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Fall 2024

This entire exam is an exact replica of Fall 2013.

Spring 2024

Spring 2024-1. (a) Show that the Lie group SLa(R) = {A € May2(R) | det(A) = 1} is diffeomorphic
to St x R2.
(b) Show that the Lie group SLy(C) = {A € May2(C) | det(A) = 1} is diffeomorphic to S3 x R3.

(Hint to both parts: normalize the first row vector.)

Hint: Polar decomposition for both parts, orthogonal/unitary and positive definite hermitian/symmetric.
Then SO2(R) =~ St and SU,(C) =~ S3.

This is exactly Fall 2012-1.

Spring 2024-2. Let
RP" = (R"*' — {0}))/(z0, ..., 2n) ~ t(zo,...,Tn),

for all (xg,...,z,) € R*™ — {0} and t € R — {0} be the real n-dimensional projective space, and let
X = {[(zo,...,zn)] € RP" | zZy = 0}, where [(zo,...,z,)] is the equivalence class of (x,...,z,). Is it
possible to find a smooth map f : RP" — R with 0 € R as a regular value and preimage f~1(0) = X?

Hint: Not possible. RP" — X is connected so f is either always positive or always negative on RP" — X which
means that it has local minima (or maxima) at points in X. Thus, df = 0 at points in X, contradicting 0
being a regular value and f~1(0) = X.

No, this is not possible. Suppose f : RP" — R was such a map. Note that we have
RP" — X = {[(z0,...,2n)] € RP" | g # 0}.

This maps diffeomorphically to R™ by

[(xo,...,xn)]»—»(xl,... m”);

o ’ Zo

in fact, this map is exactly one of the natural charts that make RP" into an n-manifold. Thus RP" — X is
connected. In particular, this implies that f is either always positive or always negative on RP" — X since
R — {0} has R* and R~ for connected components and f(RP" — X) « R — {0} must be connected. Without
loss of generality, assume [ is always positive on RP" — X.

Now, we know that f is zero on X so f is always nonnegative, implying that f has (local) minima at all
points in X. Take p € X, let v € T,RP" and let v : (—¢,€) — RP" be such that v(0) = p,+’(0) = v. Then,

d d d
dfp(v) = dfp(7'(0)) = dfp(dro(=.)) = d(f o V)o(—) = — (f o V)lt=0 =0,
dt dt dt
where the last equality comes from f o~ having a (local) minimum at ¢ = 0. But this was true for arbitrary
v € T,RP", showing that df, : T,RP" — TR =~ R is identically 0 so p is not a regular point of f, implying
that 0 cannot be a regular value of f.

Spring 2024-3. Let M < N a compact submanifold of codimension > 3. Show that if N is connected
and simply connected, then so is the complement N — M.




Hint: Homotope a path in R™ to one that is transversal to M and show this must not intersect M. Use
extension theorem on a homotopy from [0, 1] x [0,1] — M with C' = {0,1} x [0,1] U [0,1] x {0,1} a closed
subset with the image of H|c transverse to M.

This is exactly Fall 2015-6 (changing R™ for N doesn’t change anything as long as N is connected and simply
connected).

Spring 2024-4. Let M, N be closed oriented n-manifolds with N connected. Show that if f: M — N
has nonzero degree, then f* : H3,(N;R) — Hj,(M;R) is injective. (Hint: First show that f* :
H}p(N;R) — HJR(M;R) is injective.)

Hint: Use definition of degree as f* being multiplication by deg(f) to show the hint. Then, use Poincaré
duality, non-degenerate pairing.

First, we note that the degree of f satisfies
f*:Hijp(N;R) =R — Hjp(M;R) = R is given by a — deg(f) - a.

Le., on top cohomology, f* is precisely multiplication by deg(f). Thus, if deg(f) # 0, it is clear that
f*: Hip(N;R) — HJp(M;R) is injective. Now, suppose that w € H¥.(N;R) is nonzero. Then, w A n # 0
for some 1 € Hj5z*(N;R) by Poincaré duality as the pairing HY,(N;R) x Hjz"(N;R) — Hjn(N;R) is
non-degenerate. Since f* is injective on top cohomology, we have f*(w) A f*(n) = f*(w A n) # 0, implying
that f*(w) # 0 so indeed f* is injective in all degrees of cohomology so is injective on the cohomology ring.

Spring 2024-5. Find two vector fields X and Y on R3 such that X,Y,[X,Y] are everywhere linearly
independent.

Hint: X = eI%, Y =¢e¥ % +z,[X,Y] = 1. Corresponding matrix is upper triangular with nowhere vanishing
determinant.

Using the standard z,, z coordinates on R?, take

0
X=e"—, Y=e— X, Y]=1.
e eay”’ [X,Y]

At the point p = (z,y, 2) € R3, the matrix corresponding to X,,Y,, [X,Y], is

e®© x 0
A=10 e 0],
0O 0 1

which has determinant det(A) = e”e¥ = e”*¥. This is never 0 since e**¥ > 0 for all ,y € R so these X,,,Y,,
and [X,Y], are everywhere linearly independent.

Spring 2024-6. Let X be a topological space and p € X. Let Y be the topological space obtained
from X x [0, 1] by contracting (X x {0,1}) u ({p} x [0,1]) to a point. Describe the relation between the
homology groups of X and Y.

Hint: H,($X) = H,(SX) = H,_1(X) for all n > 1 and Ho(XX) = Z. Because X = SX/({p} x [0,1]) so
look at long exact sequence. Get H,,(SX) from Mayer-Vietoris.

This is exactly Spring 2016-9.



Spring 2024-7. Exhibit a space whose fundamental group is isomorphic to (Z/mZ) = (Z/nZ), where
Z/kZ denotes the integers modulo k and # denotes the free product. Also exhibit a space whose
fundamental group is isomorphic to (Z/mZ) x (Z/nZ).

Hint: Attach via z — 2" to get Z/kZ. Wedge sum and product of these spaces.

This is exactly Spring 2016-7.

Spring 2024-8. (a) Define what it means for a covering space to be regular.
(b) Give an example of an irregular covering space of the wedge sum S v S*.

Hint: Subgroup {a?,b?,aba=t,bab=') < {a,b). Corresponding cover has three vertices with a loop on left
one, b loop on right one and base point in the middle.

This is exactly Spring 2014-7.

Spring 2024-9. (a) Show that a nonsingular linear A : C"*! — C"*! induces a smooth map ® 4 :
CP" — CP".
(b) Show that the fixed point of ®4 correspond to eigenvectors of the original matrix.
(c) Show that ®4 is a Lefschetz map if the eigenvalues of A all have multiplicity 1.
(d) Show that the Lefschetz number of ®4 is n + 1.

Hint: (dga). has no fixed points for any eigenvector z of A. Use local coordinates. Since we can homotope
anywhere by connectedness, use A = diag(1,2,...,n+ 1) to use part (c) so Lefschetz number is sum of local
Lefschetz numbers which are all +1 so answer is n + 1.

This is exactly Spring 2013-6.

Spring 2024-10. Consider the following subsets of R3:
A={(0,0,2) | z€ R},

B = {(cosb,sinb,0) | 6 € R},
C = {(cosf,sinf + 5,0) | 0 € R}.
Show that R3 — A — B and R® — A — C are not homeomorphic.

Hint: Fundamental groups of R® — (4 U B) and R® — (A U C) are different.

This is essentially the same as Fall 2021-10.

Fall 2023

Fall 2023-1. Consider the space of all straight lines in R? (not necessarily those passing through the
origin). Explain how to give it the structure of a smooth manifold. Is it orientable?

Hint: f: X — RP?, az + by +¢c =0 Ja:b: € RP? is a bijection onto its image which is
RP? — {[0: 0 : 1]}. Not orientable since RP? is not, double cover $? — RP?.

This is exactly Spring 2016-1.



Fall 2023-2. Let w be a closed 2-form on a smooth manifold M and let X,Y be smooth vector fields
on M. Show that if ixw = iyw = 0, then ijx yjw = 0.

Hint: Show i[x yjw = [Lx,iy]: Compute right hand side using (iyw)(V1,...,Vi—1) = w(Y,V1,...,Vi_1)

and (Lxw)(Vi,..., V&) = X(w(Vi,..., V%)) — Zi;l wVi, ..., Vi1, [ X, V3], Vit1, ..., Vi). Or use chain rule
for Lie derivative. Then Cartan’s magic formula and assumptions finish it.

By Spring 2020-4, we have
Z'[X’y]w = [Lx,iy]w = inyw - iyLXoJ = —iy(dixw + ide) = O,

where we have used Cartan’s magic formula, the fact that dw = 0 since w is closed, and the assumption that
ixw = iyw = 0.

Fall 2023-3. Consider the map df : Q/(M) — Q*'(M) given by w — dw + df A w, where M is a
smooth manifold, Q(M) is the set of smooth i-forms on M, and f is a smooth function on M.

(a) Show that dy is a cochain map, i.e., df ody = 0.
(b) Let H(M) be the ith cohomology group of the cochain complex (©/(M), dy). Show that H(M) =
R when M is the real line R.

Hint: Just directly compute. Q'(R) = {gdz | g € Q°(R)}. Then d : Q°(R) — Q}(R) is just taking the
derivative under this identification so dy : g — ¢’ + gf’ has kernel {ae~/ | a € R} which is isomorphic to R.

(a) Let w e QY(M). We compute
di(df(w)) = d(dw +df Aw) =d(dw+df Aw)+df A (dw+df Aw)
=ddw+ddf nw—df ndw+df Adw+df Adf Aw
=04+0—df ndw+df Adw+0=0,
where we use the facts that d?> = 0 and that df A df = 0 since df is a 1-form.
(b) By definition, Q=(M) = 0 so
H}(M) = ker(dy : Q°(M) — Q' (M)).
With M = R, we know that Q°(R) = C®(R) is simply the group of smooth functions from R to R under

addition. By Poincaré duality, we can canonically identify Q!(R) with the group of smooth functions from
R to R since every 1-form on R is equal to fdz for a unique smooth function f: R — R.

With this identification, we note that the standard differential operator d : Q°(R) — Q!(R) sends a function
g to its standard derivative ¢’. So dy sends g to ¢’ + gf’. We can solve ¢’ + gf’ = 0 using integrating factor
to get ker(dy) = {ae™/ | a € R}. Clearly this is isomorphic to R via a — ae™/.

Fall 2023-4. Let X and Y be submanifolds of R™. Prove that, for almost all a € R™, the translate
X +a:={x+a|zxe X} intersects Y transversely.

Hint: Show F : X x R" - R", F(x,a) = x + a is transverse to Y. Thom’s transversality theorem.

This is exactly Spring 2016-2.

Fall 2023-5. Let T2 = R?/Z? be the 2-dimensional torus and let C be the curve which is the image of
the line {22 — 5y = 0} = R? under the projection R? — R?/Z2.

(a) Write a differential form on T2 which represents the Poincaré dual to C.

(b) Is there a differential form which represents the Poincaré dual to C' and is zero on a neighborhood
of the point (0,0) € T??




Hint: Expand and solve in terms of the generators of the exterior algebra dx and dy. (b): Ball diffeomorphic
to to open ball in R™. Bump function ¢. i*(w) closed implies exact so find n with dn = i*(w). 7 = w —d(¢n)
works.

(a) This is exactly the same as Spring 2014-5 but with the line 2z = 5y instead so the dual is 2dx — 5dy.
(b) Yes: since T? is a closed manifold, this follows from Spring 2022-2.

Fall 2023-6. Compute the integral homology groups of the complex projective space CP". If n is even,
prove that it does not cover any manifold except itself.

Hint: Attach by ¢, : €2 — CP", (20,...,2n-1) = [20y---2n_1,t], t =4/1 —Z;:ll 2iZ;. Hy(CP") =
Loy L) ® -+ @ Zany- m1(X) acts on CP?" via deck transformations. Any map g : CP*" — CP?" has a
fixed point by Lefschetz trace formula so they are all the identity.

(a) This was done in Spring 2021-5.
(b) This is exactly Spring 2020-5.

Fall 2023-7. Let X = X, and Y = X, be surfaces of genus g and h respectively, with 0 < g < h. Prove
that every map X — Y induces the zero map on the second homology Hy. Construct a map X — Y
which induces a non-zero map on the first homology Hj.

Hint: Suffices to show H?(Y) — H?(X) is zero by universal coefficient theorem. Use the cohomology ring
structure on genus g surface which has 2g generators in degree 1 so that all pairwise products are 0 except
a;b; = o, the generator in degree 2. Then h > g forces the induced map to be zero. Map X — X! — S - Y
in such a way that a loop in X is sent to a nontrivial loop in Y.

We know the homology of a surface of genus ¢ is

Z k=0,2
Hi(3,) = 729 k=1,
0 otherwise.

Since these are all free, it suffices to show that the induced map H?(Y) — H?(X) is zero as then so too is
the map Ho(X) — Hy(Y) by the universal coefficient theorem. For this, we note that the cohomology ring

structure of X, is generated as a Z-module by the element 1 in degree 0, the elements ai,...,a4,b1,...b04
in degree 1, and the element o in degree 2. This then has product structure a;a; = b;b; = 0 for all ¢, j and
a;b; = —bja; = 6;50 where d;; is the Kronecker delta function.

Now, note that dim(H(Y)) = 2h > 2g = dim(H*(X)) so H'(Y) — H'(X) has nonzero kernel. Let
T =ca1 + ...+ cpap + diby + ... + dpbp be in the kernel and without loss of generality, suppose ¢; # 0.
Then, xb; = c10 # 0 is a generator of H2(Y). But c1f*(0) = f*(c10) = f*(zb1) = f*(x)f*(b1) = 0 so
f*: H*(Y) — H?(X) must be the zero map.

For the second part, we first map X — S! in a way that induces a nonzero map on first homology. This is
done by composing a surjective continuous map X — ¥; which is nonzero on first homology with the classic
surjection 37 — S! that is projection onto the circle that goes around the inside of the donut. Finally, we
map S! — Y making sure that we hit a loop that is a generator of H;(Y') such that this induced composition
map is nonzero on first homology.

Fall 2023-8. Consider the following group with 2n generators and 1 relation
G = {ay,b1,a2,b2, ..., an, by | arbiay *by  agbeas byt - - anbnay, th .

For which pairs (m,n) does G,, contain a finite index subgroup isomorphic to G,,,?




Hint: m = 1+ k(n—1) for some k € N. Corresponds to coverings of an n-torus, which are exactly the m-tori
such that x(T,) =2 —2n |2 —2m = x(T)n).

This is exactly Spring 2020-9.

Fall 2023-9. Define the orientation double cover of a manifold. Explicitly identify the space which is
the orientation double cover of the real projective plane RP". (Hint: RP™ is the quotient of S™ by the
antipodal map; is the antipodal map orientation-preserving or orientation-reversing?)

Hint: Unique two-fold orientable covering space with orientation reversing non-trivial deck transformation.
RP" 1 RP" with interchanging copies if n is odd and S™ with antipodal map if n is even.

This is exactly Spring 2021-6.

Fall 2023-10. Let D? be the unit disk in C, and let S* = dD?. let X = D? x S* x {0,1}/ ~ where

(2,y,0) ~ (zy°,y,1)

for all z, € S'. Compute the homology groups of X.

Hint: Hy(X) = Z3)®Z2)®Z(1)®Z(p)- Mayer Vietoris for neighborhoods around D? x 51 x {0}, D? x S* x {1}.
Then An B ~¢D? x St = St x S%.

This is exactly Spring 2020-10.

Spring 2023

Spring 2023-1. Let M, N be smooth manifolds and F : M — N a smooth proper map.

(a) Show that F' maps closed sets to closed sets.

(b) Show that the set of regular values is open.

(c) Let C = N be compact. Show that for every open set U = M containing F~1(C) there is an open
set V < N containing C, such that F~1(V) < U.

Hint: Sequence definition of closed. Show regular points is open, used closedness. Let V = (F(U*))".

(a) By definition of being proper, the inverse image of a compact set V < N is compact in M. Let A ¢ M be
closed. Let y,, be a sequence of points in F'(A) such that y,, — y (where we inherently use the metrizability
of any smooth manifold). As y, € F(A), there is some z, € A for each n such that F(z,) = y,. The set
K = {yn}nen U {y} is compact in N since any open cover contains a neighborhood of y which contains
infinitely many of the points and then we can just take finitely many opens to cover the rest of the points.

Hence F~1(K) is compact and moreover each z, € F~1(K). Now, F~!(K) is sequentially compact as
in a metrizable space, compact and sequentially compact are equivalent, so there is some z € F~!(K)
and a subsequence of x, so that z,, — x. Since F' is continuous, we know that F(z,,) — F(z) but
F(zp,) = Yn, — y so F(z) = y by uniqueness of limits in Hausdorff spaces. Hence, y € F(A) so F(A) is
closed as it contains all of its limit points.

(b) Let A © M be the set of regular points of ' and B ¢ N be the set of regular values. Let x € A and
choose coordinate charts ¢, centered at x, F(x) respectively. Since z is a regular point, the derivative
d(i o F o ¢~1) is surjective at ¢(z). So there is an n x n minor of the matrix with non-zero determinant
(where n = dim(V)). But det is a continuous map so there is a neighborhood of ¢(z) so that d(¢)o fo¢™1)
is surjective for every point in the neighborhood (as the same n x n minor has non-zero determinant). Since
¢ is a diffeomorphism, this means there is a neighborhood of x for which F' has rank n at each point in the
neighborhood. This neighborhood is a subset of A so A is open.



Now, note that y € B if and only if F~!(y) = A by definition of being a regular value. So y € B if and only
if F(x) # y for all x € A° which is equivalent to y ¢ F(A°) so B = (F(A°))°. A is open so A° is closed so
F(A°) is closed since F' is a closed map, so B is open as desired.

(c) Let V = (F(U*€))¢ which is open by the same logic as in the last paragraph. Suppose that C' ¢ V. Then,
there is some y € C such that y ¢ V. So y € F(U°) implying that there is some z € U¢ with F(z) = y. But
ye Csoxe F~Y(C) c U, a contradiction. Hence, C' = V. Similarly, suppose that F~1(V) ¢ U. Then, there
is some # € F~1(V) such that = ¢ U. So F(x) € V means that F(z) ¢ F(U°), contradicting the fact that
x ¢ U. Hence, F~1(V) < U, showing this V is as desired.

