ yi separately and compose. Connectedness is required. Sum of indices of isolated zeros
is zero. Put them all in a neighborhood diffeomorphic to a ball and the function on the boundary Xp{||Xp||

has degree zero so can be extended into the ball. Define new vector field based on this.

(a) This is a simpler version of Fall 2020-1.

(b) This is exactly part (a) of Fall 2017-7.

Spring 2009-4. A smooth vector field V on R3 is said to be “gradient-like” if, for each p P R3, there is
a neighborhood Up of p and a function λp : Up Ñ R ´ t0u such that λpV on Up is the gradient of some
C8 function on Up. Suppose V is nowhere zero on R3. Then show that V is gradient-like if and only if
curlpV q is perpendicular to V at each point of R3.
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Hint: V “ P B
Bx `Q B

By `R B
Bz is gradient-like if and only if ω ^ dω “ 0 for ω “ Pdx`Qdy `Rdz using the

fact that kerpωq is integrable and we can take V “ f B
Bz . Then just compute ω ^ dω and V ¨ curlpV q.

By part (b) Spring 2012-4 of, we know that V “ P B
Bx `Q B

By `R B
Bz is gradient-like if and only if ω^ dω “ 0

for ω “ Pdx`Qdy `Rdz. Then, note that

curlpV q “

ˆ

BR

By
´

BQ

Bz

˙

B

Bx
`

ˆ

BP

Bz
´

BR

Bx

˙

B

By
`

ˆ

BQ

Bx
´

BP

By

˙

B

Bz
,

so

V ¨ curlpV q “ P

ˆ

BR

By
´

BQ

Bz

˙

`Q

ˆ

BP

Bz
´

BR

Bx

˙

`R

ˆ

BQ

Bx
´

BP

By

˙

.

On the other hand,

ω ^ dω “ pPdx`Qdy `Rdzq ^ pdP ^ dx` dQ^ dy ` dR ^ dzq

“ pPdx`Qdy `Rdzq

^

ˆ

BP

By
dy ^ dx`

BP

Bz
dz ^ dx`

BQ

Bx
dx^ dy `

BQ

Bz
dz ^ dy `

BR

Bx
dx^ dz `

BR

By
dy ^ dz

˙

“

ˆ

´R
BP

By
`Q

BP

Bz
`R

BQ

Bx
´ P

BQ

Bz
´Q

BR

Bx
` P

BR

By

˙

dx^ dy ^ dz

“

ˆˆ

BR

By
´

BQ

Bz

˙

`Q

ˆ

BP

Bz
´

BR

Bx

˙

`R

ˆ

BQ

Bx
´

BP

By

˙˙

dV

so indeed ω ^ dω “ 0 if and only if V ¨ curlpV q “ 0, i.e., if and only if curlpV q and V are perpendicular.

Spring 2009-5. Suppose that M is a compact C8 manifold of dimension n.

(a) Show that there is a positive integer k such that there is an immersion F :M Ñ Rk.
(b) Show that if k ą 2n, there is a pk ´ 1q-dimensional subspace H of Rk such that P ˝ F is an

immersion, where P : Rk Ñ H is orthogonal projection.

Hint: Finite cover, collection of bump functions.

F : M Ñ RNpm`1q, x ÞÑ pλ1pxqϕ1pxq, . . . , λkpxqϕkpxq, λ1pxq, . . . , λkpxqq. Orthogonal complement of Spanpaq

for a a regular value not in the image of g : TM Ñ RL, pp, vq ÞÑ DFppvq.

(a) This is exactly Fall 2011-1.

(b) This is done in Fall 2016-2.

Spring 2009-6. Let Gl`pn,Rq be the set of nˆn matrices with determinant ą 0. Note that Gl`pn,Rq

can be considered to be a subset of Rn2

and this subset is open.

(a) Prove that Sl`pn,Rq “ tA P Gl`pn,Rq | detpAq “ 1u is a submanifold.
(b) Identify the tangent space of Sl`pn,Rq at the identity matrix In.
(c) Prove that, for every nˆn matrix B, the series In `B` 1

2B
2 ` 1

3!B
3 ` ¨ ¨ ¨ ` 1

n!B
n ` ¨ ¨ ¨ converges

to some nˆ n matrix. Notation: this sum “ eB .
(d) Prove that if etB P Sl`pn,Rq for all t P R, then TrpBq “ 0.
(e) Prove that if TrpBq “ 0, then eB P Sl`pn,Rq. [Suggestion: Use one-parameter subgroups or note

that it suffices to treat complex-diagonalizable B since such are dense.]

Hint : Preimage theorem with A ÞÑ detpAq. TIpSLpn,Rq “ kerpdpdetqIq “ tB P MnpRq | TrpBq “ 0u.
Operator norm satisfies ||An|| ď ||A||n. Show detpexppAqq “ exppTrpAqq for (d) and (e).
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Referenced in: Spring 2008-5.

(a) and (b) This is exactly Fall 2010-3 (having Gl`pn,Rq instead of MnpRq changes nothing).

(c) Let || ¨ || be the operator norm for matrices, i.e., ||A|| “ supt|Ax| | |x| “ 1u. We know this norm satisfies
||An|| ď ||A||n so we have

0 ď

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

An

n!

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď
||A||n

n!
ùñ 0 ď || exppAq|| ď expp||A||q,

where we have also used the triangle inequality. Now, ||A|| is just a finite number, so expp||A||q ă 8, showing
that the sequence converges to some nˆ n matrix since the space of real matrices is complete.

(d) For this, we claim that
detpexppAqq “ exppTrpAqq.

This is true for a diagonal matrix D “ diagpλ1, . . . , λnq since exppDq is diagonal with diagonal entries
pexppλ1q, . . . , exppλ2qq so

detpexppDqq “

n
ź

i“1

exppλiq “ exp

˜

n
ÿ

i“1

λi

¸

“ exppTrpDqq.

Then, for a diagonalizable matrix A “ PDP´1, we note that An “ pPDP´1qn “ PDpP´1 implying that
exppAq “ P exppDqP´1 so

detpexppAqq “ detpP exppDqP´1q “ detpexppDqq “ exppTrpDqq “ exppTrpAqq,

where we have used the multiplicity of det, the previous result, and the fact that trace is independent of
base change. Then, since diagonalizable matrices are dense in all matrices, we have shown the claim for all
matrices. Now, etB P Sl`pn,Rq implies that detpetBq “ 1 so exppTrptBqq “ 1 for all t by the above claim.
In particular, we have expptTrpBqq “ 1 since trace is linear which implies that TrpBq “ 0.

(e) This follows immediately from the claim in part (d).

Spring 2009-7. (a) Define complex projective space CPn.
(b) Calculate the homology of CPn. Any systematic method such as Mayer-Vietoris or cellular ho-

mology is acceptable.

Hint: Attach by ϕn : e2n Ñ CPn, pz0, . . . , zn´1q ÞÑ rz0, . . . , zn´1, ts, t “

b

1 ´
řn´1
i“1 zizi. H˚pCPnq “

Zp0q ‘ Zp2q ‘ ¨ ¨ ¨ ‘ Zp2nq.

This is exactly Spring 2021-5.

Spring 2009-8. Let p : E Ñ B be a covering space and f : X Ñ B a map. Define E˚ “ tpx, eq P

X ˆB | fpxq “ ppequ. Prove that q : E˚ Ñ X defined by qpx, eq “ x is a covering space.

Hint: Evenly cover fpyq. Define Wα “ q´1pUαq where qppy, rxqq “ rx. Then, z ÞÑ pz, p|
´1
Uα
fpzqq is inverse to

π|Wα
.

This is exactly part (a) Spring 2017-6 (note that we didn’t use any of the assumptions in part (a)).

Spring 2009-9. (a) Explain carefully and concretely what it means for two (smooth) maps of S1

into R2 to be transversal.
(b) Do the same for maps of S1 into R3.
(c) Explain what it means for transversal maps to be “generic” and prove that they are indeed generic

in the cases of (a) and (b).
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Hint : The two loops must not intersect tangentially. No intersection. We can perturb the maps by an
arbitrarily small amount so as to make them transversal. In our cases, this boils down to moving them apart
or bit or making the intersection non-tangential if it is.

(a) In general, we say that two submanifolds X,Y Ă Z are transversal if they satisfy

TxX ` TxY “ TxZ, for all x P X X Y.

For two maps f, g : S1 Ñ R2 to be transversal, we require that for all x P impfq X impgq and any y P

f´1pxq, z P g´1pxq, we have
dfypTyS

1q ` dgzpTzS
1q “ TxR2.

In this specific case, we note that dimpTxS
1q “ dimpTzS

1q “ 1 while dimpTxR2q “ 2 so this condition is
equivalent to saying that for any v P TyS

1, w P TzS
1 neither of dfypvq or dgzpwq is a scalar multiple of the

other (so that the pair is linearly independent and spans a two dimensional vector space). In other words,
this means that the two loops defined by fpS1q and gpS1q must not intersect tangentially.

(b) In this case, note that we can never have dfypTyS
1q ` dgzpTzS

1q “ TxR3 since 3 ą 1 ` 1 so instead, we
must have this being vacuously true. I.e., there is no pair x, y P S1 such that fpxq “ gpyq which occurs if
and only if the two loops do not intersect at all.

(c) Generic means that, given any two maps, they may be perturbed by an arbitrarily small amount so that
they are transverse. In fact, we know that whenever any smooth function is not transverse to a smooth
submanifold, we can perturb it an arbitrarily small amount so that it is transverse but we will only prove it
in the two cases above.

For case (a), suppose first that f and g intersect tangentially on a discrete set. Then, we may take small
neighborhoods around each point that are pairwise disjoint. In these neighborhoods, we may take one loop
and move it past the other, creating two non-tangential intersections which are thus transverse. If they
intersect tangentially on a non-discrete set, then these problem areas are open sets on which the two loops
overlap. Here, we can simply translate one map slightly to pull these areas apart so they don’t intersect and
are trivially transverse at these points.

For case (b), we do the same thing, using the extra dimension. If f and g intersect non-tangentially at
fpxq “ gpyq “ z P R3, then dfxpTxS

1q ` dgypTyS
1q is a plane in TzR3 which we may identify with a

neighborhood of z. Then, we may pull the loops apart in the direction perpendicular to this plane so that
they are no longer intersecting and are thus transverse, completing the proof.