Spring 2023-2. Consider a smooth map F : CP" — CP".

(a) When n is even show that F' has a fixed point.
(b) When n is odd give an example where F' does not have a fixed point.

Hint: Lefschetz fixed point theorem. H*(CP?**;Z) = %, la] =2 so0 L(F) = Z%Omj for some m € Z.
Counterexample is [zg: 21 i ... 2n : Znp1]| — [—Z1: 20 : -+t —Znt1 : Zn)-

Referenced in: Spring 2020-5, Spring 2011-9.

(a) By the Lefschetz fixed point theorem, it suffices to show that L(F') # 0. Let n = 2k. We know that the

cohomology ring for CP?* is
Zlo]

H*(CP?*;7) = —irre ol =2

Note that we only have nonzero cohomology in even degree. Let m € Z be such that F*(«) = ma. By the
cup product (multiplicative structure) of the cohomology ring, we have

F*(of) = miad,
where o/ is a generator of H? ((CIP’%; Z). Moreover, by the above calculation, we know that
Te(F* : H (CP?;Q) — HY (CP*;Q)) = Tr(F* : H*(CP*;Q) — H2(CP*; Q) = m.
Thus, we have L(F') =

4k 2k
D=1 Te(F* : H(CP**; Q) — HY(CP*";Q)) = Y| Te(F* : H¥ (CP*;Q) — HY (CP*;Q Z m.
j=0 j=0

If m = 1, then clearly L(F) # 0. If m % 1, then
2k+1 1

ijzil;é()

since 2k + 1 is odd.
(b) Write n = 2k — 1 and let F' : C** — {0} — C2?* — {0} be defined by

(20,21, -+, Z2k—2, Z2k—1) — (—Z1,205 - - -y —Z2k—1, 22k—2)-

Then F(Az) = AF(z) so F factors through the projection map 7 : C2* — {0} — CP**~! to give a map
F : CP?*~' - CP?*~! defined by

[z0:21:. .t 2952 22k—1] — [-Z1:Z0: ... —Z2k—2 : Z2h—1]-
Suppose that this F had a fixed point [29 : 21t ... Zak—2 : 2op—1] € CP?*1. So there is some \ € C — {0}
such that for each 0 < i < k — 1, we have 29; = —AZ;51 and 22;41 = A\Zz; S0 29; = —AAz9; = —|A|?29;. Since

A # 0, this forces z3; = 0 and hence z2;41 = 0 for each 0 < 7 < k£ — 1, a contradiction as not all z; can be
zero. Thus F' does not have a fixed point.



Spring 2023-3. Let
xdy A dz + ydz A dx + zdz A dy

(22 1 42 + 22)32
be a 2-form defined on R? — {0} and S? = R3 be the unit sphere.

(a) Compute §, i*w, where i : 5 — R? is the inclusion.
(b) Compute {4, j*w, where j : S? — R? is defined by j(z,y, z) = (2z, 3y, 5z).

Hint: Both are 47. Use Stokes. Show that w is closed so {, k*(dw) = 0 where E = j(S?) — 5? and
k:E— R3—{0}.

Referenced in: Spring 2015-6.
(a) On S?, we have 22 + y? + 22 = 1 for any x,y,2 € S2. So

i*w = xdy A dz + ydz A dz + zdz A dy.

Hence, we can compute:
f i*w=f xdy A dz +ydz A dx + zdx A dy
52 52
= f d(zdy A dz + ydz A dx + zdz A dy)
D3

=J 3dx A dy A dz
D3
= 4,

where the second equality is from Stokes’ theorem.

(b) Note first that j(S?) is an ellipsoid that contains S2. Let E = j(5%) — S2. Let a = xdy A dz + ydz A
dx + zdx A dy and f = (2% + 9?4+ 22)7%? so w = fa. Then,

dw =d(fa) =df A a+ fda.
As above, we have da = 3dV. Also,
df = —(22 + 92 + 22) 7% (3xdz + 3ydy + 3zdz),

SO
dw = —(2? + 3> + 22)7232% + 39> + 32%)(dx A dy A d2) + f - 3dV = —=3fdV + 3fdV =0

implying that w is closed. Now, we consider the inclusion k : E < R3 — {0}. Since dw = 0, we have

O:J k*(dw) =J dk* (w) =J W‘aE:f j*wff i*w
B B OB 52 52

by Stokes’ theorem, which implies that
J j*w=f i*w = 4m.
SQ S2

Spring 2023-4. Let M be a connected compact manifold with non-empty boundary 0M. Show that
M does not retract onto oM.




Hint: Use Z/27 coefficients in order to apply Lefschetz duality to simplify the long exact sequence for the pair
(M, 0M). Get ker(H,,—1(0M) — Hy,_1(M)) = Z/27Z, contradicting the fact that it should be an injection if
r: M — 0M is a retraction.

Referenced in: Fall 2013-2, Spring 2013-5, Fall 2011-8.
Let n = dim(M) and note that (M, M) is a good pair so we have the following long exact sequence
- — H,(0M) — H, (M) — H,(M,0M) > H,_1(0M) %> H, (M) — H,_y(M,0M) — --- .
We will work with Z/27Z coefficients so that M is orientable and we can apply Lefschetz duality. Le.,
H,(M;Z/27) = H°(M,0M;7/27) = Ho(M,0M;7/27) = ﬁo(M/é‘M;ZﬂZ) =0,
also using the univerisal coefficient theorem and since M /0M is connected. On the other hand,
H,(M,0M:;7/27) = H*(M;Z/27) = Hy(M;Z/27) = 7./27
as M has one connected component. Hence, we have
0— Z/2Z 5 H,_,(6M) 2> H,_,(M).

So 4 is injective and ker(iy) = im(0) = Z/27Z. Now, if r : M — 0M is a retraction, then idy = (10i)s = 14 0ix
SO 154 is injective, a contradiction. Thus, no such retraction exists.

Spring 2023-5. Let M™ < R"™ be a closed connected submanifold of dimension m.

(a) Show that R™ — M™ is connected when m < n — 2.
(b) When m = n — 1 show that R™ — M™ is disconnected by showing that the mod 2 intersection
number I5(f, M) = 0 for all smooth maps f:S! — R™.

Hint: Homotope a path in R™ to one that is transversal to M and show this must not intersect M. Slice
chart with one 0. Take linear path between (z1,...,Zm,e) and (x1,...,Zm,, —€) and make into loop to get
contradiction.

Referenced in: Fall 2015-6, Fall 2014-2.

(a) Let ¢,y e R® — M. Let f:[0,1] — R™ be a path with f(0) = z and f(1) = y and let S = {0,1} < [0, 1].
By the transversality extension theorem, since M < R™ is closed, S < [0, 1] is closed, and f|g is (vacuously)
transverse to M, we know that f is homotopic to a map g : [0,1] — R™ that is transverse to M < R™ and
so that f and g agree on S. We claim that g(t) ¢ M for all ¢t € [0, 1] so we could take g : [0,1] > R™ — M a
path connecting x and y, as desired.

To see this, suppose ¢(t) = z € M. Then, using the definition of transversality, we have

However, dim(dg.(7¢[0,1])) < 1,dim(M) = m while dim(R™) = n which is impossible as m < n — 2, showing
that there is no g(t) = z € M.

(b) As R™ is simply connected, we may homotope f to some constant map g : S' — R”™ such that g(S') =
p ¢ M. Since mod 2 intersection numbers are invariant under homotopy, we have Is(f, M) = I2(g, M) =0
since g(S') doesn’t intersect M at all.

Now, suppose that R™ — M is connected. Since M is a closed submanifold of dimension m = n — 1, for any
p € M, we can find a slice chart for M, namely an open neighborhood U of p with coordinate = such that

UnM = {(xla"'v‘rmvmerl) e R" | Tm+1 = 0}
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Since U is open, there is an € > 0 so that
qg=(21,. .., Tm,€),r = (T1,...,&m,—€) €U,
for some choice of x1, ...,z Let 79 : [0,1] — R™ be the path defined by
Yo(t) = (x1,...,Tm, (1 — 2t)e),

which goes from ¢ to r. Then Ix(vyg, M) = 1 since v5 * (M) = 75 (UnM) = {0.5}. Since R™ — M is connected,
we can find a path v from r to ¢ that is contained in R™ — M. Thus, Iz(y1, M) = 0. Let v = o - 71 be the
concatenation of these two paths which is a loop in R™. Then, v has mod 2 intersection equal to

I2(77M) = IQ(’Y(),M) + IQ(’YDM) = 1)

contradicting the fact that any map S' — R™ has mod 2 intersection 0 with M. Thus R™ — M is not
connected.

Spring 2023-6. (a) If X is a finite CW complex and X > Xisa path-connected n-fold covering
map, then show that the Euler characteristics are related by the formula

~

X(X) = nx(X).

(b) Let X = X, be a closed genus g surface. What path-connected, closed surfaces can cover X7

Hint: Lift characteristic maps, n k-cells for each k-cell in X. Just require 2 — 2k = n(2 — 2g).

Referenced in: Fall 2020-9, Spring 2020-9, Spring 2009-11.

(a) Let X be an m-dimensional CW complex and let X be a path-connected n-fold covering of X. Then, we

can lift the CW structure on X to a CW structure on X by lifting the characteristic maps ¢; : DF — X via
the covering p : X — X since 71(D*) = 0. There are exactly n lifts of ¢; to X so for each k-cell ek in X,

there are n k-cells in the lifted CW structure on X , each of which is mapped homeomorphically down onto
ek. Hence, we can calculate

where C~’i, C; are the number of i-cells in X , X respectively.

(b) Let X be a path-connected, closed surface covering X. Then, X is either a sphere or a genus g torus
since the cover of an orientable surface is orientable. So X()N( ) = 2 or 2 — 2k for some k € N. Similarly,
x(X) = 2 — 2g and by part (a), we have x(X) = ny(X) for some n € N. So X is not a sphere and must
have x(X) =2 —2k. Then, 2—2k =n(2—2g) = 1—k=n(l1—g) = k=1+n(g—1). Thus, the only
possibilities for X are the genus k tori for k = 1+ n(g — 1) for n € N. To see that all of these possibilities do
work, we can cut n loops out of X surrounding a central hole of X (so there are n(g — 1) other ones) and
identify them to get an n-fold covering of X.

FIGURE 2. X5 covering Xo with 4-fold symmetry
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Spring 2023-7. A group G is divisible if for all n, the map g — ¢" from G to itself is surjective.
Show that if X is a path-connected CW-complex and if w1 (X, x) is a divisible group, then the only
path-connected finite cover of X is X itself. (Hint: this can be proven directly or by first showing that
a divisible group has no finite index subgroups.)

Hint: Consider action of G on left cosets G/H, homomorphism G — S,,. Then ge G — H = h™ = g for
some h € G a contradiction. Use Galois correspondence.

We show the hint. Let G be a divisible group and suppose H < G is a finite index subgroup with [G : H] = n.
Let G act on the left cosets G/H by left multiplication. This induces a group homomorphism ¢ : G — S,,.
Then for any g € G, we have ¥(g™) = ¥ (9)™ = idg, since S,, is a finite group with order n!. Since H # G, we
can find ¢’ € G — H and since G is divisible we can find g € G such that g™ = ¢’. But we know 1(g’) # idg,
since ¢’ ¢ H while ¢)(¢™) = idg, , a contradiction.

Now, let p : X — X be a path-connected finite covering space of X. So p*(m()?,%o)) c m(X,x0)
corresponds to a finite index subgroup of 7 (X, xg). But the only finite index subgroup of m (X, z¢) is itself
80 px(m1 (X, 20)) = m1 (X, 2p) implying that X is just X itself.

Spring 2023-8. Let M be an n-manifold, and consider a small disk D™ embedded in M. Show that
the inclusion

M—-D"— M

induces an isomorphism on 7 if n > 3 and a surjection if n > 2.

Hint: Van Kampen’s with M — D", D",

First, note that M = M — D® U D™ and S"~! =~ M — D" n D™. Since S"~! is connected, we can apply Van
Kampen’s theorem. In particular, we have that

f:m(D") s (M — D") — m (M)

is a surjection. For n > 2,D"™ is simply connected so m1(D™) is the trivial group so the map i, :
m (M — D7) — m (M) is a surjection for n > 2. We also know by Van Kampen’s that we quotient out
by the normal subgroup generated by cycles of the intersection to get an isomorphism. However, if n > 3,
then S™~1 is itself simply connected so has trivial fundamental group and so iy is indeed an isomorphism.

Spring 2023-9. Find, as a function of n and m, the homology groups

H, (RP"*™ RP"; 7).

Hint: Give RP"™™ a CW structure with one cell in each dimension. Then, relative chain complex is just
sequence of Z’s followed by a sequence of 0’s. Split into n even/odd cases. Funny business only for i = n +1
when n is odd.

Referenced in: Fall 2019-2.

We inductively give RP"™™ a CW structure such that its k-skeleton is RP* for all 0 < k < n 4+ m. To do
this, we attach a k-cell via the boundary map ¢y : S*~! — RP*~! which is the quotient by the antipodal
identification, o, — + [z]. Then, the chain complex for RP"*" has Z in degree k for 0 < k <n +m and 0
elsewhere while that of RP" has Z in degree k for 0 < k < n and 0 elsewhere.

Thus, the relative chain complex for the pair (RP"*™ RP") has Z in degree k for n+1 < k < n+m and we
know that the boundary maps oy, : Cj,(RP" ™™ RP") — Cj_1 (RP"*™, RP") are multiplication by 1 4 (—1)¥
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(for n +2 < k < n +m) since ¢, has degree 1 + (—1)*. Splitting into cases depending on the parity of n
and m, we can compute the relative homology to be:

/ i=n+mand n+misodd, ori=n+1and n is odd,
H;(RP"™ RP"™;Z) ~ { Z/27 iodd and n < i <n +m,
0 otherwise.

Spring 2023-10. Consider the CW-complexes A = S™v S X = S"xS" and B = S™ %[0, 1]/+x[0, 1],
where * is the basepoint of S™. There are inclusions A — X given by the pairs of points where at least
one is the basepoint and A < B which takes one S™ to S™ x 0 and the other to S™ x 1. Compute the
homology of

Y =XuaB.

Hint: H;(Y) = Z for i = 0,n,2n and 0 otherwise. Use H,(A) = Z%R)G—JZ(O),H* (X) = Z(Qn)(—BZ%n)@Z?O), and
Hy(B) = Z,y®Z) (from Van Kampen’s and Kiinneth) and then use Mayer Vietoris for reduced homology.

Let U and V be neighborhoods of X and B respectively formed by thickening them slightly. So U n V/
deformation retracts to A and we get the following long exact sequence via Mayer Vietoris:
We can compute the homology of A by Van Kampen’s theorem to be
~ ~ ~ 72 i=n,
Hi(A) = Hy(S") @ Hy(S") = -
0  otherwise.

We can also compute the homology of X, this time using the Kiinneth theorem:

Z i=2n,
H;(X) = ‘C—B‘Hj(S")@)Hk(S”): Z? i=0,n,
jHhk=i 0  otherwise.

Further, we can see that B deformation retracts onto S™ so H;(B) = H;(S™). Now, note that X and B are
both path connected so Y is also path connected after we glue X and B together. Thus Hy(Y) = Z. To
compute the higher homology, we split into cases: n =1 and n > 1.

In the first, we have

hy

0 — Hy(X)® Ho(B) 25 Hy(Y) 25 Hy(A) ™ H\(X) @ Hi(B) — Hi(Y) — 0

where hy is induced by the relations on the boundary. By construction, hy : Z2 — Z3 is given by (a,b) —
(a,b,a + b) which is injective. Thus, g5 = 0 so f4 is an isomorphism (and we know Hy(B) = 0), so we get
Hy(X) =~ Hy(Y). Thus, Hy(Y) = Z. Then,

H,(Y) = coker(hy) = Z{a,b, c)/Z{a,b,a + by = Z.

In the n > 1 case, we have the following two portions of the long exact sequence to consider:
0 — Ho,(X)® Hyp(B) > Hy (Y) — 0

and
00— Hy1(Y) = Hy(A) 25 H (X))@ Ha(B) — Ha(Y) — 0.

From the first one, we have H, (V) =~ Ho,(X)@® Ha,(B) = Z and from the second, we again have hy(a,b) =
(a,b,a + b) is injective so Hy,11(Y) = 0 and H,(Y) = coker(hy) = Z. To summarize, (independent of the

case) we have
Z i=0,n,2n,
H;(Y) = .
0 otherwise.
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Fall 2022

Fall 2022-1. The Grassmanian Gr(k,n) is the set of all k-dimensional subspaces of R™. Explicitly
construct the structure of a smooth manifold on Gr(k,n) using atlases. What is its dimension?

Hint: Gr(k,n) ~ Mat®_, (R)/ ~. Define charts on the subsets with each certain k x k submatrix invertible

nxk
by reading out the other rows of AA;?___J]C. Dimension is (n — k) x k.

Referenced in: Fall 2008-1.

First, note that we can identify the Grassmanian as

Gr(k,n) ~ Mat®_, (R)/ ~,

nxk

where Mat” _, (R) is the space of n x k real-valued matrices of rank k and A ~ B if and only if there is a

matrix C' € GLi(R) such that A = BC. The identification sends a k-dimensional subspace V' < R™ to any
matrix in Mat® , (R) whose image is V (for example, a projection matrix), noting that two matrices are
equivalent if and only if they have the same image. This gives a topology on Gr(k,n), namely the quotient
topology induced from the standard topology on real matrices.

Now, for each ordered set 1 < iy < -+ < iy < n, define U, . ;, to be the set of elements A € Gr(k,n) whose
k x k submatrix A;, . ;. is invertible. This is open since this & x k minor has nonzero determinant and we
know that the determinant is continuous. Finally, we define o, ;. @ Ui, i — RM™FXE by sending a
matrix A to the entries of the rows of the (n—k) x k matrix AAZ-_I}” . that are complementary to (i1, ..., ).
Note that we will have

0

(AA;}...,ik)il,m’ik = I,

and our maps just read off the rest of the entries. The ¢;,,. . ; are clearly homeomorphisms. Smoothness
of the transition functions follows from smoothness of the entries of the products and inverses of matrices.
Thus, Gr(k,n) has dimension (n — k) x k.