Spring 2009-10. LetM be the 3-manifold with boundary obtained as the union of the two-holed torus
in 3-space and the bounded component of its complement. Let X be the space obtained from M by
deleting k points from the interior of M .

(a) Calculate the fundamental group of X.
(b) Calculate the homology of X.

Hint: Homotopy equivalent to S1 _ S1 _
Žk
i“1 S

2. So π1pXq “ Z ˚ Z and H˚pXq “ Zk
p2q

‘ Z2
p1q

‘ Zp0q.

(a) With a little bit of mental gymnastics, one can visualize a homotopy equivalence between X and S1 _

S1 _
Žk
i“1 S

2 as follows. If we were removing 0 points, we can just flatten X down onto the wedge sum of
two circles. For each point that we remove, we have to avoid a closed ball surrounding that point when we
do our flattening. In so doing, we would be left with the wedge sum of two circles onto which are glued k
unit 3-balls with holes in them that we can see each deformation retract onto S2. Thus, we can immediately
calculate using Van Kampen’s theorem:

π1pXq “ π1pS1 _ S1 _

k
ł

i“1

S2q “ π1pS1q ˚ π1pS1q ˚ ˚k
i“1π1pS2q “ Z ˚ Z.
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(b) Using the same homotopy equivalence noted in part (a), we can immediately see that

HipXq “

$

’

’

’

&

’

’

’

%

Z i “ 0,

Z2 i “ 1,

Zk i “ 2,

0 otherwise.

Spring 2009-11. Let P be a finite polyhedron.

(a) Define the Euler characteristic χpP q of P .
(b) Prove that if P1, P2 are subpolyhedra of P such that P1 X P2 is a point and P1 Y P2 “ P , then

χpP q “ χpP1q ` χpP2q ´ 1.
(c) Suppose that p : E Ñ P is an n-sheeted covering space of P , that is p´1pxq is n points for each

x P P . Prove that χpEq “ nχpP q.

Hint: Alternating sum of number of i-simplices. Inclusion-exclusion. Lift characteristic maps, n k-cells for
each k-cell in X.

(a) The Euler characteristic is

χpP q “

n
ÿ

i“0

p´1qiRankpHipP qq “

n
ÿ

i“0

p´1qip#i-simplicesq.

(b) This is a simple inclusion-exclusion. χpP1q ` χpP2q will count over all simplices in P since P1 Y P2 “ P ,
but will double count the single point in P1 X P2 accounting for the ´1 in the formula for χpP q.

(c) This is exactly part (a) of Spring 2023-6.

Spring 2009-12. Let f : T Ñ T “ S1 ˆS1 be a map of the torus inducing fπ : π1pT q Ñ π1pT q “ Z‘Z
and let F be a matrix representing fπ. Prove that the determinant of F equals the degree of the map f.

Hint: Take abelianization to get map on homology, dualize to get map on cohomology with transpose matrix
representing it. Use Künneth theorem and cup product structure on H˚pT q to deduce the result

Taking abelianization, we note that the induced homomorphism on first homology

f˚ : H1pT q Ñ H1pT q “ Z ‘ Z

is represented by precisely the same matrix F since π1pT q “ H1pT q is already abelian. Since the ith homology
of T is free and finitely generated for all i, we can use the univerisal coefficient theorem to dualize in all
dimensions, obtaining a map

f˚ : H˚pT q Ñ H˚pT q.

In particular, f˚ : H1pT q Ñ H1pT q is represented by the transpose matrix F˚ of F . Let x, y be a basis for
H1pT q with respect to which, F˚ is given by

F˚ “

ˆ

a b
c d

˙

.

Then, by Künneth’s theorem the cup product structure onH˚pT q can be described as follows. InH2pT q, x2 “

y2 “ 0 and xy is a generator with xy “ ´yx. Then we may compute (using the above matrix)

f˚pxyq “ pf˚xqpf˚yq “ pax` cyqpbx` dyq “ abx2 ` adxy ` bcyx` cdy2 “ pad´ bcqxy.

One definition of degree is that f˚ : H2pT q “ Z Ñ H2pT q “ Z is just multiplication by degpfq. So since xy
is a generator for H2pT q, we have degpfq “ ad´ bc “ detF˚ “ detF as desired.
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Fall 2008

Fall 2008-1. Let Gpk, nq be the collection of all k-dimensional linear subspaces in Rn.

(a) Define a natural topological and smooth structure on Gpk, nq, and show that with respect to the
structures you defined, Gpk, nq is a compact smooth manifold.

(b) Show that Gpk, nq is diffeomorphic to Gpn´ k, nq.

Hint: Grpk, nq „ MatknˆkpRq{ „. Define charts on the subsets with each certain k ˆ k submatrix invertible
by reading out the other rows of AA´1

i1,...,ik
. Dimension is pn´ kq ˆ k. Dimension is pn´ kq ˆ k. Compact as

it is the quotient of the Stiefel manifold VkpRnq. (b) Send space to its orthogonal complement.

(a) This is exactly Fall 2022-1. To see that Gpk, nq is compact, note that it is a quotient of the Stiefel
manifold VkpRnq of orthonormal vectors v1, . . . , vk P Rn given by identifying two lists of vectors if they span
the same k-dimensional subspace of Rn. Then, VkpRnq is compact as it is a closed and bounded subset of
Rnk.

(b) The diffeomorphism is given by sending a space to its orthogonal complement. Bijectivity is clear and
smoothness follows from the definition of the charts in part (a) though we will not check all the details.

Fall 2008-2. Let M and N be two smooth manifolds, and f :M Ñ N be a smooth map. Assume that
dfx : TxM Ñ TfpxqN is surjective for all x in M and that the inverse image f´1pyq is compact for all y
in N .

(a) Show that for any y in N there is an open neighborhood V of y such that f´1pV q is diffeomorphic
to V ˆ f´1pyq.

(b) Assume further that N is connected, can you take V to be N in (a)? (Justify your answer.)

Hint: (a) is actually false, say by exp : p0, 1q ãÑ S1. Even if we were to assume that f is proper (so that
part (a) is true and f is a covering map), we have the counterexample S1 Ñ S1 Ă C given by z ÞÑ z2.

(a) This is false. Consider f : p0, 1q Ñ S1 Ă C given by x ÞÑ e2πix. Then, f´1p1q “ H and f´1pzq is a single
point for any other z P S1 ´ t1u so f´1pzq is indeed compact. Moreover, f is clearly smooth and a local
diffeomorphism so dfx is indeed a surjection for all x P p0, 1q. But any neighborhood V of 1 P S1 contains a
point in the image of f so f´1pV q ‰ H while f´1p1q “ H so V ˆ f´1p1q “ H which is not correct.

(b) No we cannot. Consider the two-fold cover f : S1 Ñ S1 given by z ÞÑ z2. This satisfies all of the
conditions and, in fact, f is a covering map, but we still cannot take V to be N . Clearly f´1pS1q “ S1 ‰

S1 ˆ f´1pyq “ S1 ˆ t
?
y,´

?
yu.

Fall 2008-3. Let M be a connected smooth manifold. Show that for any two points x and y in M
there is a diffeomorphism f of M such that fpxq “ y.

Hint: Do it in Rn first and compose along a path.

This is an easier version of Fall 2020-1.

Fall 2008-4. Let θ “
řn
i“1pxidyi ´ yidxiq be a 1-form defined on R2n, where px1, . . . , xn, y1, . . . , ynq

are the coordinates of R2n. Consider the 2n ´ 1 dimensional distribution D “ kerθ. Is D integrable?
(Justify your answer.)

Hint: Use if and only if θ ^ dθ “ 0 condition. Not 0 so not integrable.
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By Fall 2022-4, we simply check if θ ^ dθ “ 0. Note that

dθ “

n
ÿ

i“1

dxi ^ dyi ´ dyi ^ dxi “ 2
n

ÿ

i“1

dxi ^ dyi.

Then,

θ ^ dθ “ 2
n

ÿ

i,j“1

xidyi ^ dxj ^ dyj ´ yidxi ^ dxj ^ dyj

“ 2
ÿ

i‰j

xidyi ^ dxj ^ dyj ´ yidxi ^ dxj ^ dyj

“ 2
ÿ

iăj

´xidxj ^ dyi ^ dyj ´ yidxi ^ dxj ^ dyj ` 2
ÿ

iąj

xidxj ^ dyj ^ dyi ` yidxi ^ dxi ^ dyj

‰ 0

so kerpθq is not integrable.

Fall 2008-5. Let D be a bounded domain in Rn with a smooth boundary S, j : S Ñ Rn be the inclusion
map and X be a smooth vector field defined on Rn.

(a) Denote the standard volume form dx1 ^ ¨ ¨ ¨ ^ dxn by ω. Show that j˚piXωq “ xX,NydS, where
N is the outer unit normal vector field along S, xX,Ny is the Euclidean inner product of X and
N . Here iXω is the contraction of ω along X, dS is the “area” form on S. Explain carefully the
definition and geometrical meaning of the term “dS”.

(b) Use (a) and Stokes theorem to show that

ż

D

LXω “

ż

S

xX,NydS.

Here LXω is the Lie derivative of ω along X.

Hint : dS “ ι˚piN pωqq. (b) T “ X ´ xX,NyN is tangent to M so any T, dιX1, . . . , dιXn´1 is linearly
dependent so ι˚piT pdV qqpX1, . . . , Xn´1q “ 0. Stokes’ and Cartan.

This is exactly parts (a), (b), and (c) of Fall 2018-5.

Fall 2008-6. Find π1pT 2 ´ tk ptsuq, where T 2 is the two-dimensional torus.

Hint: Wedge sum of k ` 1 circles.

Note that if k “ 1, then T 2 ´ tpu deformation retracts onto the wedge of two circles. If we remove more
points, then it deformation retracts onto the wedge sum of k` 1 circles so the fundamental group is ˚

k`1
i“1 Z,

the free product of k ` 1 copies of Z.

Fall 2008-7. Find the homology groups Hip∆
pkq
n q, i “ 0, 1, . . . , k. Here ∆

pkq
n is the k-skeleton of the

n-simplex ∆n with k ď n.