Fall 2022-2. The orthogonal group O(n) is the set of n x n matrices M satisfying MTM = Id.
Construct the structure of a smooth manifold on O(n) by viewing it as the preimage of a regular value
of a smooth map R™ — Rn("+1)/2 Prove that its tangent bundle is trivializable.

Hint: F : Mat,x,(R) — Sym,,,,(R) by M — MTM. Then dF4(3AC) = C. Show that all Lie groups are
parallelizable by finding a global frame. Take a basis v1, ..., v, for T.G and define X;(g) = dLglc(v;).

Referenced in: Fall 2021-1, Fall 2020-10, Fall 2017-2, Spring 2010-1.

Define F' : Mat,, ., (R) — Sym,,,,,(R) by M — MT M, where Sym,,,,(R) = {A € Mat,«x,(R) | A = AT} is
the set of symmetric matrices. Note that (MTM)T = MT(MT)T = MTM so F(M) is symmetric and F is
well-defined. By definition, O(n) = F~1(Id) and we claim that Id is a regular value of F.

Since Mat,, «, (R) is an R-vector space naturally endowed with a smooth structure, its tangent space is itself
and similarly for Sym,, ., (R). So we can use the standard definition of the differential for vector-valued
functions. Namely, we want to show that for any 4 € F~1(Id),

AFx - Matycn(R) — Sym, ., (R), B~ lim P4 ”E? —F(4)

is surjective. For this, let C' € Sym,,,,(R) be arbitrary and set B = 1AC. Noting that AT A = Id since
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F(A)=1d and C = CT as C € Sym,,,.,,(R), we have
F(A+tB)— F(A) . (A+tB)T(A+1tB)— ATA
= lim

dFA(B) = lim
t—0 t t—0 t
_ ATA+t(BTA+ ATB) +t2BTB — AT A
B tg% t
AC)TA+ AT (A

~ lim(BTA + ATB) +4B7B = BTA+ A7 = 19 - (40)

_CTATA+ ATAC  CT+C _c

a 2 2 T
It is well-known that O(n) is a Lie group so to show that O(n) has trivializable tangent bundle, we instead
show that any lie group G is parallelizable by exhibiting a global frame on G. Choose a basis vy, ..., v,, for

T.G. For each v; € T.G, define the vector field X; by X;(g9) = dLg|c(v;) € TyG. To see that X; is smooth,
note that L, : G — G is smooth in ¢ since Ly(h) = Ry(g) and Ry, : G — G is also smooth for fixed h. Thus,
dLgle : T.G — T4G is also smooth. Finally, since L, is a diffeomorphism, we know that dLg4|. is a vector
space isomorphism for any g € G, showing that Xi(g),..., X, (g) is a basis for T,G and X;,...,X,, is a
global frame for G.

Fall 2022-3. Let M be a closed oriented smooth n-manifold. Prove that for every k € Z, there exists
a smooth map f : M — S™ of degree k.

Hint: Construct fi : S™ — S™ of degree k using z — z¥ in S! and suspending. B < M homeomorphic to R,
show ¢ : M — M /(M — B) =~ S™ has degree 1 using a commutative square. Use Whitney’s approximation
theorem to get smooth map.

Referenced in: Fall 2013-8, Fall 2012-4, Spring 2010-8.

The degree of a map f: M — S™ is the integer d € Z so that fy : H,(M) — H,(S™) is multiplication by d.
First, define f;, : S' — S by fx(2) = z*. It is easy to see that f;, has degree k. We claim that the suspension
of a map preserves its degree. Le., deg(Sf) = deg(f) for any f : M — N. By a standard argument (see Fall
2020-6), we have isomorphisms H;(SM) =~ H;_1(M) for all i. Moreover, this is natural since  is a functor
in the sense that we have the following commutative diagram:

Hy,i1(SM) —=— H,(M)

s i

Hyi1(SN) —=— Ho(N)

In particular fx and S fy are the same map up to isomorphism so S f must have the same degree as f. Hence,
taking repeated suspensions of the map f; : S' — S gives a map fi : S® — S™ of degree k.

Now, we construct a map g : M — S™ of degree 1. To do this, let B < M be an open set homeomorphic to an
open ball in R™. Let ¢ : M — M /(M — B) be the quotient map. Note that M /(M — B) = S™. Considering
the good pair (M, M — B), the induced long exact sequence is natural so we have a commutative diagram:

~ ~

H, (M) H,(M,M — B)

K |

H,(M/(M = B)) —— H,(M/(M - B),(M - B)/(M - B))

The top map is an isomorphism since M is orientable. The bottom map is an isomorphism since (M —
B)/(M — B) is just a single point so has trivial reduced homology. The right map is an isomorphism
using excision. Hence g4 is an isomorphism so ¢ has degree 1. Then, let f = fk o ¢ which has deg(f) =
deg(ﬁ) x deg(q) = k. Finally, note that degree is (by definition) invariant under homotopy so by Whitney’s
Approximation theorem, we may homotope f to a smooth map that has the same degree, as desired.
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Fall 2022-4. Let M be a smooth manifold and let w € (M) be a nowhere vanishing smooth 1-form.
Prove that the following are equivalent.

(a) ker(w) is integrable.
(b) w A dw=0.
(c) There exists some a € Q' (M) such that dw = a A w.

Hint: ker(w) span(a—;‘zl, e axﬁ%), wly = fudx™. Set o|y = ij—é’ and put together with partition of unity.

For (b) = (a), use Frobenius’s theorem with dw(X,Y) = —w([X,Y]) to show [X,Y] € ker(w).

Referenced in: Fall 2018-3, Fall 2018-4, Spring 2015-5, Fall 2014-5, Fall 2013-5, Fall 2008-4.

(a) = (c). Let ker(w) be integrable. Then, for every p € M, there exists some chart (U,x) such that,
without loss of generality,

0 0
ker(w) = span(ﬁ, ce W)
where m = dim(M) since w is a 1-form so its kernel is (m — 1)-dimensional. Then, w|y = fydz™ for some
nowhere vanishing function fy : U — R so dw|y = dfy A da™. Choose

d d
ay = v so that dw|y = dfv A fudz™ = (ay A w)|y.
fu fu
Cover M by such charts U and let {¢y} be a partition of unity subordinate to {U} and define
a = Z dyay.
U

So at every p € M, we have
aAw= (quUaU) Aw= Z(bU(aU AWl = Z¢wa|U = dw
U U U
as desired.
(¢) = (b). Since dw = @ A w, we have
wAdw=wn (aArw)=0,
since w A w =0 as w e Q1 (M) is a 1-form.

(b) = (a). Suppose w A dw = 0. We show that ker(w) is involutive which is equivalent to integrable by
Frobenius’s theorem. Let X,Y € ker(w). Since w is a 1-form, we have

dw(X,Y) = X(w(Y)) = Y(w(X)) —w([X,Y]) = —w([X,Y]).
Since w is nowhere vanishing, for any p € M, we can find a Z € X(M) so that w,(Z) # 0. Hence
0=wnAdwp(X,Y,Z) = wp(X)dwyp(Y, Z) + wp(Y)dwp(Z, X) + wp(Z)dw,(X,Y)
= wp(Z)dwp(va)v

50 dwp(X,Y) = 0. Thus, we must have dw(X,Y) = 0 implying that w([X,Y]) = 0 so [X,Y] € ker(w) and
thus ker(w) is indeed involutive.

Fall 2022-5. Let M be a 2n-dimensional manifold. A symplectic form on M is a smooth closed 2-form
in Q2(M) so that w A ... A w e Q2*(M) is a volume form. (That is, nowhere vanishing). Determine all
pairs of positive integers (k,[) so that S* x S’ has a symplectic form.
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Hint: (1,1) and (2,2) only. Mostly Kiinneth’s formula for the rest. Subtlety for S? x S* and showing 52 x S?
works involving 7} for the projection maps and a volume form 7 on S2.

We claim the only pairs are (1,1) and (2,2). First, note that S* x S! is closed so for it to have a symplectic
form w, we require w™ to not be exact. Also [w"] = [w*] A [w"¥] so the de Rahm cohomology in any even
degree must be nontrivial since the one in the 2nt" degree is nontrivial. Moreover, it is clear that k +1 = 2n
must be even.

Throughout this answer, we use the fact that

. Z ifi=0
H(S") =4
0 otherwise.
First, suppose that k > 2 and [ > 2. Then, by Kiinneth’s formula, H?(5* x §') = @, ,_, H'(S")®@H (5") =
0 which means that no such w exists. Similarly, if & = 2 and [ > 4, we have H*(S% x S') = 0. Also by

Kiinneth’s formula, we have
H?*(S? x 8*) = H*(S*) @ H°(S*) =~ Z.

Consider the projections 71 : §% x §4 — §% and 73 : $? x S* — S%. Since H%(S? x S*) =~ Z, it is spanned
by m¥n for some volume form 7 on S2. If w was a symplectic form on S? x S%, then [w] = c[7}n] implying
that [w?] = 3[r¥n3] = 0, contradicting the fact that w?® is not exact.

Hence, our only choices left are k = [ = 1 and k = [ = 2 which we will show are both symplectic. First S x S*
is an orientable two dimensional manifold (since it is the product of orientable manifolds) and so any volume
form is our desired symplectic form. For S? x S2, we again consider the projections 7y 5 : 5% x 5% — §2.
Let 7 be a volume form on S? which exists since S? is orientable. Then by Kiinneth’s formula, we have
i A win is a volume form on S? x S2. Then, if we take w = 7¥n + 7357, we have w A w = 27§y A win, since
min A g =7 (n An) =0asn Anis adform on S? and similarly 7in A 751 = 0 so w is a closed 2-form
with w? a volume form as desired. Note that w is closed because 7 is a 2-form on S? so is itself closed.

Fall 2022-6. Let C, be a chain complex of free abelian groups. Let A, = Cy ® Z/p and let By =
Cx ® Z/p? be the chain complexes we get by tensoring Cy degreewise with Z/p and Z/p? respectively.

(a) Show that we have a short exact sequence of chain complexes
0> Ay > By —> Ay —0
induced by the corresponding sequences of abelian groups
0— Z/p — Z/p* — L/p — 0.
(b) Show how to define a Bockstein natural transformation
B Hi(Ay) = Hi—1(As)
such that we have an associated long exact sequence
o Hy(Ax) = Hy(By) = Hy(Ax) D> Hy 1(Ay) > -+
(c) Show that if  and y are elements such that d(z) = py, then
A(T) =7,

where the bars indicate the reduction modulo p of the corresponding classes.
(d) Show conversely that given an element T € Hy(Ay), if 5(T) = 0, then we can find elements
2,7y € Cy such that o reduces to T modulo p and d(z) = p*y modulo p>.
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Hint: Cy ® — is an exact functor degreewise. Snake lemma. Follow proof of snake lemma for (c). (d)
equivalent to d(x) = 0 mod p?.

Referenced in: Fall 2019-9, Spring 2013-10, Spring 2012-5, Spring 2011-6.

(a) This is just because Cy is a chain of free abelian groups (i.e. Z™) which are all flat so Z" ® — is an exact
functor. Hence Cy ® — is degreewise an exact functor giving us the desired short exact sequence of chain
complexes.

(b) This is exactly the snake lemma. By part (a), we have the following commutative diagram with exact
rows:

Let a € Ay, with d5(a) = 0. Since g is surjective, there is some b € By, with g(b) = a. Then, by commutativity
of the right square, we have ¢’ 0 02(b) = d3 0 g(b) = d5(a) = 0 so 02(b) € ker(¢'). By exactness of the second
row at Bj_1, ker(g’) = im(f’) so there is some o' € A;_1 such that f/(a’) = d2(b). In fact, a’ is unique since
/' is injective. Define B(a) = a’.

To show that this is well-defined, suppose that b € By was some other element with g(b) = a. Now,
g(b—b)=g() —g(b) =a—a=0s0b—be ker(g) = im(f) by exactness of the first row at By. Thus, there
is some @ € Ay, so that f(a) = b— b. Again, we find @ € Ay_; such that f/(a’) = d2(b). By commutativity
of the left square, we have f’ 0 d;(@) = 03 0 f(a) = 02(b — b) = 02(b) — 02(b) = f'(@) — f'(a') = f'(@ — a).
Now, f’ is injective by exactness of the second row so 01(a) = @’ — a’ which implies that @’ — a’ € im(d1),

showing that f : ker(ds) — Hy—1(Ax) = If;r((gll)) is well-defined.

In addition, we need to show that for any a € im(03), we have 5(a) = 0 € Hi_1(Ax) so that 8 descends to
a map Hy(Ay) = Hi—1(Ay). So let a € Ay be such that a = 03(a’) for some a’ € Ap;1 and let b € By, be
such that g(b) = a. Then, we can find &' € By, such that ¢g#(b') = a’ where g% : Byy1 — Agy; is the
surjective map in degree k + 1. Then, consider b — d2(b’) € By, which we know gets sent to g(b — 02(V')) =
g(b) — g(02(t))) = a — 03(g7 (b)) = a — d3(a’) = a —a = 0 by g. So then, there exists @ € Ay, such that
f(@) = b—0o(b) and f'(01(a)) = 02(f(@)) = da(b — 0o(b')) = d2(b) since 03 = 0. So B(a) = d1(@) € im(d;)

as desired.

(c) Let € Cy, and y € Ci—1 so that d(z) = py. Clearly 03(Z) = py = 0 where T is reduction of z modulo
p. Let 7 be reduction of z modulo p? and we note that 7 € By, satisfies g(Z) = Z. Then, d2(Z) = py and
Yy € Ay satisfies f'(y) = py so B(T) = 7 as desired using the definition of 8 described in part (a).

(d) Suppose 3(x) = 0. Let ¥ € By be such that g(z) = T and take § = 02(Z). Then, let ¥ € Ap_1 be
such that f'(y) = y. In particular, § = S(Z) = 0 in coker(d;) so § € im(d;), say with ¢y’ € Ay having
01(y') = 7. Then, d2(f(y)) = f(1(v')) = f'(§) = § = 02(Z). Let 2’ € Cy, be such that 2’ = 7 — f(y’). Then

2 =2~ f(y) =% —py =7 —0since py’ = 0 and so 7 = 7. In addition, we have 62(1?’) =0(Z—f(y)) =0
which implies that d(2’) = 0 mod p? which suffices to show the result.

Fall 2022-7. Let H be a union of n lines through the origin in R3. Compute 7 (R3 — H).

Hint: *%1<i<on—1Z. Deformation retract to 52 minus 2n points and then homotopy to R? minus 2n — 1
points and finally to the wedge sum of 2n — 1 copies of S'. Use induction/Van Kampen’s to prove.
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Referenced in: Spring 2021-3, Spring 2016-8.

Note first that R? — H deformation retracts onto S2 — J where J is a collection of 2n points. But we know
that S? — {p} is homotopy equivalent to R? so S? — J is homotopy equivalent to R? — K where K is a
collection of 2n — 1 points. We claim that

1 (R? — K) = %1<icon17Z

is the free product of 2n — 1 copies of Z. We prove this by induction for any collection of k points. The
base case k = 0 is clear, m1(R?) = 0 and for k = 1, we have R? — {p} deformation retracts to S which has
fundamental group Z.

For any collection K of k points, R? — K is homotopy equivalent to R? — {(0,0), (1,0),..., (k,0)} so we may
assume K = {(0,0),(1,0),...,(k,0)}. Now, consider the following two open subsets of R? — K

A={(z,y) eR*— K |z <0.55}, B={(z,9) e R? = K | 2 > 0.45}.

We have H; U Hy = R? — K and Hy n Hy = {(z,y) € R? | 0.45 < 2 < 0.55} which is simply connected. So,
applying Van Kampen’s theorem gives us an isomorphism

1 (R? — K) = 7 (A) * 71 (B)

but A is homotopy equivalent to S! since it is homotopy equivalent to R? minus a single point so 71 (A4) =~ S!
while B is homotopy equivalent to R? minus k& — 1 points. So by induction, 71(B) = %1<i<x—1Z and we
conclude that 1 (R? — K) = %1<;<;7Z as claimed.

Fall 2022-8. Let X be a path connected, locally path connected, semilocally path connected space.
Recall that a path connected covering space X — X is abelian if 7 (X) is normal in 71'1( ) and the
quotient is abelian. Show that there is a universal abelian cover: this is an abelian cover X — X such
that for any other abelian cover Y — X, there is a covering map XY factoring the map X - X.

Hint: Universal cover. Galois correspondence gives p : X — X with py(m1(X, %)) = [G,G]. Show the
factorization is a cover.

We know that X admits a universal cover X — X since it has all those nice adjectives. Let m(X) = G and
let H = [G,G] < G be the commutator subgroup of G. By the Galois correspondence, we know there is a
covering space p : X — X such that p,(m (X, )) = H. We know that H is normal in G and G/H = G*" is
the abelianization of G. ILe., for any normal subgroup N < G, we have G/N is abelian if and only if H ¢ N.

Now, if ¢ : Y — X is an abelian cover, then g, (71 (Y, *)) is normal in G and G/q,(m1 (Y, %)) is abelian so

pa(m1(X, %)) € gu(m1 (Y, %))

Now, by the lifting property of covering maps, there is some j : X — Y such that p = g o j which we claim
to be a covering map itself. Let y € Y. Then, there is a neighborhood U = X of ¢(y) such that ¢~ (U) is
a disjoint union of open sets that are mapped homeomorphically to U by ¢ since ¢ is a covering map. Also
i Y g Y (U)) = p~1(U) is a disjoint union of open sets that are mapped homeomorphically to U by q o j.
This forces it to be a disjoint union of opens mapped homeomorphically to ¢~1(U) by j so j is a covering
map, completing the proof.

Fall 2022-9. The space S* x S' is the mapping cone of the map
[a,b] : S* — St v St

representing the commutator of the inclusion of the left summand @ : S — S' v S! and the inclusion of
the right summand b : S — S' v S'. Use this and the long exact sequence to compute the homology.
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Hint: General Mayer Vietoris sequence for mapping cylinder and mapping cone. Use knowledge of homology
of St and S' v S'. Use formula to get [a,b]s = 0 so H;(S* x §') = Z, @Z%l) D Z3).

Referenced in: Fall 2015-9.