Hint: rH˚p∆
pkq
n q “ Zp n

k`1q
pkq

by induction using long exact sequence coming from the mapping cone for inclusion

∆
pk´1q

n´1 ãÑ ∆
pkq

n´1. Unreduced has one extra copy of Z in degree 0.

This is exactly Spring 2021-4 (except there we did reduced homology which makes the formula look a bit
cleaner).
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Fall 2008-8. Let G be a topological group with the identity element e. For any two continuous loops
γ1 and γ2 : S2 Ñ G sending 1 P S1 to e P G, define γ1 ˚ γ2 : S1 Ñ G by γ1 ˚ γ2ptq “ γ1ptq ˝ γ2ptq for
t P S1. Here ˝ is the product operation in G.

(a) Show that the product ˚ so defined induces a product structure on π1pG, eq and that this new
product on π1pG, eq is the same as the usual one.

(b) Is π1pG, eq commutative? (Justify your answer.)

Hint: Reparameterize with one of the two loops being the identity for the first half, and the second being
the identity for the second half.

This is exactly Fall 2010-8.

Fall 2008-9. (a) Show that any continuous map f : S2 Ñ T 2 is null-homotopic.
(b) Show that there exists a continuous map f : T 2 Ñ S2 which is not null-homotopic.

Hint: π1pS2q “ 0 so f lifts to rF : S2 Ñ R2, straight-line homotopy shows F is nullhomotopic. One point
compactification, map an open neighborhood diffeomorphically to S2 ´ tNu.

This is a specific case of parts (a) and (b) of Spring 2010-10.

Fall 2008-10. LetA andB be two chain complexes with boundary operators BA and BB respectively, and
f : A Ñ B be a chain map. Define a new chain complex C whose ith chain group is Ci “ Ai‘Bi`1 and
whose boundary operator BC is defined by BCpa, bq “ pBApaq, BBpbq ` p´1qdegpaqfpaqq for any pa, bq P Ci.
Here Ai and Bi are the ith chain groups of A and B respectively.

(a) Show that C so defined is indeed a chain complex and that there is a short exact sequence of chain
complexes:

0 Ñ B Ñ C Ñ A Ñ 0

sending Bi`1 to Ci and Ci to Ai.
(b) Write down the long exact sequence of the homology groups associated to the short exact sequence

in (a). What is the connecting boundary map in the long exact sequence?
(c) Let pf˚qi : HipAq Ñ HipBq be the induced map of f on the ith homology groups. Show that

pf˚qi : HipAq Ñ HipBq is an isomorphism for all i if and only if HipCq “ 0 for all i.

Hint: Check B2
C “ 0, gi : Bi`1 Ñ Ci and hi : Ci Ñ Ai are chain maps (commute with differential), and this

is an exact sequence. Snake lemma: δipaq “ p´1qifipaq. Look at long exact sequence.

(a) First, we show B2
C “ 0.

B2
Cpa, bq “ BCpBApaq, BBpbq ` p´1qdegpaqfpaqq

“ pB2
Apaq, BBpBBpbq ` p´1qdegpaqfpaqq ` p´1qdegpBApaqqfpBApaqqq

“ p0, B2
Bpbq ` p´1qdegpaqBBpfpaqq ` p´1qdegpaq´1fpBApaqqq

“ p0, 0q ` p´1qdegpaqpfpBApaqq ´ fpBApaqqq

“ p0, 0q,

where we use the facts that B2
A “ B2

B “ 0 and that f is a chain map so BB ˝ f “ f ˝ BA. Next, we show that
gi : Bi`1 Ñ Ci and hi : Ci Ñ Ai are themselves chain maps.

BCpgipbqq “ BCp0, bq “ pBAp0q, BBpbq ` p´1qifip0qq

“ p0, BBpbq ` 0q “ gi´1pBBpbqq

hipBCpa, bqq “ hipBApaq, BBpbq ` p´1qifipaqq

“ BApaq “ BAphipa,bqq,
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showing BC ˝ g “ g ˝ BB and BA ˝ h “ h ˝ BC as desired. Finally, we show that this sequence is exact at each
i. For this, note that hipgipbqq “ hip0, bq “ 0 so impgiq Ă kerphiq. Conversely, let pa, bq P kerphiq, then a “ 0
and pa, bq “ p0, bq “ gipbq so kerphiq Ă impgiq and we have exactness. Thus, we have a short exact sequence
of chain complexes.

(b) The induced sequence is

¨ ¨ ¨ Ñ Hi`1pBq Ñ HipCq Ñ HipAq
δi

ÝÑ HipBq Ñ ¨ ¨ ¨ ,

where δi : kerpδAq Ñ cokerpBBq is the connecting map coming from the snake lemma. In this particular case,
we can describe it more explicitly by considering the following commutative diagram with exact rows:

kerpBAq

0 Bi`1 Ci Ai 0

0 Bi Ci´1 Ai´1 0

cokerpBBq

gi

BB

hi

BC BA

gi´1 hi´1

Given a P kerpBAq, we can find pa1, bq P Ci so that hipa
1, bq “ a1 “ a so a1 “ a. By the standard argument

of the snake lemma, our output is independent of this choice so we may as well take b “ 0 for simplicity,
i.e., we have pa, 0q P Ci. This gets mapped to BCpa, 0q “ pBApaq, p´1qifipaqq P Ci´1 which we know by
commutativity of the right square gets sent to 0 by hi´1, namely BApaq “ 0 as we already knew.