By definition of the mapping cone, we have
Stx 81 = ((51 x [0,1])] JS* v Sl)) /o~

where (z,1) ~ [a,b](z) for all z € S and (z,0) ~ (2/,0) for any x, 2’ € S1. We first show that we obtain the
following long exact sequence:

e ffn(sl) M]‘** }NIn(Sl \% Sl) — Efn(Sl X Sl) e
In general, let f : X — Y be a continuous map between topological spaces, let A = X x {0} < X x [0, 1]

and define
My = ((X < (0D |Y)/~  Cp = My/A,
where (z,1) ~ f(x) for all z € X, to be the mapping cylinder and mapping cone of f respectively. Then

(My,A) forms a good pair since A is closed in My and A has a neighborhood, say X x [0,0.5), that

deformation retracts onto A. Hence, we have H;(My, A) = I;Q(Mf/A) = }NIi(C’f) for all ¢ and the long exact
sequence for the pair is

> Hipr(A) 25 Hi g (My) — Hia(Cp) — Hi(A) 25 Hy(My) — -,

where i : A — My is the inclusion. The natural map X — A is a homeomorphism so H;(X) — H;(A)
for all ¢ where the map on homology takes a chain in X to the same chain in X x {0} = A. Moreover, M
deformation retracts onto Y in a way that provides a homotopy from the inclusion X < My to the map
f X — Mjy given by enlarging the codomain. In particular, if we replace H;(A) with H;(X) and H;(Mjy)
with H;(Y), we change i, to fy and we get the exact sequence

f ~ J:
= Hip1(X) =5 Hi1 (Y) = Hi1(C) — Hi(X) =5 Hy(Y) — -+
In our case, this gives us the following long exact sequence

s Hy (81 1 F sty 1) > H (St x S1) -

where we know the homologies Hy (S') = Z1y and H,(S'v SY) = Z%l). So this simplifies to

0 Ha(S' x 81 -z 1%, 72 | F (sl x 1) - 0.

On first homology, we have [a,b]«(x) = (x,0) + (0,z) — (2,0) — (0,2) = (0,0) where z is the generator
of Hy(SY). Le., [a,b] is zero so Hy(S' x S') — Z is an isomorphism by exactness, and similarly for
72 — Hy (S x S1). Finally, S' x S! is path connected since S' and S! v S! are, and by the definition of
the mapping cone so Hy(S* x S') =~ Z. Hence, we conclude

Z i=0,2,
H;(S' xSV =372 i=1,

0 otherwise.

Fall 2022-10. Let f : X — Y be a continuous, pointed map. Let X™(f) : ¥"X — ¥"Y be the nth
(pointed) suspension of f. Show that if for some n, ¥"(f) induces the trivial map on reduced homology,
then it does for all n.
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Hint: Use naturality of Mayer Vietoris to get a commutative diagram with Hy(SX) = Hy_1(X).

Referenced in: Fall 2018-9.

For any space X with basepoint p € X, we know that XX is defined by XX = X x [0,1]/ ~ where (z,0) ~
(«/,0) and (x,1) ~ (2/,1) for any z,2’ € X, and (p,t) ~ (p,t’) for any t € [0,1]. Let A = X x [0,0.55)/ ~
and B = X x (0.45,1]/ ~, which are both contractible so have trivial reduced homology. We also note that
AuB =%X and An B = X x (0.45,0.55)/ ~ deformation retracts onto just X x {0.5} = X. Thus, by
Mayer Vietoris, we get the following long exact sequence that is natural in X:

c > 0> Hy(RX) > Hy 1 (X) > 0— -
This naturality exactly means that for any continuous map f : X — Y, we have the following commutative
diagram
Hy(SX) — Hyp1(X)
x| |
H(XY) —— Hpa(Y)

So we know that X f induces the trivial map on reduced homology if and only if f does. Applying the above
logic to Xf : XX — XY, we can see that X(Xf) = X2 f induces the trivial map on reduced homology if and
only if ¥ f does. Iterating this, we get the desired result: for any n, 3™ f induces the trivial map on reduced
homology if and only if £*f does for all k.

Spring 2022

Spring 2022-1. Let M be a closed (compact, without boundary) 2n-dimensional manifold, and let w be
a closed 2-form on M which is non-degenerate, i.e., for any p € M, the map T, M — T M, X — ixw(p)

is an isomorphism. Show that the de Rham cohomology groups Hﬂ% #0for 0 <k <n.

Hint: Show w(p) is a non-degenerate, bilinear, skew-symmetric form. Find basis Xi,...,X,,Y1,...,Y, €
T,M with w(p)(X;,Y;) = 6;; and then w”(p)(X1,...,X,,Y1,...,Y,) = n! implies w™ vanishes nowhere so
M is orientable implies w™ is not exact since M closed.

It suffices to show H2% # 0 as [w"] = [w*] A [w"™*] for any 0 < k < n so if [w*] = 0 for any 0 < k < n, then
[w"] = 0 as well. Thus, our goal is to show that w" is closed but not exact so [w™] # 0 € H3%. Define

[T, MxT,M->R, XxY—uwp(XY).
f is a bilinear form as w(p) is a multilinear map. Also, w is alternating so
UJ(p)(X, Y) = _w(p)(y7 X)

We now claim that w(p) is non-degenerate. Let X € T, M and suppose that w(p)(X,Y) =0forall Y € T,M.
Le., the map ixw(p) : ¥ — w(p)(X,Y) is exactly the zero map. Then since w is non-degenerate by
assumption, we know that X = 0 so w(p) is indeed non-degenerate. Thus, w(p) is a non-degenerate, bilinear,
skew-symmetric form. So there is a basis

Xl,...,Xn,Yl,...,YHETpM

so that
w(p)(Xi,Y)) = 0ij,  w(p)(Xi, Xj) = w(p)(Yi, Y;) = 0.

In particular, we then have

wip) = Y. X} AV

i=1
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and raising to the nth power gives
W' (p) =nIXEA - AXEAYF A AYE

Then,
w'(p)(Xy,..., Xn, Y1,...,Y,) =nl!

which means that w™ is nowhere vanishing since X1,..., X,,Y1,...,Y,, is a basis for T, M so M is orientable.
Finally, since w™ is nowhere vanishing, we have SM w™ # 0 so since M is closed, we conclude that w™ is not
exact as claimed.

Spring 2022-2. Let M be a closed n-dimensional manifold. Let w be a closed k-form on M, 1 < k < n.
Prove that for any p € M there is another closed k-form 7 which vanishes on a neighborhood of p and
such that [w] = [7] € HY,(M).

Hint: Ball diffeomorphic to open ball in R™. Bump function ¢. i*(w) closed implies exact so find n with
dn = i*(w). 7 = w — d(¢n) works.

Referenced in: Fall 2023-5.

Let w € QF(M) be closed and let p € M. Let B c M be a neighborhood of p that is diffeomorphic to
an open ball in R” and find U < U < B so that p € U. Let ¢ be a bump function that is supported on
B and so that ¢ = 1 on U. Let i : B — M be the inclusion and consider i*(w). i*(w) is closed since
di*(w) = i*(dw) = i*(0) = 0. Then, since H*(B) = H*(R") = 0, we know that i*(w) is exact. So we may
find n € QF~1(B) such that dn = i*(w). Define 7 = w — d(én). On U, ¢ =10 7 = w — dn = 0, and clearly
by construction [w] = [7] as they differ by the exact form d(¢n).

Spring 2022-3. Let M be a closed n-dimensional manifold and let Q be a volume form (i.e., a
nonvanishing n-form) on M. Given a vector field X on M, its divergence div(X) is the smooth function
on M defined by the identity:

Lx () =div(X)Q

where Lx denotes the Lie derivative with respect to X.

(a) Prove that §, div(X)Q = 0.
(b) Express div(X) in local coordinates.

Hint: Cartan’s magic formula, w is top form, M = @&. (b) is div(X) = >, lf(f; Xt + %);L for Q =
fdzt A - A dx™.

(a) By Cartan’s magic formula, div(X)Q = Lx () = dux(Q) + txdQ. But d2 = 0 since 2 is a top form so

.[M div(X) = JJW dix(h) = LJVI x(®)

by Stokes’ theorem. Since M is closed, we have 0M = @ so §,, 1x(€2) = 0 as desired.
(b) Let pe M and let (U, z) be a chart centered at p. So, locally we have

0
oxt

Q= fdz' A A da" andX:ZXi

i=1
for some f # 0 and X* € R. As above, we have div(X)Q = dix () so locally,

div(X)Q = dux (fda' A - A dz™).
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Since f is a 0-form,
tx(fdzt Ao Ada™) = fux(dat Ao Ada™) +ox f oA (dat Ao A da™) = fux(dat A da™).

Also, we note that

x(dzt Ao Ada™) =) (=) e (X) Adat Ao A dai A - A dz”

-

s
Il
_

(71)i*1Xid:c1 A A j;z Ao A da™.

Il

s
Il
—

Thus,
dix(fdz' A - Ada™) = d(fox(dz A - Ada™)) =df Aux(dat Ao A da™) + fdux(da' A - A da™).
The first term becomes
= 1 0f i —~ N Of
Z(—l)“l—f,dexl Adrt A A dzt A A da™ = —f.deml Ao Ada™,
i=1 o' oo

and the second term becomes

n , . —~ = L 0X -~
d 1) IX et A o Adat A e da™ | = 1) = datdat Ao A dat A A da”
f (E( YT X et A Adat A :c) fE( ) —rdrtds Ao ndat A A dy

i=1

Putting this together, we have
div(X)Q = dux (fda' A - A da™)

I

~
Il
—

&
Il
—

Il
D=
/N N Do
S
8 |—=
>§ .
Kh-
D
s
N——
QU
8
-
>
>
IS
8
3

I

&
I
—

and so we conclude

S 1af g, oX
di - -~
X ; for T o

Spring 2022-4. Let w be a smooth 1-form on a manifold M and let X and Y be smooth vector fields
on M. Use the Cartan formula for Lie derivatives to derive the following formula:

dw(X,Y) = Xw(Y) —Yw(X) —w([X,Y]).

Hint: Use Lx = dux + txd and product rule for Lx to compute (Lxw)(Y) in two ways and set equal.

Cartan’s magic formula is:
Lx =dix +1xd

where X is a vector field. So we directly compute
(Lxw)(Y)=dixw(Y) +i1xdw(Y) = dw(X))(Y) +dw(X,Y) = YV(w(X)) + dw(X,Y),
since w(X) : M — R is a linear functional. We also have the product rule for £x which states:
(Lxw)(Y) = Lx(w(Y)) —w(Lx(Y)) = X(w(Y)) - w([X,Y]),

as again, w(Y) : M — R is a linear functional. Combining these two equations gives the result.
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Spring 2022-5. Let N < R"—{0} be a compact submanifold of dimension m. Show that N is transverse
to almost all k-dimensional linear subspaces in R™. Here “almost all” means the set of subspaces that
are not transverse to N has measure zero.

Hint: Define F : (RF —{0}) x U — R" by (a',...,a* vi,... ,vp) = Zf a‘v; where U < (R™)¥ is the open set
of k-tuples of linearly independent vectors in R™. Show F' is a submersion so is transversal to N and then
use Thom’s transversality theorem. Surjection P : U — Gr(k,n) is needed at the end.

Referenced in: Fall 2021-3.

Let U € R™ x --- x R™ be the set of k-tuples of linearly independent vectors in R™. Note that U is open
since being linearly independent is an open condition. Define

k
F:(RF—{0}) xU >R, (a',...,d%v1,...,00) = > av;.
i=1

Note that the image of F must be contained in R — {0} since if )*_, a’v; = 0, then all ' = 0 since the v;

are linearly independent. We claim that F is a submersion. Let (a!,...,a* vy,...,v5) € (R¥ —{0}) x U and
w € R™. There is some 1 < ¢ < k such that a* # 0 so we have
w
AF () O+ 0,0,y =, 0)
O F(at,. . dk v, v+ Bt o) — F(at, . adR v o)
= lim &
t—0 t
1 Q. w k _ 1 k
i a'vy 4 ...a' (v + 5t) + a®vp — (a'vy + ...+ a"vg)
—tgr(l) t
= lim — = w,
t—0 ¢t

showing that dF' is surjective at any point so F' is a submersion. Then, F is trivially transverse to any
N < R™ — {0}. By Thom’s transversality theorem, for almost all v = (vy,...,v;) € U, the map F, :
R* — {0} — R™ — {0} is transverse to N. By construction, this is the same as saying that the k-dimensional
linear subspace spanned by the set v is transverse to N for almost all linearly independent sets of k vectors.
Finally, since there is a surjection P : U — Gr(k,n) to the space of k-dimensional linear subspaces of R™,
this means that almost every k-dimensional linear subspace of R™ is transverse to V.

Spring 2022-6. Describe all the connected covering spaces of RP? v RP?. Here v is the wedge sum.

Hint: Four cases. Always have RP? on the end or loops back or goes to infinity.

Let X = RP? v RP?. We know that the universal cover of RP? is S2 and this is a double cover. Moreover,
the fundamental group of RP? is Z/27Z so (by Van Kampen’s for example), m (X) = Z/2Z # /27 = G is the
group coproduct. So connected coverings of X correspond to subgroups of G.

The trivial subgroup corresponds to the universal cover which is an infinite chain of $2’s. The subgroups
isomorphic to Z are generated by either (ab)™ or (ba)™ and have index 2n for some n > 1. These correspond
to the “necklace” of 2n copies of S?. The subgroups isomorphic to Z/2Z are generated by (ab)™a or (ba)™b
for some m > 0. These correspond to an RP? attached to an infinite chain of $?’s extending in one direction.
Finally, there are proper subgroups isomorphic to Z/27Z = 7,/27, generated by (ab)™ and (ab)™a for m < n.
These correspond to a finite chain of $?’s with an RP? on both ends.

Spring 2022-7. Let X be a CW complex consisting of one vertex p, 2 edges a and b, and two 2-cells
fi and fo, where the boundaries of @ and b map to p, the boundary of f; is mapped to the loop ab3
(that is first @ and then b thrice), and the boundary of f, is mapped to ba>.

(a) Compute the fundamental group 71(X) of X. Is it a finite group?
(b) Compute the homology groups of X with integer coefficients.
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Hint: Group presentation. m(X) = Z/8%Z. Hy(X;Z) = L) ® Z/8Z1).

Referenced in: Spring 2015-8.

(a) By the CW construction, we know the fundamental group has presentation
71(X) = {a,b | ab®,ba®).

We see that ab> =1 = a=b3soba®> =1 = b(b3)3 =1 = 8 =1. Then, a = b=3 = b° s0 in
fact 71 (X) is generated by just b and we have the relation b8 = 1 implying that 71 (X) is a quotient group
of Z/8Z. But it is easy to see that we don’t have b* = 1 from the given relations so indeed 7 (X) =~ Z/8Z, a
finite group.

(b) Clearly X is path connected so Ho(X) = Z. Also, H,(X) = 0 for n > 3 since X has only simplices
in dimensions < 2. Moreover, we know that H;(X) = m(X)*® = Z/8Z. Hence, we are only concerned

with Hy(X) = l:ﬁf((g;)) where C3 N Oy Oa, Cq is a part of the chain complex. We know that d3 = 0 since
C3 = 0 so we only need to investigate 0y : Co — C7. By the CW definition of X, we know that 0y sends
the two generators f; and fy of C? to a + 3b and b + 3a respectively. Suppose O2(zf1 + yf2) = 0. Then,
2(a+3b)+y(Ba+b) = a(z+3y)+b(3x+y) = 0s0 x4+ 3y = 0 and 3z+y = 0 clearly implying that z =y =0
s0 0o is injective and thus Hs(X) = 0. To summarize, we have

Z n =0,
H,(X)=<7Z/87 n=1,
0 otherwise.

Spring 2022-8. Let X be a topological space and let Y = (X x [0,1])/ ~, where (z,0) ~ (2/,0) and
(z,1) ~ (2/,1) for all z,2" € X. Compute the homology groups of Y in terms of those of X.

Hint: Hy,(Y) = Hy_1(X) for all k. Use Mayer-Vietoris.

This is exactly Fall 2020-6.

Spring 2022-9. Let M be a compact odd-dimensional manifold with nonempty boundary ¢M. Show
that the Euler characteristic of M and dM are related by x(M) = 2x(0M).

Hint: Glue two copies of M together along the boundary to make N. N is closed, odd-dimensional so has
X(N) = 0 by Poincaré duality (use Z/27Z coefficients) and then use Mayer-Vietoris to get equation.

Referenced in: Spring 2019-10, Spring 2016-4, Fall 2012-8.
Take two copies M7 and My of M and glue them along the boundary to get the manifold

N = M1 UoMm Mg.

Then, N is a closed odd-dimensional (say 2n + 1) manifold. By the definition of the Euler characteristic, we

have
2n+1

X(N) = > (~1)'Rank(H;(N; F))
i=0
for any field F. Then, using F = Z/27Z so that N is Z/2Z-orientable, we apply Poincaré duality to get
Hopnt1-k(N;Z/27) = Hi(N;Z/2Z) for any 0 < k < 2n + 1. Then, 2n + 1 — k and k have different parity so
we get
X(N) = Z ((=1)'RankH;(N)) + (—1)*"*'""Rank(Han+1-:(N))) = 0.
i=0
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Take neighborhoods A and B of M in M; and M> respectively that can be deformation retracted onto oM.
Now, we consider the Mayer-Vietoris sequence for N = (MyuB)u(MauA) where (MyuB)n(MyuA) = AnB
is homeomorphic to M. So we have

e n+1(N)HHn(aM)_’Hn(Ml)@Hn(MZ)_’Hn(N)_> n—l(aM)_’

Now, we claim that in any exact sequence of finitely generated abelian groups, the alternating sum of the
ranks of the groups is equal to 0. Consider

0 f*I,XO ﬂ»Xl LX2 LN et N X, In 0.

For each i € {—1,...,n}, we have a short exact sequence
0— ker(fi) - Xi — 1m(f1) — 0

so Rank(X;) = Rank(ker(f;)) + Rank(im(f;)) which implies that

n n

31 (=1)'Rank(X;) = | (~1)'Rank(ker(f;)) + (—1)Rank(im(f;)).

i=—1 i=—1

But since the original sequence was exact, we know that ker(f;+1) = im(f;) for all ¢ so then this alternating
sum collapses to 0 since all the terms cancel out.

Thus, in our case, we have

2n+1 2n+1 on+1
7 (1) Rank(H;(N)) — Y (~1)'Rank(H;(0M)) + Y. (—1)Rank(H;(M;) ® H;(Ms)) = 0
=0 1=0 =0

which implies that
X(N) = x(0M) +2x(M) =0

since Rank(H;(M;) ® H;(Ms)) = Rank(H;(M)) + Rank(H;(M)) as My = My = M so x(M) = +x(0M) as
desired since x (V) = 0.

Spring 2022-10. Let A€ GL(n + 1,C). It induces a smooth map
¢a: CP" - CP", [(z0,..-,2n)] — [A(20,-..,2n)],

where [(zo, ..., 2,)] is the usual equivalence class of (zp, . .., 2,) in (C"*1 —{0})/ ~ where (20, ...,2,) ~
(Azo, ..., Azp), where A € C*. (You do not have to check the smoothness of ¢4.)

(a) Show that the fixed points of ¢4 correspond to eigenvectors of A (up to multiplication by C*).
(b) Show that ¢4 is a Lefschetz map if the eigenvalues of A all have multiplicity 1.
(c) Compute the Euler characteristic of CP" be calculating the Lefschetz number of some ¢ 4.

Hint: (d¢a). has no fixed points for any eigenvector z of A. Use local coordinates. Since we can homotope
anywhere by connectedness, use A = diag(1,2,...,n+1) to use part (b) so Lefschetz number is sum of local
Lefschetz numbers which are all +1 so answer is n + 1.

Referenced in: Spring 2013-6.

(a) Suppose that ¢4(z) = x. Then [Az] = [z], i.e., Az = Az for some A € C* which is exactly what it
means for z to be an eigenvector of A (since A is invertible so can’t have 0 as an eigenvalue). Conversely,
Az = Az for X € C implies that [¢4(z)] = [Az] = [Az] = [z] so indeed z is a fixed point of ¢ 4.

(b) Recall that a map f : X — Y is a Lefschetz map if graph(f) := {(x, f(x)) | z € X} is transversal to
A = {(z,z) | x € X}. This is equivalent to saying that df, has no eigenvectors with eigenvalue 1 for all fixed
points z € X of f. Le., we need only show for any eigenvector = of A, that (d¢4), has no eigenvectors with
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eigenvalue 1. Let Ag,..., A\, be the distinct eigenvalues with corresponding eigenbasis vy, ..., v,. Since A is
invertible we know that \; # 0 for all . Using local coordinates, we compute

20 ~ Zn )\OZO ~ )\nzn
(d¢A)x T e e g Ry ey T = )\773-"7Zi)"'7)\77 .

Then, since all of the eigenvalues are distinct, it is easy to see that (d¢4). has no eigenvector with eigenvalue
1.

(c) We know that x(CP") = L(id) = L(¢;) where L(f) is the Lefschetz number of a map f : CP" — CP"
and I € GL(n+1,C) is the identity matrix. We know that the Lefschetz number of a map is invariant under
homotopy. Also, since GL(n + 1, C) is connected, ¢; is homotopic to ¢ 4 for any matrix A. Thus, let us take
A = diag(1,2,...,n+1). Let e1,ea,...,e,11 € C""! be the standard basis which is also the eigenvectors
for A corresponding to the distinct eigenvalues 1,2,...,n + 1 respectively. Thus, we have

n+1
L(gpa) = Z Le,(¢a)

since ¢4 is a Lefschetz map by part (b). We also know that L., (¢4) = £1 depending on whether d(¢4)e, — I
is orientation-preserving or orientation-inversing. Since A is a complex matrix, this will always preserve the
orientation (of R2") so we get L(¢a) = Y"1 = n + 1 and we conclude that y(CP") = n + 1.

Fall 2021

Fall 2021-1. Let V},(R™) denote the space of k-tuples of orthonormal vectors in R”. Show that V4 (R™)
is a manifold of dimension k (n — ££1). Hint: Use a map F : M, (R) — RF(**1D/2 guch that Vi, (R")
becomes the preimage of a regular value of F. (Here M,,«x(R) denotes the set of matrices with n rows
and k columns.)

Hint: Define F : My (R) — Symy, ,(R), F(A) = ATA, dFs(3AC) = C shows this is a submersion.

We use the same map as in Fall 2022-6 and the proof is the same. Now the dimension is nk — k(k + 1)/2 =
(o — E40).

Fall 2021-2. Show that the product of two spheres SP x S? is parallelizable provided p or ¢ is odd.
(Here parallelizable means the tangent bundle is trivializable; equivalently, there exists (p + ¢) vector
fields on SP x S? which are everywhere linearly independent.)

Hint: Nowhere vanishing vector field on S?"~!: (z1,...,72,) = (—22, 21, —T4, 23, ., —Topn, Tan_1). Gym-
nastics with vector bundles using projection maps and moving two copies of R? over to get trivial bundle.

Referenced in: Spring 2010-2.

Without loss of generality, let p = 2n — 1 be odd. Define the map
X: 8P > TSP, (v1,...,02n) = (—=T2,T1, —T4,73,..., —T2n, Tan—1)-
In fact, X is a vector field since

x-X(x) = (x1,...,2om) - (—T2, 1, — T4, T3, .. ., —T2p, T2n—1)

= —X1%2 + ToT1 — T4T3 + X3X4 — ... — Top_1T2y + TonTon—1 = 0.

Define a one-dimensional vector bundle on S” by B, = span(X(z)). B = SP x R. We can find the
orthogonal complement bundle Bt so that TSP = B @ B*. Note that the normal bundle NSP is trivial as
SP has codimension 1 when embedded into R?T!. Finally, we know that for any x € SP, we have

T,RP* = T, 8P + N, SP,
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and similarly for S9. So, letting 71 : S? x S — SP and 7o : SP x S — S7 be the canonical projections, we
have the following chain of isomorphisms:

T(SP x S9) =~ 7 (TSP) ® w3 (T'S?)
=~ 7§ (B@® B') @ 7} (TS9)
~ 1¥(BL @ S? x R) @ 7 (T'SY)
=~ 71¥(BY) @73 (TS1® S x R)
=~ ¥ (BY) @73 (TS1® NS
=~ ¥ (BY) @ 7 (S7 x RITY)
=71 (Bt @ SP x R?) @ SP x §9 x R?™!
~ 7H (TSP ® NSP) @ 5P x 1 x RI~

~ SP x 89 x RPHL @ §P x §9 x RI~1

~ 8P x §9 x RP*Y,

showing that SP x S? is parallelizable.

Fall 2021-3. Let M™ < R™ — {0} be a compact smooth submanifold of dimension m. Show that M is
transverse to almost all k-dimensional linear subspaces in R™. (Here “almost all” means that the set of
subspaces that are not transverse to M has measure zero.)

Hint: Define F : (R¥ —{0}) x U — R" by (a',...,a" vi,...,v) — Zf a'v; where U < (R™)* is the open set
of k linearly independent vectors in R™. Show F' is a submersion so is transversal to N and then use Thom’s
transversality theorem. Surjection P : U — Gr(k,n) is needed at the end.

This is exactly Spring 2022-5.

Fall 2021-4. Let w € Q7(R™) be a compactly supported n-form. Show that w = dn for some compactly
supported (n — 1)-form 1 e Q2 (R™) if and only if §;, w = 0.

Hint: Split into n = 1,n > 1 cases. Find balls supp(w) € B = B < B’. Find 7 such that dr = w by
Poincaré’s lemma, and look at the restriction of 7 to R™ — B. Show that 7 is exact on this domain (using
Stokes’, closedness, and assumption in question) so get v on R” — B and set n = 7 — d(¢7) for ¢ a bump
function. Note: need to look at isomorphism on de Rham cohomology induced by the inclusion S < R" — B
for some sphere S.

If w = dn, then

Joo=Jn=0
n OR™

by Stokes’ theorem which we may apply since n has compact support, and since 0R™ = . For the reverse
direction, we have two cases to consider.

If n = 1, then w = fdx for some compactly supported f € C*(R). Define F: R — R by
F(z) = J f(®)dt.
—Qo0

By the fundamental theorem of calculus, dF = F'dx = fdx = w. Now, since f is compactly supported,
there exists some R > 0 such that supp(f) < [—R, R]. So when z < —R, we clearly have F'(z) = 0. But
also, when x > R, we have

F(z) = Lﬁ Ft)dt = J:O Ft)dt = JRW —0,
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so we have supp(F) < [—R, R] and dF = w as desired.
Secondly, if n > 1, we instead pick B, B’ — R™ two open balls centered at 0 so that

supp(w) € Bc Bc B'.

Now, w is a top form so is closed. Hence, by Poincaré’s lemma, we know that w is exact so there is a smooth
(n — 1)-form 7 on R™ such that d7 = w. Note, in particular, that dr = 0 on R” — B.

Consider the restriction of 7 to R™ — B. By the above, 7 is closed on this domain. Moreover, the inclusion
i: 0B’ — R" — B induces an isomorphism i* : Hz'(R" — B) — H>"'(0B’) where 0B’ is an (n — 1)-sphere
contained in R™ — B centered at the origin onto which R® — B deformation retracts. Then, since 7 is closed
on R™ — B, we know that 7 is exact on R” — B if and only if i*7 is exact on 0B’ which is true if and only if

Saﬁ i*7 = 0. However, by Stokes’ theorem, we have

OZJ w:f w—&-J w:0+f dT:f T
" - T T 0B

so 7 is indeed exact on R" — B. So we can find an (n — 2)-form v on R® — B such that 7 = dy. Let ¢
be a smooth bump function that is supported on R — B and equal to 1 on R® — B’. So n = 7 — d(¢)
is smooth on all of R™, compactly supported (because on R® — B, ¢ = 1 and n = 7 — dy = 0), and
dn = dr — d*(¢y) = dr = w as desired.

Fall 2021-5. Let n > 0 be an integer. Let M be a compact, orientable smooth manifold of dimension
4n + 2. Show that dim(H?"*1(M;R)) is even.

Hint: H*" (M) x H*"*Y(M) — R by (w,n) — §,,w A 7. Show this is bilinear, anti-symmetric, and non-
degenerate. Corresponds to an invertible k x k (k = dim(H?"*(M))) matrix with A = —A7T but if k is odd,
we get det(A) = —det(A), a contradiction.

Referenced in: Spring 2019-10, Spring 2015-10, Fall 2012-7.
Consider the map H?"*(M) x H*"*'(M) — R where (w,n) — §,, w A 1. Now, this map is bilinear since

(w1 +w2,m) = J

(w1+w2)/\n=f w1/\77+w2/\77=J W1A77+J wa AN = (w1,n) + (w2,n),
M M M M

and similarly for the n component. Also, for any ¢ € R, we have
(cw,n) = J (cw) Am = CJ w An = c(w,n),
M M

and again similarly for the n component. Moreover,

J LLJ/\77=—J. nAw,
M M

since 7, w € Qa,41(M) are both odd-dimensional so this form is anti-symmetric. We also know that this is
non-degenerate by Poincaré duality and de Rham’s theorem since R is a field. Since M is compact and ori-
entable, H"*2(M;R) = R and since R is a field, we have H?>"*!(M;R) = R* for k = dim(H?"*'(M)). Thus,
we can represent this bilinear form by a matrix A € Gl (R) such that A = —A”. Then, if dim(H?"*!(M;R))
were odd, we would have

det(A) = det(AT) = det(—A) = (—1)ImE" T LR) qot(A) = — det(A),

contradicting the fact that A is non-singular. Hence, we must have dim(H?""*(M;R)) being even.
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Fall 2021-6. Let f : C — C be a nowhere zero continuous function. Prove that there exists a continuous
function g : C — C such that f(z) = 9 for all z € C.

Hint: exp : C — C — {0} is a covering map and f lifts to g since C is contractible.

Since f is nowhere zero, we can think of it as a map f : C — C — {0}. Now, the map exp: C - C— {0} is a
covering map. Moreover f,(m1(C,*)) = f4(0) = 0 = exp,(0) = exp, (71 (C, %)) since C is contractible. Thus,
there exists a lift g : C — C such that f=expog.

Fall 2021-7. In this problem, work in either the category of topological manifolds or smooth manifolds
(your choice). Let M be an n-manifold. Define its orientation double cover M, and explain its structure

as a topological /smooth manifold. Prove that the orientation double cover of M is always disconnected.

Hint: Topological basis Uo = {(p, O,) | p € U, O, orientation of T,M determined by O}. To show discon-

nected, show M is orientable by defining a pointwise orientation and showing it is continuous and then m is
an even double cover.

Referenced in: Spring 2021-6, Fall 2017-6.

We will work in the category of smooth manifolds. As a set, we define

M = {(p,Op) | pe M and O, is an orientation of T,,M}.

Define the projection 7 : M— M by (p, Op) — p. Each tangent space has exactly two orientations so any
fiber of this map has cardinality 2. For each pair (U, Q) of an open subset U of M and an orientation O on

U, define Up = M by
Uo = {(p,O,) | pe U and O,, is the orientation of T, M determined by O}.

We claim that the collection of all subsets of the form Up form a basis for the topology on M. Let (p,0p) € M
be a point, let U be an orientable neighborhood of p in M, and let O be some orientation on U. We may
assume O, is the same as the orientation of 7, M determined by O by replacing O with —O if necessary.

Then, (p,0,) € Uo so indeed this collection of sets covers M.

Secondly, if Uo and U(’Q, are two such sets and a point (p, 0,) € Uo N (7(’9,, then O, is determined by the
combination O, O’. Consider V the component of U n U’ that contains p. Then, the restricted orientation
Olv and O'|y agree at p. Since these two orientations agree at a point, they agree on all of V. Thus Up nU,,

contains the basis set ‘7@|V so we have a topology.

To prove the orientation double cover of M is always disconnected, we first prove that M is orientable. Let
p=(p,Op) e M. By definition, O, is an orientation on T, M so we can give T3M the unique orientation Oy
so that dmy : T~M T,M sends (’) to Op. This defines a pointwise orientation O on M. At each point p

in a basis open subset U@7 the orientation (’) agrees with the pullback orientation induced from (U, Q) by
the restriction 7T|U(9 : Up — U so it is smooth and assembles into a smooth orientation on all of M.

Then, since M is orientable, it is evenly covered by its orientation double cover as every open orientable

subset is evenly covered by 7 : M — M. Thus, M has two components and is thus disconnected.

Fall 2021-8. Let M be a connected non-orientable manifold whose fundamental group G is simple
(that is, has no non-trivial normal subgroup). Prove that G must be isomorphic to Z/2.
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Hint: Orientation double cover is connected and corresponds to index 2 subgroup.

We consider the orientation double cover p : M — M. Since M is non-orientable, M is connected, and since
M is a double cover, we have that py (71 (M, *)) is an index 2 subgroup of 71 (M, *) = G. We know all index
2 subgroups are normal so since G is simple, we must have p*(ﬂ'l(M ,#)) = 0. But then, the only group with
a trivial index 2 subgroup is Z/2.

Fall 2021-9. Let X be the quotient of the space {0, 1,2} x S x D? by the relation
(0,21,22) ~ (1,21,22) ~ (2,2172’2) V,Zl,ZQESl.

(Here S* is the unit circle and D? is the unit disk, both inside R2.) Compute the homology groups of
X with integer coeflicients.

Hint: Mayer-Vietoris with A = {0,1,2} x S' x {z € D? | |z] > 3}/ ~ and B = {0,1,2} x S' x {z €
D? | |z| < 2}/ ~ since they deformation retract onto nice things we know the homology of. Hy(X) =
Z%?,) ® Z%Q) D L) @ ZLo)-

Let
1 2
A={0,1,2}><Sl><{3ceD2||33\>§}/~7 B={O,1,2}xSlx{xeD2||x|<§}/~.

Then, A deformation retracts onto {0,1,2} x St x S1/ ~= St x S while B deformation retracts onto
{0,1,2} x S, and A n B deformation retracts onto {0,1,2} x St x St.

We know H, (S') = Z) ®Z1). Also, by Kiinneth’s formula, we know that Hy (S x S') = Z) L}, ®Z3).
So, we have

Hy(A) =Zo)® Z%l) @ Zz),
H.(B) = Zi()’0) @2?1)7
Hi(A N B) = Ly L)) ® Ly,
Now, we apply Mayer-Vietoris to get the following long exact sequence:
0 Hy(X) > 78 57 - Hy(X) > 28 15 229 7° - Hy(X) > 78 L% 2873 — Hy(X) — 0.

We analyze in turn what the connecting maps fa, fo, and f; do. For f5 : Ho(A n B) — Hy(A) @ Ho(B), we
note that the boundary relation identifies each copy of S! x S! so fy sends each generator of Ho(A N B) to
the generator of Hy(A). Le., we have

falai,a2,a3) = a1 + az + as

so H3(X) = ker(fy) = Z?. Also, since f5 is surjective, this simplifies the left side of the sequence to
0 Hy(X) > 78 I8 722073 - Hi(X) > 23 % 2078 — Hy(X) — 0.

For fo: Hy(An B) —> Ho(A)® Hy(B), each generator of Hy(A n B) maps to the generator of Hy(A). Also,
these three generators each map to unique generators of Hy(B). So we have

folar,az,a3) = (a1 + a2 + as, a1, a2, as)

which implies that Hyo(X) = coker(fy) =~ Z. Also, since fy is injective, this further simplifies the exact
sequence to

0— Hy(X) - 28 15 72 @ 78 — Hy(X) — 0.

Finally, for f;, we have, by similar logic,

fi(a1,a2,a3,b1,b2,b3) = (a1 + az + as, by + b + b3, a1, az, as).
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So Ho(X) = ker(f2) = Z* and H;(X) = coker(fs) = Z. To summarize, we have

7 k=01,
Hy(X;Z) ={7? k=23,

0  otherwise.

Fall 2021-10. Consider the following subsets of R?

Z ={(0,0,z) | ze R}
C1 = {(cos0,sinb,0) | 6 € R}
Cy = {(2+ cosf,sin6,0) | € R}

Prove there is no self-homeomorphism on R? taking Z U C; to Z U Cs.

Hint: Fundamental groups of R3 — (Z u C}) and R3 — (Z U Cs) are different.

Referenced in: Spring 2024-10.

Let X1 = Zu Cy, Xy = Z u Cy. Then, we can see that X is the unit circle in the zy-plane and a vertical
line passing through the center, while X5 is the same vertical line and the unit circle shifted over such that
the line no longer passes through the circle. If f : R® — R? is a homeomorphism that maps X; to X», then
f homeomorphically maps R* — X; to R® — X, which induces an isomorphism of fundamental groups.