Thus, by exactness of the bottom row, we know there exists a unique b1 P Bi such that gi´1pb1q “

pBApaq, p´1qifipaqq. We clearly have b1 “ p´1qifipaq and so our map is defined by δipaq “ p´1qifipaq

which descends to a map on homology by the snake lemma.

(c) If HipCq “ 0 for all i, then our long exact sequence becomes

¨ ¨ ¨ Ñ 0 Ñ HipAq
δi

ÝÑ HipBq Ñ 0 Ñ ¨ ¨ ¨ ,

at each degree i. By exactness, we immediately conclude that δi is an isomorphism. Thus, if i is even, δi “ fi
is an isomorphism while if i is odd, δi “ ´fi so fi is still an isomorphism with pfiq

´1 “ ´δ´1
i .

Conversely, if fi is an isomorphism for all i, then δi “ p´1qifi is also an isomorphism for all i, implying that
kerpδiq “ cokerpδiq “ 0 for all i which can only occurs if HipCq “ 0 for all i by considering the long exact
sequence.

Spring 2008

Spring 2008-1. Let M and N be smooth (C8) manifolds, not necessarily of the same dimension, and
F :M Ñ N be a smooth map.

(a) Define the map F˚ of p-forms on N to p-forms on M,p “ 0, 1, 2, . . . .
(b) Prove that, if ω is a p-form on N , then F˚pdNωq “ dM pF˚ωq.

Hint: Precomposition of the coefficient functions by F . Show induction for function and then for α “ dg^η.
Linearity/locality finishes the proof.

(a) It suffices to give a definition in local coordinates. Let x1, . . . , xm be coordinates on N so that a basis
for the space of p-forms on N is given by dxi1 ^ ¨ ¨ ¨ ^ dxip for 1 ď i1 ă ¨ ¨ ¨ ă ip ď n. So a general form looks
like

ω “
ÿ

1ďi1ă¨¨¨ăipďn

gi1,...,ipdxi1 ^ ¨ ¨ ¨ ^ dxip ,
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where gi1,...,ip P C8pNq. Then, we define

F˚ω “
ÿ

1ďi1ă¨¨¨ăipďn

pgi1,...,ip ˝ F qdpxi1 ˝ F q ^ ¨ ¨ ¨ dpxip ˝ F q.

(b) This is exactly Fall 2011-5.

Spring 2008-2. Let M be a C8 manifold and X a C8 vector field on M .

(a) Suppose Xppq ‰ 0 for some particular p P M . Show, using the flow of X, there is a neighborhood
U of p and a coordinate system px1, . . . , xnq on U with X “ B

Bx1
on U .

(b) Use part (a) to prove that if Y is another C8 vector field on M with rX,Y s “ 0 everywhere on
M , then φspψtppqq “ ψtpφsppqq for all s, t with |t| and |s| sufficiently small, where φ,ψ are the
flows of X and Y respectively. [Suggestion: Write Y near p in the coordinate system of part (a).]

Hint: Use local flow ϕ : I ˆ U Ñ U , define ψpa1, . . . , anq “ ϕpa1, p0, a2, . . . , anqq. Show dψ0 “ id so inverse
function theorem gives local inverse py1, . . . , ynq “ ψ´1px1, . . . , xnq and this chart is what we want B

By1
“ V.

Don’t follow suggestion: instead use LXY “ limhÑ0
Yq´pφ˚

hY qq

h “ 0 for all q, let cptq “ pφ˚
t Y qp be a curve

and show that c1ptq “ 0 so φ˚
t Y “ Y and consider flows corresponding to both.

(a) This is exactly Spring 2011-1.

(b) We note that LXY “ rX,Y s “ 0. Thus, for all q P M , we have

lim
hÑ0

Yq ´ pφ˚
hY qq

h
“ 0.

Let c be a curve in Mp given by cptq “ pφ˚
t Y qp. Then,

c1ptq “ lim
hÑ0

cpt` hq ´ cptq

h

“ lim
hÑ0

pφ˚
t`hY qp ´ pφ˚

t Y qp

h

“ lim
hÑ0

φ˚
t pφ˚

hY qφ˚
´tppq ´ φ˚

t Yφ˚
´tppq

h

“ φ˚
t lim
hÑ0

pφ˚
hY qφ˚

´tppq ´ Yφ˚
´tppq

h

“ φ˚
t 0 “ 0,

where in the last line, we took the point q “ φ˚
´tppq and used the above equality. Hence, this shows that c

is constant, i.e., cptq “ cp0q for |t| small enough. Namely, pφ˚
t Y qp “ pφ˚

0Y qp “ Yp so the flows corresponding
to φ˚

t Y and Y are the same. But we know the flow corresponding to φ˚
t Y is φt ˝ψs ˝φ´t while that of Y is

ψs, giving us the desired relation.

Spring 2008-3. Gauss’s Divergence Theorem asserts that if U is a bounded open set in R3 with
smooth boundary and if X is a smooth vector field defined in a neighborhood of the closure of U , then
ş ş ş

U
divpXqdpvolq “

ş ş

BU
X ¨ Ndpareaq where N is the exterior unit normal to BU . Show how the

Divergence Theorem follows from Stokes Theorem for differential forms on manifolds with boundary.