However, R? — X deformation retracts onto a torus, for which we know 71 (R? — X;) = Z2, while R — X,
deformation retracts onto S% v S' v S*, for which we know

T (R? — Xp) = m(S? v St v 81 = m1(S?) # w1 (S) # i (SY) = Z + Z,

by Van Kampen’s theorem. Since these fundamental groups are not isomorphic, we must have that no such
f exists, as desired.

Spring 2021

Spring 2021-1. Without using homology groups or homotopy groups, directly derive Brouwer’s fixed
point theorem (any continuous map f : D? — D? has a fixed point, where D? is the closed 2-disk) from
the hairy ball theorem (any continuous vector field on S? is somewhere 0).

Hint: Define w(z) = (1 —z - f(z))x — (1 — x - z)f(x) and then X (z,t) = (—tw(zx),x - w(zx)) is a continuous
nowhere-zero vector field on S2.

Suppose that f : D? — D? is a fixed-point-free continuous map. Define

w(@) =1 -z f(z))r - (1 —-z-z)f(z)

for & = (x1,72) € D?. Since f has no fixed points, we can see that, for any z € D? — S!, the vector w(x) is
non-zero and for any x € S*, we have

r-w(x)=1—x- f(x)>0.
Now, consider R? = R? x R with coordinates y = (x,t) = (21, 22,t) and define
X(z,t) = (—tw(z),z - w(zx)).

By construction, X is a continuous vector field on S? = R? with y- X (y) = 0 for all y € S2. Moreover, X (y)
is nowhere vanishing since if z € S, then z - w(z) is non-zero, while if z € D? — S', then ¢ and w(z) are both
non-zero. This contradicts the hairy ball theorem, showing that such an f is impossible, proving Brouwer’s
fixed point theorem.
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Spring 2021-2. Solve the following problems:
(a) Let F': S™ — S™ be a continuous map. Show that if F' has no fixed point, then the degree of the

map, deg(F) = (—1)"+".
(b) Show that if X has S?" as universal covering space, then m1(X) = {1} or Zo.

Hint: Lefschetz trace fixed point formula. Group of deck transformations is isomorphic to m; and deck
transformation is determined by where it sends a single point so degree is a group embedding from deck
transformations to Zs.

Referenced in: Spring 2013-7, Fall 2010-6.
(a) We use Lefschetz theory. Since F' has no fixed points, we know that L(F') = 0. But, we know

0=L(F) = >, (~1)"Tx(F, : Hi(S") — Hi(S™))
i=0
= Tr(Fy : Ho(S™) — Ho(S™)) + (—1)"Tx(Fy : H,(S™) — H,(S™))

I
—_
_l’_

(—1)" deg(F).
So deg(F) = (—1)"*1.

(b) If S" is the universal covering space of X, then the group of deck transformations of S?" is G(S?") ~
m1(X). Now, deck transformations are completely determined by where they send a single point. So if a deck
transformation F : S — S?" has a fixed point, it is the identity and has degree 1. Otherwise, by part (a), F
has degree —1. Now, it is easy to see that degree is a group homomorphism from G(S?") — {+1, -1} = Zs.
We just showed that this has trivial kernel, so G(S?") must be {1} or Z,.

Spring 2021-3. Let py,...,p, be n distinct points in R3. Calculate the integral homology groups of
RS - {p17 s 7p7l}'

Hint: Hy, = Z?z) @ Zo)- Deformation retracts onto the wedge sum of n copies of S2.

We can easily see that R™ — {p1,...,p,} deformation retracts onto the wedge sum of n copies of S2. So,
" Z k=0,
Hk(Rgi{plaﬂpn}):Hk(\/Sz): " k=na
=1 0  otherwise.

Spring 2021-4. Let Aglk) be the k-dimensional skeleton of the n-simplex A,,. Calculate the reduced
homology groups H; (A%k)) for all values of i, k, n.

Hint: H, (A%k)) = Z((,’z; ) by induction using long exact sequence coming from the mapping cone for inclusion
(k—1) (k)
Anfl - Anfl .

Referenced in: Fall 2008-7.
We show that

F[(A(k)) -~ Z(kil) ifi = k,
I ) otherwise,

for all 4 and for all 0 < k < n by induction on n. When n = 0, we simply have A,, is a single point which
has trivial reduced homology which aligns with the claim since (?) =0. If n =1, then A(ll) is a single line

33



and Ago) is two points. So H, (Ago)) = Z() and PNI*(Agl)) = 0 showing the statement is true for n = 1 as
1

well since (2

) = 0. The base case is done.

Let n > 1 and assume the statement is true for n — 1. Since A,(lo) is the disjoint union of n + 1 points, we

have
v if i =0,
0 otherwise.

Hy(AD)) ~ {

For k > 1, we know that AP s the mapping cone of the inclusion Aslk:ll) — Aglk_)l which gives us the
following long exact sequence

= Hi(AY) > Hi(A) = Hi(AP) = Hia (A5 = Hia (A) = -

When i # k, the inductive hypothesis gives ﬁ}(Agi)l) = 0 and I?Ii_l(Aglk:ll)) =0 so I;Q(Aglk)) = 0. When
i = k, the inductive hypothesis gives I;](Aglk:ll)) = 0 and Fli_l(Agﬁ)l) = 0 so we have a short exact sequence
0 — Hp(AY)) — Hy(AF) - Hy 1 (ALY) =0

which splits since we are only dealing with free modules so we have
H(A®) = z60) @ 2" ) =~ G2

using the inductive hypothesis again.

Spring 2021-5. Define the complex projective space CP" to be the quotient of C"** — {0} by the
relation x ~ Az for all A € C — {0}, z € C**! — {0}. Construct a CW complex structure on CP" with no
odd-dimensional cells and exactly 1 cell in each even dimension up to 2n. Calculate the fundamental
group and the integral homology groups of CP".

Hint: Attach by ¢, : € — CP",  (20,...,20-1) = [20,-++,2n-1,t], t = \/Iffsiii};;;; H,(CP") =
Loy ® L2y @ - - @ Zapy and m (CP") = 0.

Referenced in: Fall 2023-6, Spring 2012-7, Spring 2011-7, Spring 2009-7, Spring 2008-10.

We define the CW structure inductively. CP is a single point, so it clearly has just one O-cell and no other
cells. Now, given a CW structure on CP" ! with no odd-dimensional cells and exactly 1 cell in each even
dimension up to 2(n — 1), we construct CP™ by attaching a single 2n-cell. To do this, we use the standard
inclusion CP"~! « CP" given by [z0:...:2zn_1] — [20 : ... : 2p—1 : 0]. Then, any point in CP" — cpr!

can be represented by [zo, ..., 2n—1,t] where we may choose t > 0 to be the real number 4/1 — Z?:_l 2%
Thus, this defines a map from the standard 2n-cell, e2* c C",

b 1 €27 — CP", (20y- s 2n-1) = [20y -y 2n-1,t], t=

On the boundary de?”, we see that ¢t = 0 and so ¢, indeed attaches de2" to CP"~'. Now, using the CW
structure of CP", we have a cell complex

05Z—>0>Z >0 —>7Z—>0->17,

where the first Z is in degree 2n and the last is in degree 0. Clearly, all of the boundary maps must be 0 so
the integral homology is the same as the chain groups, i.e.,

7Z 0<k<2n,keven,

0 otherwise.

Hy(CP") = {

The fundamental group has for generators, the 1-cells, and for relations, the attaching maps of the 2-cells.
However, there are no 1-cells so CP™ must have trivial fundamental group.
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Spring 2021-6. Define the orientation double cover for any topological manifold. What is the orien-
tation double cover of the real projective plane RP™?

Hint: Unique two-fold orientable covering space with orientation reversing non-trivial deck transformation.
RP"™ 1 RP" with interchanging copies if n is odd and S™ with antipodal map if n is even.

Referenced in: Fall 2023-9, Spring 2008-8.

The orientation double cover for any topological manifold is the unique two-fold orientable covering space
of a topological manifold with orientation reversing non-trivial deck transformation. (Extra: see Fall 2021-7
for details on its construction/topology.)

First, note that RP™ is the quotient space of S™ by the antipodal map and that

7 k =0,k =mn and n odd,
H(RP") =< Z/2Z 1<k<n,kodd,
0 otherwise.

Hence, RP™ is orientable if and only if n is odd. In this case, the orientation double cover is simply
RP™ L RP"™ where the two copies have opposite orientations. Then, the non-trivial deck transformation
which interchanges the two copies of RP" is orientation reversing.

If n is even, then the orientation double cover is S™ itself. We know that S™ is a double cover of RP™ and it
is orientable. Also, the non-trivial deck transformation is the antipodal map A : x — —x which has degree
deg(A) = (—=1)"*! = —1 when n is even, since A is the composition n + 1 negations, each of which is an
orientation reversing diffeomorphism. Thus, the non-trivial deck transformation is orientation reversing so
indeed S™ is the orientation double cover of RP".

Spring 2021-7. Show that S? x S2 and the connected sum CP?#CP? are not homotopy equivalent.

Hint: Good pair with gluing sphere S"~1. H*(CP*#CP?) = H,(CP*#CP?) = Ly ® Z%Q) ® Zg)- Different
cup product structure on the generators of H?(CP?*#CP?) and H?(5? x S?) corresponding to the identity
2 x 2 matrix and the non-trivial permutation matrix, only one of which is positive definite.

Referenced in: Spring 2018-7.

We will show that these two spaces have different cohomology ring structures. First, we claim that if M and
N are two closed oriented manifolds of dimension n, and X = M#N, then

H(M)® H;(N) i+#n,
7 i=n.

Hy(X) = {

Let A = S""! = X be the sphere along which M and N are glued. Note that (X, A) form a good pair with
X/A >~ M v N. The induced long exact sequence for this good pair is

o= Hy(8"Y) — Hy(X) — Hy(M v N) — H;_1(S" 1) — .-

We know H;(M v N) =~ H;(M) «(N), and H;(S"') = 0 fori #n—1and Z for i = n — 1. So for
i <n—1, we obtain H;(X) )@ H;(N). Since M and N are closed oriented manifolds, so is X which
implies that H,(X) = H,(M) = H,(N) = Z. Then, the top part of the sequence is

07727 — Hy 1(X) > Hy_1(M)®H,_1(N) -0

Moreover, H,_(M) and H,_;(N) are torsion-free and thus free so since the alternating sum of the rank of
the groups in this exact sequence must be 0, we get H,,_1(X) =~ H,,_1(M)® H,,_1(N) finishing the proof of
the claim.
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In the case of CP", all the homology groups are free so the cohomology groups are just dual to them. IL.e.,
using the above claim, we have

72 i=2,

H'(CP?#CP?) = H;(CP*#CP?) =<{Z i=0,4,

0  otherwise.
In particular, we note that the generators of the two copies of H 4((CIP’2) are identified after gluing in
H*(CP?*#CP?). So if we let ay,as be the generators of H2(CP?#CP?), we get

aip ~—~ a1 = a2 ~~ az,

a1~ az =0 =as — ay,

where a; — a; = as — ag generates H4((C]P’2#(CIP’2). This has corresponding matrix I, the 2 x 2 identity
matrix which is positive definite. On the other hand, letting 6 be a volume form in S%, we note that 7} (6)
and 73 (6) generate H?(S? x S?), and the Kiinneth formula says

T (0) — 71 (0) =0,
1 (0) — 73 (0) = ( 1) (m3(0) — 71 () = 75 (8) — 77 (6),
772( )VWQ(Q)

where 75 (0) — 73 (0) = 75 (0) — 75 (0) generates H*(S? x S?). This has corresponding matrix

(1 o)

which is not positive definite since it has both a positive and negative eigenvalue. Hence, the two cup product
structures are not the same so the cohomology rings are not isomorphic.

Spring 2021-8. Consider a differentiable map f : S?"~! — S" with n > 2. If a € Q*(S") is a
differential form of degree n such that {4, a =1, let f*(a) e Q"(S**~!) be its pull-back under f.

(a) Show that there exists € Q"~1(S2"~1) such that f*(a) = dj.
(b) Show that the integral I(f) = SS%,I B A dp is independent of the choices of 5 and «.

Hint: n >2 = n<2n—1 = H"(S?"71) = 0 so closed implies exact. Stokes’ theorem. H"(S™) = Z
so a = a' +dn for n e Q"1(S™). n A dn = 0. Gymnastics with wedge product and differentials.

(a) Since « is a top form, da = 0 so « is closed. Then,
df*(a) = f*(da) = f*(0) = 0,

s0 f*(a) is closed. Since n > 2, we have n < 2n—1s0 H"(5*"~") = 0, implying that f*(«) is exact. Hence,
there exists some € Q"™ 1(S2" 1Y such that f*(a) = dB.

(b) First, suppose 3, 8’ € Q"~1(52"~1) both satisfy d3 = dB’ = f*(«). Then, d(8' — ) = f*(a) — f*(a) =0
so ' — B is closed. Again, n —1 < 2n — 1 so H" }(§?"71) = 0 and so 8 — f3 is exact. Le., we can find
v € Q"=2(8?"~1) such that 8’ — 3 = dv. Then, we have

.[‘327171 B Adp = Szﬂ71(5 + dry) A d(ﬁ + dv)
= f B AdB + J dvy A dp
32"71

S2n—1

_ L grdss [ dtynag)

S2n—1

:fswmdmj vadg=|  Bnds

0S52n—1 S2n—1
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where the second-last equality comes from Stokes’ theorem and the last since S2"~! has empty boundary.
Hence, I(f) is independent of the choice of /3.

Second, suppose a,a’ € Q"(S™) both satisfy {4, a = {4, o/ = 1. Thus by de Rham’s theorem, a and o' are
in the same cohomology class since Ssn a—a’ =0 so we can find n € Q"~(S™) such that a = o/ + dn. Now,
let 3,3 € Q"1(S?"~1) be such that df = f*(a) and dB’ = f*(a’). So we have

dp = f*(a) = f*(o’ + dn) = f*(e) + df*(n) = dB’ + dn’ = d(B" + 1)

for some 1’ = f*(n) € Q"~1(S?"~1). Hence, 3— /3 —1 is closed, so by similar logic to above so 3 = 8 +n' +d~y
for some v € Q?~2(S?7~1). Thus, we have

LG_l BAdB—p ndp = B+ +dy) A (dB' +dn') — B ~dp

S2n—1

:J B Ady +n ~dB +n" Ady +dy A (dB+ dn')
S27l—1

- L Brndn' +n' ndp + f*(n) A df* () + LM d(y A (dB' + di))

- Lzm B ndn' +dB" nn'+ () A f*(dn) +J v A (B + diy)

082n—1

= L%A dB An)+ FEpadn) +0 (%)

= Ls%—l B+ f f*(n A dn)

S2n—1

—0+ | raadn=| o) -o,

g2n—1 g2n—1

as desired, where the second-last equality comes from the fact that n A dnisan —14 n = 2n — 1-form on
S™~1 50 must be 0. Note that () only holds when n—1 is even (since d(8’ A7) = dB' An' +(=1)""15' ndr’),
but I am pretty sure that the question is just wrong if n — 1 is odd.

Spring 2021-9. Let f : M — N be a smooth map between smooth manifolds, X and Y be smooth
vector fields on M and N, respectively, and suppose that f. X =Y (ie., fu(X(2)) = Y(f(x)) for all
x € M). Then prove that

f*(Lyw) = Lx(f*w).

Hint: Show f*iyw = 1x f*w for any w e QF(M). Cartan’s magic formula and df* = f*d.

We first show f*1yw = tx f*w for any w e QF(M). let Ey,..., E,_1 be vector fields on M. Then,

ffiyw(Er, ... Ex_1) = tyw(faF1y . fsEr_1)
=w(Y, fulr, ..., faBr1)
=w(f*X7f*E1a-~-7f*Ek:—1)
— P*w(X, B, Ey)
=i1xf*w(Ey,...,Ex_1).

Then, since df* = f*d, Cartan’s magic formula gives

F*(Lyw) = f*((diy + iyd)w) = ffdiyw + fFfrydw = df *1yw + fFfrydw = dix f*w + 1x ffdw
=dux f*w+ ixdf*w = (dix + txd)(f*w) = Lx(f*w).
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Spring 2021-10. Prove Cartan’s lemma: Let M be a smooth manifold of dimension n. Fix 1 < k < n.
Let w' and ¢; be 1-forms on M. Suppose that the {wl,...7wk} are linearly independent and that
Zle ¢; A w' = 0. Prove that there exist smooth functions h;; = h;; : M — R such that for all

i=1,.. k0 =30y hyw.

Hint: ay,...,q, linearly dependent if and only if a3 A --+ A @, = 0. Look at (w! A --- A QP A -2 A WF) A

(Z?zl 0j A wl ) = 0. To show equality, do the same thing but removing both w’ and w?.

By Spring 2014-4, we know prove that {a,...,q.} is a linearly dependent set of 1-forms if and only if
a A - A ap =0. Now, fix some 1 < ¢ < k. by linearity of the wedge product, we have

k
WA AD A AWR) A (Zgoj /\wj> =W A AD A AW AD=0.
j=1

However, expanding the left-hand side gives

WA AT A AR A At =t A A WR A gy,

1

using the fact that w? A w? = 0 as w? is a 1-form. So we must have w' A --- A wF A ¢; = 0 which implies

that {w',...,w¥ ¢;} is a linearly dependent set so we may write

k
i = ). hijw
j=1

for some smooth functions h;;. We now claim that h;; = hj;. Without loss of generality, fix 1 <14 < j < k.
Then, we have

k
0= <Z¢1Awl> AwN o ADEA AT A A WF
=1

=i A AW A AT A AT A Ao AW AW A AT A AT A AW
i j

1A--~/\(1\11A--~/\(1\Jj/\---Awk-l-hjiwl/\wjAwl/\---/\az/\---/\@‘]/\---/\w.

k
= hijjw! AW Aw

Hence, we must have

1 k 1 k
hijw N AW :hjiw N AW .

Since {w!,...,w"} is linearly independent, w' A --- A w¥ # 0 so hij = hj; as claimed.

Fall 2020

Fall 2020-1. Let x1,xo,...,x, and y1,¥y2,...,yr be two sets of distinct points in a connected smooth
manifold M with dim(M) > 1, and vy,vs,...,v, and wy,ws,...,w; be the corresponding two sets
of non-zero tangent vectors at these points. Show that there is a diffeomorphism f of M such that
f(z;) = y; and df,, (v;) = w; for i =1,... k.

Hint: Do each x; — y; separately and compose. Connectedness is required. Map v to w in R™ (n > 2) using
a rotation of the plane spanned by v and w. Need to use flows and 1-parameter subgroup of diffeomorphisms.

Referenced in: Spring 2017-1, Fall 2010-1, Spring 2009-3, Fall 2008-3.

Claim: given y € R™,r > |y|, we can find a diffeomorphism f : R” — R"™ with compact support in B(0,r)
and f(0) = y. Let X be the constant vector field that is always y and let ¢ : R™ — R be a smooth bump
function with ¢ = 1 on B(0, %ly‘) and ¢ = 0 on R” — B(0,r). Let X = ¢X, which is a vector field with
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compact support in B(0,r) and is equal to X on B(0, T+2|y‘). Let ®; be the flow of X. Then f= &, is such
a diffeomorphism.

Claim: if v : [0,1] — M is a smooth injective path joining z and y and U is an open neighborhood of ~,
then there is a diffecomorphism f : M — M with compact support in U and f(xz) = y. By compactness
of 4([0,1]), we can cover the path 4 with a finite number of charts, (U, ¢;)o<i<i centered at x; such that
ro =x,x; =y, and x;41 € U;. Then, for 0 < i <[ — 1, the above claim gives a diffeomorphism f; : R® — R"
with compact support such that f;(0) = ¢;(x;11). Let ﬁ = gzbi_ o fi 0 ¢;, extended by the identity outside of
U;. Then fl M — M is a diffeomorphism with compact support in U such that fz(xl) = x;11. It follows
that f = fl,l 0--:0 fo is the desired diffeomorphism.

Claim: we can find a diffeomorphism f : R" — R™ with compact support in B(0,r) such that f(0) = 0 and
dfo(v) = w for any v,w € R” — {0} and r > 0. Let A = I‘Ilwl\ll > 0. If v and w are colinear with w = Av, then
we can choose ®; = A'Idg~. If not, then let P be the plane spanned by v and w oriented so that {v,w} is
a direct basis. Let 6 be the oriented angle between v and w. If w = —Av, take a third vector which is not
colinear to v, say w’, and consider the plane P spanned by v,w’ and let § = w. Then, define R; to be the
linear isomorphism of R™ such that its restriction to P is rotation by an angle of td and its restriction to P+
is the identity map. Let ®; = A\'R;.

In both cases, we have ®; a 1-parameter subgroup of diffeomorphisms. Let X be its infinitesimal generator
and let ¢ : R” — R be a bump function with ¢ =1 on B(0, ) and ¢ =0 on R" — B(0,r). Define a vector
field X by X = pX and let ®, be its flow. We see that f= &, is our desired diffeomorphism.

Claim: we prove the question in the case where k = 1 where we let U be a connected open neighborhood of
{xz,y} in M. If x = y, then choose a chart (V,¢) so that V c U and ¢ : U > R" is a diffeomorphism with
¢(x) = 0. By the third claim, we can find a diffeomorphism f:R" > R" with f( ) =0 and dfo(dqu( ) =
dé,(w). Then f=¢ 1o f o, extended by the identity outside of V is our desired diffeomorphism.

If ¢ # y, let v :[0,1] > M be a smooth path joining z and y that lies in U. By the second claim, we can
find a diffeomorphism f; : M — M with compact support in U sending « to y. Let w’ = (df1),(v) € T, M.
By the first case, we can then find a diffeomorphism fo : M — M with compact support in U such that
fo(y) =y and (df2),(w') = w so f = fa o f1 is as desired.

Claim: given points xz1,...,Tg,y1,...,yx € M, we can find pairwise disjoint, connected, open subsets
Uy,..., U, with z;,y; € U;. Take tubular neighborhoods of paths that join z; and y; and the result fol-
lows by induction.

Finally, find by the fifth claim, connected open subsets Uy, ..., Uy that are pairwise disjoint and with x;,y; €
U;. Then for each i, the fourth claim yields a diffeomorphism f; : M — M with compact support in U; such
that fi(z;) = y; and df,, (v;) = w;. Then f = fy 0o fi is the desired diffeomorphism.

Fall 2020-2. Let M be a smooth manifold of dimension n. Let T*M := | | _,, T M be the cotangent
bundle, where 7% M is the dual of the tangent space T;, M, and let = : T*M — M be the natural
projection such that 7(¢) = m for ¢ € T)* M. Let = (z1,...,2,) be local coordinates on U < M.
Then we endow 7~ !(U) with coordinates (x1,...,Zn,¥1,...,Yn), such that the element ¢ € 7=1(U)
with 7(¢) = m is written as ), y;dx;(m).

(a) Show that T*M is a smooth manifold with respect to the local coordinate charts defined above.

(b) Define the 1-form X on the cotangent bundle T% M as follows: for any tangent vector v € Ty, (T* M)
at ¢ € T*M, we set A(¢p)(v) = ¢(dn(v)). Find the explicit expression of A with respect to the
above local coordinate chart. Use this to show that A is smooth.

(c¢) Find the explicit expression of d\ and its k-th exterior powers for all k& > 2 with respect to the
local coordinate chart above. Use this to show that T* M is orientable.

Hint: X\ =Y, y;dx; and (d\)* = Dty < <ip<n K1Y, AdTip A A dyy A da,
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(a) We give T* M the topology induced from setting (x1, ..., 2z, d21,...,dzy,) : T*U — x(U) x R™ to be a
homeomorphism. This is Hausdorff since covectors above different points are separated by the topology of
M which is Hausdorff while covectors above the same point are separated by the Hausdorff topology on R™
which is induced upon T* M. The transition functions between charts is the pairing of the transition function
for M and the transpose of the inverse of the differential of this transition function which we know to both
be smooth so is smooth itself.

ol
i

(b) We compute A(¢) by computing what it does to basis vectors, -~ and % But we note that dr (%) = aii

’ aajl i : 0
and dw(aiyi) = 0. Thus,

Mo) <5f/z> =0 <d7r <3f/z)> =90 =0
0 () o (= (5) - (5) -

A= yid;

which is clearly smooth as its component functions are linear with respect to these coordinates.

and

So we have

(c) From part (b), we have
A\ = d ) yidw; = > dy; A da;.

So,
(d\)F = D1 Ky, Adzi A Adyi, A da,
I<ii1<...<ipg<n
In particular, (dA\)™ = nldys A dz1 A -+ A dyn A dx, is a nowhere vanishing top-form (i.e., a volume form)
of T*M so T*M is orientable.

Fall 2020-3. Let M be a smooth manifold with smooth boundary dM and N be a smooth manifold
without boundary. Assume that f : M — N is smooth (this includes smoothness at points of M) so
that the tangent map df, : T M — Ty, N is well-defined (including at points of 0M). Let y € N be a
regular value for both f and f|aps.

(a) Show that M; := f~1(y), if not empty, is a smooth submanifold with boundary in M such that
the boundary 0M; = (fan) ' (y) = My n 0M is a submanifold of dM.

(b) If we only assume that y is a regular value for f but not for faps, does the conclusion of (a) still
hold?

Hint: Use standard preimage theorem. Switch to local coordinates. Show ker(dfo) # ker(d(f|aar)o) to show
that m : f~1(0) n B — R,z > x,,, has 0 as a regular value. {s € S | 7(s) > 0} is manifold with boundary
{s €S| 7(s) =0}. Counterexample: M = {y >0} c R? f: (z,y) » y e R.

(a) Since Int(M) is a smooth manifold without boundary, so too is My N Int(M) = (f|wmear)) ' (y) by the
standard preimage theorem. So it suffices to look at M; around a point x € dM. By using local coordinates,
we can treat a neighborhood of y in N as a ball in R", with y = 0 and we can treat a neighborhood of = in
M as an open subset of H™ = {(x1,...,2Zm) € R™ | 2,, = 0} with = 0. Since f is smooth at 0, we may
shrink the neighborhood around x to assume that f is defined and smooth in a ball B around 0.

Let S = f~1(0) n B. By the preimage theorem, S is a smooth manifold of codimension 1. Define 7 : § — R
by x +— z,,. We see that B n M; = 7~ 1[0,00]. We claim that 0 is a regular value of 7. To see this, note
that 0 is a regular value of both f and f|sps so both dfy and (df|anr)o are surjective and thus their kernels
have the same codimension.

Then, these kernels have different dimensions as they lie in TodM and Ty M respectively which have different
dimensions. So ker(dfy) # ker(d(f|arr)o). Now, ToS = ker(dfy) cannot lie in To0M entirely since dfo|ryon =
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d(flear)o- So locally there is a vector v € Tp.S with v ¢ TodM, i.e., vy, # 0. Then, dry(v) = vy # 0 s0 dmp is
surjective showing that 0 is a regular value of .

Now, we claim that if S is a manifold without boundary and 7 : S — R is a smooth function with regular
value 0, then {s € S | 7(s) = 0} is a manifold with boundary, whose boundary is 7=!(0), completing the
proof. This is because {s € S | w(s) > 0} is open in S and is therefore a submanifold of S with the same
dimension as S. Since 0 is a regular value, 7 is locally equivalent to the canonical submersion near 0 and
this claim is clear when 7 is the canonical submersion.

(b) Counterexample: Let M = {(x,y) e R? | y > 0} c R2, N =R, and f: M — N be given by (z,y) — ¥.
Now, f is linear and df = f so f is a submersion. y = 0 is a regular value of f but oM = {(x,y) € R? | y = 0}
and f|aar = 0 so0 0 is not a regular value of f|sps. Using the above notation, M; = f~1(0) = {(z,y) € R? |
y = 0} = M which is a manifold without boundary dM; = . But M7 n 0M = 0M # ¢, a contradiction.

Fall 2020-4. Let S be a closed subset of a smooth manifold M that has a second countable topological
basis. Show that for any positive integer n, there is a smooth map f : M — R™ such that S = f~1(0).

Hint: Do for R" using ¢, »(z) = exp((|z — zo|*> —r?)~1) inside B(xo,) and 0 outside and paracompactness.
Use this to do it for A n U, for a locally finite covering by charts and add to get desired function.

This is done as part of Fall 2016-1.

Fall 2020-5. Let M, N < RP*! be two compact, smooth, oriented submanifolds (without boundary)
of dimensions m and n, respectively, such that m + n = p, and suppose that M n N = &¥. Let [(M, N)
be the degree of the map

r—y
|z =yl

A MxN— S ANzx,y) =

(a) Show that (M, N) = (—1)(m+D0+D (N M).
(b) Show that if M is the boundary of an oriented submanifold W < RP*! which is disjoint from N,
then [(M,N) = 0.

Hint: (N, M) = deg(N),N = AoApy0S: N x M — SP. Define F(w,n) = 72=2- so that A = 0F = Foiy

= Trw=nll
so d\*w = dF*w and use Stokes’ to integrate deg(\) Ssp w for any volume form w.

Referenced in: Fall 2013-3.

(a) Let S: N x M — M x N be the map (a,b) — (b,a) and let A : SP — SP by the antipodal map.
Define ' = Aoy 08 : N x M — SP. As the composition of p + 1 reflections, the map A has degree
(=1)PTt = (=1)™+n+1 Similarly, S is the composition of m - n flips (switching of coordinates) so has degree
(—=1)™". Note that {(N, M) is the degree of X’ by construction. Thus,

I(N, M) = deg(\) = deg(A o Ao S) = deg(A) deg()) deg(S) = (—1) DOV (A1, N).
(b) Let F be the map F': W x N — SP given by

w—"n
F - "
(w:m) = o=

which is well-defined since W n N = (. By construction, A = F oiy; where ip; : M x N — W x N is the
inclusion map since d(W x N) = 0W x N = M x N as N has no boundary. Then, let w be a volume form
in SP, we have, via Stokes’ theorem:

deg()\)J- w= J Mo = f i Frw
Sp MxN MxN

=f dF*OJ:J F*(dw)=f F*(O)=J 00,
WxN W xN WxN W xN

where dw = 0 since w is a top form. Thus deg(A\) = 0 as Ssp w # 0 since w is a volume form.
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Fall 2020-6. Let X be a topological space and let Y = X x [—1,1]/ ~, where
(x,—1) ~ (z',—1) forallz,2’ € X

(x,1) ~ (2',1) forall z,2" € X
Describe the relationship between the homology groups of X and Y.

Hint: Hy(Y) = Hj_1(X) for all k. Use Mayer-Vietoris.

Referenced in: Fall 2022-3, Fall 2022-10, Spring 2022-8, Spring 2016-9, Spring 2014-10.

Note that Y = S(X) is the suspension of X. Take A to be the image of X x [—1,0.1) and B to be the image
of X x (=0.1,1] in S(X). Then A and B are contractible and cover S(X), and A n B deformation retracts
onto a copy of X. The Mayer-Vietoris sequence for reduced homology is

+o = Hi1(A) @ Hiy1(B) — Hip1 (A B) - Hi(An B) — Hi(A) @ Hi(B) — -+

which in this case is just N N
0 Hia(S(X)) = () 0 -
since A and B are contractible and A n B is homotopic to X. Thus we must have H; 1 (S(X)) =~ H;(X) for

all i (by convention H_;(X) = 0 which agrees with the fact that Hy(S(X)) = 0 since S(X) is necessarily
connected).

Fall 2020-7. (a) Describe a cell decomposition for X = RP* such that its 2-skeleton X = RP?
(This means that X is obtained from X by attaching only 3-and 4-dimensional cells.) Include
a careful description of the attaching maps.
(b) Use your cell decomposition to compute Hy(X;Z) and Hy (X, X?):Z) for all k = 0.

Hint: One cell in each dimension with double cover for attaching maps. Hy(RP") = Z if k = n and n is odd,
Z/)2Z if k <n and k is odd and 0 otherwise.

Referenced in: Fall 2015-10, Spring 2012-6, Spring 2008-9.

(a) We can in fact construct a CW complex for X = RP™ which has X¥) = RP* for all 0 < k < n. We need
exactly one k-cell (i.e., D¥) for each 0 < k < n. Then, the attaching maps are given by

o - SF-1 o x (k1) _ gkl
where ¢y, is the standard double cover of RP*~!, namely z, —x — [2] for all z € SF—1.
(b) Since there is one k-cell in each dimension k, our chain complex is
0>2Z—->72Z—>72—>7Z—>7— 0.
To compute the differential maps, we compute the degree of the boundary maps which are the compositions
gk—1 Pk, RPF-1 2k, Rpk—l/RPk—2 ~ gkl

where gy, is the canonical quotient map. We can see that g o¢y restricts to a homeomorphism from each of the
two components of S¥~1—§%=2 to RP*~! —~RP*~2. One of these homeomorphisms is given by precomposition
with the antipodal map of S¥~! which has degree (—1)¥ and the other is given by the identity with degree
1. Putting this together gives

0 k odd,

deg(qy o ¢) = deg(id) + deg(antipodal) = 1 4 (—1)* =
2 Kk even.
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This means we have
0-232372%72272%7 0.

Hence, we have

7 k=0,
He(X)={2Z/2Z k=1or3,
0 otherwise.
To compute Hy (X, X?);7Z), we have:
Cy(X) Cs(X) Ca(X) C1(X) Co(X)

0

- Cy(X ) - C3(X @) - Co(X(2) - C1(X @) - Co(X(2)

but we chose X so that
Ch (X) 0<k<2,

0 otherwise.

Cr(X®) = {

Hence, we have the complex

0-2Z352Z—-0-0—-0-0
giving us:
727 k=3

Hi(X, X(2); Z) = {0 otherwise.

Fall 2020-8. List all the 3-sheet connected covering spaces of S! v S'. Which ones in the list are not
normal?

Hint: Graphs with 3 vertices of degree 4 each. Consider the edges a and b. Seven total, four normal.

Referenced in: Fall 2013-7.

Note that a covering space of a CW complex can be given a CW complex structure by lifting the characteristic
maps to the covering space. Hence, a 3-sheet connected covering of S* v S* corresponds to a connected graph
that has three vertices each of degree four (since S' v S! has one vertex of degree four). Further, if we give
the standard labeling to S! v S!, i.e., label one of the edges a and the other b, then each vertex of our
covering space must have an incoming and outgoing a and b edge as well. We get the following options
basically via systematic trial and error.

. e o bC e o o o o
i AT T TR,
YONY NS e

Of these, the first, second, fourth, and seventh are normal since the group action is transitive for these four
and not for the other three.

Fall 2020-9. Let X5 be a compact oriented surface of genus 5 without boundary. Does there exist an
immersion f : T? — ¥5? Justify your answer.
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Hint: Immersion == local diffeomorphism == covering map (since T2 is compact and X5 is connected)
= x(T?) = kx(X5) which is impossible.

By part (a) of Spring 2018-1, we know that such an f is a covering map since T2 is compact and T2 and X5
are connected manifolds of the same dimension (2). Now (by Spring 2023-6) we know that a k-sheeted cover
gives rise to the Euler characteristic formula: x(7?) = kx(35) and we know the Euler characteristic of a
genus 5 surface is 2—2-5 = —8 so x(1?) = —8k for some k € N, a contradiction since x(7T?) =2—2-1 = 0.

Fall 2020-10. Show that the Euler characteristic of the special linear group SL(n,R) with n > 1 is
zero. Here for a topological space X its Euler characteristic is

X(X) =) (—1)'rank(H;(X)),

%

assuming that )., rank(H;(X)) < oo.

Hint: Homotopy equivalent to SO(n) which is parallelizable so has nowhere vanishing vector field. Also,

compact so has xy = 0 by Poincaré-Hopf. Use A — % for A = UP polar decomposition.

Referenced in: Fall 2015-1, Fall 2010-3.

First, we claim that SL,(R) is homotopy equivalent to SO(n). Note that we have a well-defined smooth
map 7 : SL,(R) — SO(n) given by A = UP — U where UP is the polar decomposition of A into U an
orthogonal matrix and P a positive definite matrix. Let i : SO(n) — SL,(R) be the inclusion. We know
that the polar decomposition is unique so r o7 = id. We want to show that ¢ o r is homotopy equivalent to
id. For t € [0, 1], consider

(1—t)A+tU
det((1 —t)A+tU)’
where A = UP is the polar decomposition. Note that det((1—¢)A+tU) % 0. This is because (1 —t)A+tU =

U((1—t)P+tI) and P, I are positive definite so the convex combination (1 —¢)P +¢I is also positive definite
and also det(U) # 0. Now, Hy = id while Hy = i o r, proving the claim.