Hint:
ş ş ş

M
divpXqdV “

ş ş

BM
xX,nydS for n the outward pointing normal unit vector to BM and dS “

i˚ιndV the induced volume form on BM. Recall divpXqdV “ LXpdV q and use Cartan’s magic formula.
Consider Y “ X ´ xX,nyn.

This is exactly Fall 2019-1.
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Spring 2008-4. (a) Let θ be a 1-form on S2 with dθ “ 0. Construct a function f on S2 with df “ θ.
(b) Let θ be a 1-form on S1 ˆ p0, 1q with dθ “ 0. Show that there is a function f : S1 ˆ p0, 1q Ñ R

with df “ θ if and only if
ş

S1ˆt1{2u
θ “ 0.

(c) Use part (b) to show that if ω is a 2-form on S2 with
ş

S2 ω “ 0, then there is a 1-form θ on S2 with
dθ “ ω. [Suggestion: You may assume the Poincaré Lemma so that ω “ dθ1 on S2 ´ tSouth poleu

and ω “ dθ2 on S2 ´ tNorth poleu. Use Stokes theorem to show θ1 ´ θ2 satisfies the integral
condition of part (b).]

Hint: Define gpxq “
ş

γx
ω where γx is path from x0 to x. Well-defined since integrating any loop gives 0 by

assumption. Then dg “ ω. (b) Split into A “ S2 ´ tNu and B “ S2 ´ tSu which are homotopy equivalent
to R2 so we can find an ωA,B on each of these. Glue together using the S1 version of this result which says
since ωA ´ ωB is closed, it is exact on the intersection so we can make ω global via a bump function.

(a) This can actually be proved in the same way as part (c) since we only use there that dω “ 0.

(b) and (c). This is exactly Spring 2009-1.

Spring 2008-5. Let SOp3q “ the set of all 3ˆ3 matrices A with AAt “ identity (orthogonal matrices)
and determinant of A “ 1. Also, for each 3 ˆ 3 matrix B, let

exppBq “ 1 `B `

ˆ

B2

2!

˙

`

ˆ

B3

3!

˙

` . . . .

(a) Prove that the infinite series for exppBq converges for each 3 ˆ 3 matrix B, so that exp is a map
from the space of 3 ˆ 3 matrices to itself.
You may assume from here on that this map is smooth and that the series can be differentiated
term by term to give the differential of the mapping.

(b) Show that the map exp is injective on some neighborhood of the 0 matrix in the space of all 3ˆ 3
matrices. [Suggestion: Inverse function theorem.]

(c) Prove that exppBq is in SOp3q if B satisfies Bt “ ´B (B is “anti-symmetric”).
(d) Show that the mapping exp restricted to the vector space of 3 ˆ 3 anti-symmetric matrices is a

surjective (onto) map from some neighborhood of the 0 matrix to a neighborhood of the identity
matrix in SOp3q. [Suggestion: Note that every element of SOp3q is a rotation around an axis, so
check this case.]

(e) Discuss how to combine parts (b), (c), and (d) to give coordinate charts on SOp3q and thus to
make SOp3q a differentiable manifold.

Hint : Use matrix norm which satisfies ||An|| ď ||A||n. Differentiate termwise, dpexpq “ exp. Show
detpexppAqq “ exppTrpAqq and exppA ` Bq “ exppAq exppBq for A,B commuting. Rotation can be sent

to by

ˆ

0 ´θ
θ 0

˙

.

(a) This is exactly part (c) of Spring 2009-6.

(b) Differentiating termwise, we get dpexpq “ exp so dpexpq0p0q “ expp0q “ I3 ‰ 0 so by the inverse function
theorem, exp is invertible in some neighborhood the zero matrix. In particular, it must be injective.

(c) By part (d) of Spring 2009-6, we have detpexppAqq “ exppTrpAqq for all matrices A. Thus, if Bt “ ´B,
we note that B must have zeros on the diagonal so TrpBq “ 0 and thus detpexppBqq “ expp0q “ 1. Moreover,
we note that for commuting matrices A and B, the formula for exp tells us that exppA`Bq “ exppAq exppBq

so in particular,

exppBq exppBqt “ exppBq exppBtq “ exppB `Btq “ exppB ´Bq “ expp0q “ I3,

showing that exppBq both has determinant 1 and is orthogonal so must be in SOp3q.
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(d) Using the hint, we let A P SOp3q be a rotation about an axis, which up to an orthonormal base change,
is given by

A “

¨

˝

cos θ ´ sin θ 0
sin θ cos θ 0
0 0 1

˛

‚.

It is not too hard to see that (or noting the similarity with complex numbers) taking

B “

¨

˝

0 ´θ 0
θ 0 0
0 0 0

˛

‚

gives exppBq “ A where B is clearly antisymmetric. Then, it is also clear that exp takes a neighborhood of
0 to a neighborhood of the identity since expp0q “ I and exp is continuous so we are done.

(e) The antisymmetric matrices have a natural smooth structure inherited fromM3pRq, the space of all 3ˆ3
matrices with real entries. Then, (b), (c), and (d) gave us a surjective immersion from the antisymmetric
matrices to SOp3q which we can use to define the charts on SOp3q so that it has the induced smooth
structure.

Spring 2008-6. Let M and N be two compact, oriented manifolds of the same dimension. And let ω
be a nowhere vanishing n-form on N with

ş

N
ω “ 1. Let F :M Ñ N be a smooth map.

(a) Set degω F “
ş

M
F˚ω. Show that degω F is independent of the choice of ω. [You may assume de

Rham’s Theorem.] We shall call the common value the degree of F .
(b) Show that there is a smooth map from S2 ˆ S2 to S4 of degree 1.
(c) Show that no map from S4 to S2 ˆ S2 has degree 1.

Hint: ω1 ´ ω2 is exact by de Rham, then use Stokes’ as M has no boundary. One point compactification,
map an open neighborhood diffeomorphically to Sn ´ tNu. Show that F˚ sends a volume form to an exact
form, implying that it must be zero.

(a) Suppose ω1 and ω2 are two nowhere vanishing n-forms on N with
ş

N
ω1 “

ş

N
ω2 “ 1. Then, by de

Rham’s theorem, we know that ω1 and ω2 are in the same cohomology class so ω1 ´ ω2 is exact, say with
ω1 ´ ω2 “ dη for some pn´ 1q-form η. Then,

degω1
F ´ degω2

F “

ż

M

F˚ω1 ´

ż

M

F˚ω2 “

ż

M

F˚pω1 ´ ω2q “

ż

M

F˚pdηq “

ż

M

dF˚pηq “

ż

BM

F˚pηq “ 0,

by Stokes’ theorem and since BM “ H, showing that the degree is independent of the choice of ω.

(b) Follow the method in part (b) of Spring 2010-10, noting that S2 ˆ S2 is a 4-manifold so has a 4-cell.

(c) This is an easier version of part (c) of Spring 2010-10.

Spring 2008-7. Describe carefully the basic algebraic construction of algebraic topology, namely, how to
go from a short exact sequence of chain complexes to a long exact sequence in homology. Give explicitly,
in particular, the construction of the “connecting homomorphism”, the map where the dimension drops,
and prove exactness at its image, that is, prove that the image of the connecting homomorphism “ the
kernel of the map that follows it. [You need not prove exactness of the long exact sequence elsewhere.]

Hint: This is the snake lemma, for which, the art of the diagram chase cannot be hinted at. Show part (b)
as two directions.

This is exactly Spring 2012-5.
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Spring 2008-8. (a) Prove that Sn is simply connected if n ą 1.
(b) Prove that π1pRPnq “ Z2, n ą 1.
(c) Prove that RPn is orientable if n is odd (n ą 1).

Hint: Sard’s theorem shows S1 Ñ Sn not surjective so factors through map to Rn. CW structure with
RP2

Ă RPn. Top homology is Z if and only if n is even.

(a) First, we note by Sard’s theorem that since n ą 1, any map f : S1 Ñ Sn cannot be surjective. This is
because every point in the image of f must be a critical value so the image has measure 0. Thus, f factors
through a map f : S1 Ñ Sn ´ tpu for some p P Sn. But we know Sn ´ tpu is homotopic to Rn so we can
think of f as a map f : S1 Ñ Rn which means f is nullhomotopic via ft “ tf , showing that Sn is simply
connected.

(b) We know that π1pRPnq only depends on the 1- and 2-skeleta of RPn which we know to be exactly
RP1

– S1 and RP2 since we can give RPn a CW structure such that its k-skeleton is RPk for all 0 ď k ď n.
Then, we know that RP2 is formed by attaching a 2-cell to a 1-cell via a degree two map, so it is clear that
π1pRP2

q “ xa | a2y “ Z{2Z.

(c) We showed this in Spring 2021-6.

Spring 2008-9. Find by any method the homology groups of RPn with integer coefficients.

Hint: One cell in each dimension with double cover for attaching maps. HkpRPnq “ Z if k “ n and n is odd,
Z{2Z if k ď n and k is odd and 0 otherwise.

The result in Fall 2020-7 generalizes trivially (noting the difference between n even and n odd).

Spring 2008-10. (a) Define complex projective space CPn.
(b) Show that CPn is compact.
(c) Show that CP1

“ S2 (homeomorphic is enough).
(d) Show that CPn is simply connected.
(e) Find the homology of CPn (integer coefficients). [Any method will do. But cell complex decom-

position is the easiest.]

Hint: Attach by ϕn : e2n Ñ CPn, pz0, . . . , zn´1q ÞÑ rz0, . . . , zn´1, ts, t “

b

1 ´
řn´1
i“1 zizi. H˚pCPnq “

Zp0q ‘ Zp2q ‘ ¨ ¨ ¨ ‘ Zp2nq and π1pCPnq “ 0. Compactness and homeomorphism are immediate.

(a), (d), and (e) are done in Spring 2021-5.

(b) This is immediate since we have given CPn a finite CW structure.

(c) By the cell decomposition, we know that CP1 is formed by gluing a 2-cell to a 0-cell, which is exactly
the same CW structure as S2 so they are homeomorphic.
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