Hy: SL,(R) — SL,(R), A

Now we know that SO(n) and SL,(R) have the same Euler characteristic (clear from the definition of x in
terms of homology only). But SO(n) is a compact lie group. Thus, it is parallelizable (say by the second
part of Fall 2022-2) so admits a nowhere vanishing vector field which implies by the Poincaré-Hopf index
theorem that x(SO(n)) = 0 so x(SL,(R)) = 0 as desired.

Spring 2020

Spring 2020-1. Suppose f : M — N is a smooth map between smooth manifolds, and is smoothly
homotopic to a locally constant map. Prove f*w is exact for any closed differential k-form w on N
(with & > 0).

Hint: f ~ g. ¢ is constant on the path components. So g|}/[ =0 = ¢g* =0 = f* =0 on the level of
cohomology.

Let g : M — N be the locally constant function that f is homotopic to. We claim that g is constant
on each path component of M. Let a,b € M be points in the same path component and consider a path
v :[0,1] > M from a to b. For each x € v([0,1]), let U, be a neighborhood on which g is constant. Since
~([0, 1]) is compact, we can cover ([0, 1]) with a finite number of these U,’s, say Us,,...,Us, . It is easy to
see inductively that ¢ is then constant on the union of these U,,’s so in particular g(a) = g(b) as claimed.

Now, let M; be a path component of M. Then g|y;, is constant so g[};, = 0. But g* is the sum of the
individual g|}, maps so g* = 0. We know that cohomology is homotopy-invariant (say by Fall 2015-2)
which implies that f*w = g*w = 0 since w is closed. Thus, f*w = 0 on the level of cohomology so is exact.

44



Spring 2020-2. Let M be a smooth 4-dimensional manifold. A symplectic form is a closed 2-form w
on M such that w A w is a nowhere vanishing 4-form.

(a) Construct a symplectic form on R%.
(b) Show that there are no symplectic forms on the unit sphere S*.

Hint: dxi A drve + drs A dzg. H?(S*) = 0 so closed implies exact, w A w is also exact so Ss4 wAw=0,
implying w A w is not nowhere vanishing.

(a) Let w = dzq1 A dzo + dzg A dzy. Then dw = 0 is clear and we have
wAw = (dzy Adeg+drs Adag) A (dey Adee+des Adry) = doy Adeg Adaes Adag+des Adeg Adzy Adaey = 2dV,

which is a nowhere vanishing 4-form.

(b) Since H%(S*) = 0, we know that any closed 2-form w is exact. Then, w A w is also exact since if w = dv,
then d(v A dv) = dv A dv = w A w. So, by Stokes’ theorem

f w/\w:f vAady=0
S4 054

since S has empty boundary. Thus, for any closed 2-form w,w A w is not nowhere vanishing so there are no
symplectic forms on S*.

Spring 2020-3. Consider the differential form w = zdy — ydr — dz in R® with coordinates (z,y, 2).
Prove that fw is not closed for any nowhere zero smooth function f : R® — R.

Hint: Just expand d(fw) = df A w + fdw.

Referenced in: Fall 2017-4

Note that
dw =dx A dy — dy A dx = 2dx A dy
and P 5 5
df = fd +—fd +—fdz

ox 0z

so we have
d(fw) =df nw+ fdw = (2f +x2—£ +y%)da¢ Ady + (y% - g—i)dx Adz+ (fzg—ﬁ - %)dy A dz.

So if d(fw) = 0, then y&L — 6 = 0, —2%L — &L = 0, and 2f + 2L + y&L = 0. Adding  times the first

equation to y times the second ylelds — 2—5 — % = 0 and adding this to the third gives 2f = 0, contradicting
the fact that f is nowhere zero. Thus, d(fw) # 0 so fw is not closed.

Spring 2020-4. For any two smooth vector fields X,Y on a smooth manifold M, prove the formula

[Lx,tv] = tx,y]

where Lx denotes the Lie derivative and ¢x is the contraction of vector field acting on differential forms.

Hint: Compute left hand side using (tyw)(Va,...,Vio1) = w(Y,V1,..., V1) and (Lxw)(Vh,..., Vi) =
X(@(Viyeo o, Vi) = 2 w(Vis e Viet [X, Vi), Vi, - V).
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Referenced in: Fall 2023-2, Spring 2019-4, Fall 2015-3.
Let w be a k-form for £ > 1 and let V7,..., Vi be smooth vector fields on M. By definition, we have

(Lyo.))(vl, ey kal) = OJ(Y, Vl, .. .7Vk,1),

(LXW)(Vl,..‘,Vk) = X(W(Vl,,Vk)) - Zw(‘/ia"'7‘/;717[X7‘/i]a‘/i+17"‘,vk)'

i=1

So, we have

(LxLyw)(Vl, ey Vk—l) = (Lx(Lyw))(Vl, ey Vk—l)

K3

k—1

= X((tyw)(Vi, .o Vi) = D (vw)(Vis o Vi [X, Vi) Vi, -, Vi)
=1
1

k—
= X(W(Y7Vv17 o '7Vk?71)) - Z W(K Vlu .. '7‘/1‘717 [X7 ‘/;]7‘/7L+17 .. '7Vk:71)~
i=1

On the other hand,

(LyLXw)(Vl,. . .,kal) = (Ly(LXw))(‘/l, .. .,kal)
= (wa)(}/, Vl,...,kal)
=XwY,V1,...,Vi1)) —w([X, Y], V1, ..., V1)
k—1
- W(Y,Vl,...7v;71,[X, ‘/72]7Vi+17~'~7vk71)
i=1
= (LXLYW)(‘/M .. '7Vk—1) —O)([X7Y]7‘/1, .. '7Vk—1)
= (Lxtyw)(Va,.. o, V1) = (ux viw) (Va, ooy Vi)

Combining and rearranging gives
[Lx,ty]w = Lxtyw — 1ty Lxw = t[x yw,

showing the desired result. Note that for k = 0, the result is trivial.

Spring 2020-5. Show that the complex projective space CP?>" does not cover any manifold except
itself.

Hint: 71(X) acts on CP?" via deck transformations. Any map g : CP*" — CP?" has a fixed point by
Lefschetz trace formula so they are all the identity.

Referenced in: Fall 2023-6, Fall 2015-8.

Suppose p : CP*" — X is a covering. Then, m;(X) acts on CP*" by deck transformations. We claim that
71(X) = 1 showing that the group of deck transformations of CP?" is the trivial group so we must have
X = CP?". We know that deck transformations are determined uniquely by where they send a single point
so it suffices to show that any g € 71(X) has a fixed point as it then must be the identity. However, this is
exactly part (a) of Spring 2023-2.

Spring 2020-6. Show that any continuous map from $2 x 52 to CP? must be of even degree.

Hint: Cohomology rings H*(CP?) = Z[a]/(a?), |a| = 2 and H*(S? x §?) = Z[B,7]/(8%,7%), 18] = || = 2.
Write f*(a) = a8 + by so f*(a?) = 2abBy so degree is 2ab.
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Referenced in: Fall 2015-7.
Consider f* : H*(CP?) — H*(S? x S?). We know

Zlo]
H*(CP?) = ;o =2.
(?)
Also,
7 =0,2
HY (s =] "
0 otherwise,
and 206]
H*(S?%) = .1 =2.
(5%) ) 18|
Since the cohomology groups are all finitely generated free Z-modules, the Kiinneth formula tells us that:
Z
HY (8% x 8%) = H(8%) 0 H*(5%) = (ph, 181 = bl =2

Now, suppose f*(a) = af8 + by. Then, we can see that f*(a?) = (a8 + by)? = 2abBy. But by the cup
product structure on H*(CP?) and H*(S? x S?), we know that o? is a generator for H*(CP?) and 3y is a
generator for H*(S? x S?). So the degree of f* and thus of f is 2ab which is even.

Spring 2020-7. Prove that the relative homology groups Hy (X, z) for different choices of basepoint
x can be naturally identified with each other. That is, for every k > 0, every space X, and all
pairs of points x,y € X (not necessarily in the same connected component), construct isomorphisms
nify s Hiy (X, z) — Hi(X,y) satistying

(a) X, =Id for all z € X.
(b) my. o, =m;, forall z,y,z € X.
(¢) fso0 nfy = n}/(z)ﬂy) o fy for all z,y € X and all continuous maps f: X — Y.

(Hint: You might consider proving the case k > 1 first.)

Hint: Long exact sequence of the pair for £ > 0. For k = 0, consider connected components.

As directed by the hint, we assume k > 1. We have a long exact sequence from the pair (X, z)
= Hy({z}) — Hi(X) — Hi(X,2) — Hp—1({2}) = Hp—1(X) — -+

Since k > 1, this gives us an isomorphism ¢ : Hy(X) — Hp(X,z). Given z,y € X, we define nify :
Hi(X,z) — Hi(X,y) by ¢; o (¢X)". Clearly, we have n;', = Id and 7,5, oy, = 15 ..

Let f: X — Y be a map. We then have fy 0 ¢X = gb}/(z) o fy and fyo (X))t = ((b}/(m))_l o fs by naturality
of the exact sequence for the pair (X,z) in X. So

Feomy = fuody 0 (92)7 = 0fy 0 fa 0 (02) 71 = 01y © (B1w) ™ © Fx = M), s © -

For k = 0, this follows from the fact that Hy(X) is just the free Z-module with one generator for each
connected component of X and a map fy : Ho(X) — Ho(Y) just describes which connected components are
mapped to each other so everything is trivial (but tedious when done correctly) to check.

Spring 2020-8. Assume the integral homology of a finite CW complex X is Z in grading 0,7Z/2 in
grading 2, Z/3 in grading 3, and 0 in all other gradings. What is the cohomology of X with Z/6
coefficients? Can you give an example of such a space X7
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Hint: Universal coefficient theorem. Extk(R/(u), B) = B/uB and Ext% (A, B) = 0 for all i if A is projective
(free). For the example, just attach cells via degree maps that seem to work (two 3-cells, one to making
grading 2 correct and one to make grading 3 correct).

The universal coefficient theorem states that for R a principal ideal domain, G an R-module, and n > 0, we

have
H"(X;G) = Homg(H,(X;R),G) ®Exth(H,_1(X;R),G).

So in our case, we compute:

H°(X;7/6) =~ Homy(Ho(X;7Z),Z/6) @ Exty(H_1(X;7Z),7/6)

= Homy(Z,7,/6) ® Ext(0,7/6) = Z/6 ®0 = Z/6,
HY(X;7Z/6) =~ Homy(H,(X;7Z),Z/6) @ Exty,(Ho(X;7Z),Z/6)

= Homy(0,7/6) @ Exty(Z,7/6) = 0@ 0 = 0,
H?(X;Z/6) = Homg (Hs(X; Z), Z/6) @ Exty (H1 (X Z), Z/6)

= Homy(Z/2,7,/6) ® Ext},(0,7Z/6) = /2@ 0 = 7,/2,
H3(X;Z/6) =~ Homy(Hs(X;Z),7Z/6) ® Ext}(Hy(X; Z), Z/6)

= Homy(Z/3,7/6) ® Exty(Z/2,7/6)

=7/3®(2/6)/(2Z/6) = Z/3®Z)2 = 7/6,
H*(X;7Z/6) =~ Homz(Hy(X;Z),Z/6) @ Exty,(H3(X;7Z),Z/6)
= Homg (0, Z/6) @ Exty(Z/3,Z/6) = 0@ (Z/6)/(3Z/6) = Z/3,

and clearly H*(X;Z/6) = 0 for any other k. We build X as a CW complex. X has one 0-cell, one 2-cell,
two 3-cells, and one 4-cell. The 2-cell is attached to the 0-cell in the only possible way. The 3-cells are then
attached to the 2-cell via a degree 2 and a degree 0 map, respectively. Finally, the 4-cell is attached via a
degree 3 map to the 3-cell that is attached via a degree 0 map.

Spring 2020-9. Consider the following group with 2n generators and 1 relation

1,1 1,1 1,1
G, ={a1,b1,a2,bs,...,an,by | a1bya] by “asbaag by -+ anbpay, b ).

For which pairs (m,n) does G,, contain a finite index subgroup isomorphic to G,,?

Hint: m = 1+ k(n—1) for some k € N. Corresponds to coverings of an n-torus, which are exactly the m-tori
such that x(T,) =2 —2n |2 —2m = x(T)n).

Referenced in: Fall 2023-8.

By inspection, note that G,, = m1(T},) where T,, is the genus n torus. Thus, a subgroup of finite index k
in G,, corresponds to a k-fold covering of T,, which must be a closed orientable 2-manifold. I.e., a k-fold
covering of T;, is another torus T,,, for some m > 0. Then, as in part (b) of Spring 2023-6, such a cover exists
if and only if m = 1 + k(n — 1) for some k € N.

Spring 2020-10. Let D? be the unit disk in C, and let S* = 0D?. Let X = D? x S x {0,1}/ ~ where

(2,9,0) ~ (zy°,y,1)

for all z,y € S*. Compute the homology groups of X.

Hint: Hyo(X) = 3)@2(2)(—92(1)@2(0) Mayer Vietoris for neighborhoods around D? x 1 x {0}, D? x S* x {1}.
Then AN B ~ 6D2><S St x St
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Referenced in: Fall 2023-10.

Let A be a neighborhood of D? x S* x {0}/ ~ that deformation retracts onto D? x S* x {0}/ ~=~ D? x S* and
let B be a neighborhood of D? x S! x {1}/ ~ that deformation retracts onto D? x S x {1}/ ~=~ D? x S*.
Then, it can be seen that A n B deformation retracts onto dD? x S' =~ S x S'. Thus, the Mayer-Vietoris
sequence for A and B becomes

s Hy 1 (X) = Hay(S* x SY) - Hy(D?* x SHY@ H,(D? x SY) - Hy(X) —--- .

We know that D? is contractible so Hy(D? x S) =~ Hy(S') = Z(1) @ Z(p). Then, we can also compute
H,(S* x S') using Kiinneth formula,

H*(Sl X Sl) = Z(Q) ®Z%1) @Z(O)
So our long exact sequence becomes
0— H3(X) > Z—0— Hy(X) — 7?2 LZ(—DZ—>H1(X) -7 —>7Z@®Z — Hy(X) — 0.
Hence, we have H3(X) = Z. Also it is clear that X is path-connected so Hyo(X) =~ Z. Hence, the map g is
injective so Hy(X) = coker(f). By drawing pictures, we can see that f is defined by (1,0) — (1,1),(0,1)
(0,0). Thus, Ho(X) = ker(f) = Z and H,(X) = coker(f) = Z. To summarize, we have

Z n=0,1,23,

0 otherwise.

Hn(X) = {

Fall 2019

Fall 2019-1. State the classical Divergence Theorem (also called Gauss’ Divergence Theorem) for a
compact 3-dimensional submanifold of R? with smooth boundary. Derive it from Stokes’ Theorem for
differential forms.

Hint: §§§,,div(X)dV = §§,,,(X,n)dS for n the outward pointing normal unit vector to M and dS =
i*1,dV the induced volume form on dM. Recall div(X)dV = Lx(dV) and use Cartan’s magic formula.
Consider Y = X — (X, nyn.

Referenced in: Fall 2018-5, Spring 2018-6, Spring 2010-9, Spring 2008-3.

Let M < R3 be an embedded submanifold of dimension 3 with smooth boundary. The divergence theorem
states that given a vector field X on M,

“JM div(X)dV = f L M<X, n)ds,

where n is the outward pointing normal unit vector to dM and dS is the induced volume form on 0M,
coming from dV on M.

By definition, we have §, div(X)dV = {, Lx(dV). By Cartan’s magic formula, Lx(dV) = dix(dV) +
txd(dV). But d(dV') = 0 since dV is a top form on M so

J div(X)dV :J d(uxdV) :f *1xdV,
M M oM

by Stokes’ theorem, where ¢ : M — M is the inclusion. So now we want to show i*.xdV = (X, n)dS.

To see this, note that dS = i*1,dV. Then, letting Y = X — (X, nyn, we note that for any p € 0M, we have
Y, € T,(0M) by definition of the normal vector. Now, for any vector fields X7, Xy tangent to dM,

i*Lde(Xl,XQ) = Z*dV(K Xl,XQ) = Z*O =0
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since Y, X7, and X, are all vector fields in dM which is a 2-manifold so these vector fields are linearly
dependent at each point p. Hence, i*1ydV = 0. But, we also have

i*1ydV = i*1xdV — (X, n)yi*1,dV

so indeed (X, nydS = (X, n)i*1,dV = i*1xdV.

Fall 2019-2. Compute H,(RP"*™/RP™;Z) as a function of n and m. Here we are viewing RP" c
RP"*™ induced from the inclusion

n+1 n+m+1
R cR , (z1,.. xpg1) — (21,0, Zpy1, 0,00, 0).

Hint: Give RP""™ a CW structure with one cell in each dimension. Then, relative chain complex is just
sequence of Z’s followed by a sequence of 0’s. Split into n even/odd cases. Funny business only for i = n+ 1
when n is odd.

Note that (RP™"*™ RP") is a good pair so we have
H;(RP"™™ /RP™; 7)) ~ H;(R"*™ RP";Z).

Then, we computed this relative homology in Spring 2023-9.

Fall 2019-3. For which n > 0 does the real projective space RP"™ admit a nowhere-vanishing vector
field? If a nowhere vanishing vector field exists, give an explicit one.

Hint: If and only if n is odd. Standard nowhere zero vector field on S™. Namely, (z1,22,...,Tn, Tnt1) —
(—22,Z1,...,—Tpn+1,Zn), factors through a vector field on RP".

Referenced in: Fall 2012-2.

Suppose that X is a nowhere vanishing vector field on RP". Since RP" is compact, X has a global flow
¢¢. For small ¢ > 0, ¢; has no fixed points, so by the Lefschetz fixed point theorem, L(¢;) = 0. Then
X(RP") = L(¢o) = L(¢¢) = 0. It is well-known that x(RP™) = (1 + (—1)™)/2 so we require n to be odd for
RP™ to admit a nowhere vanishing vector field.

We claim this is an if and only if, i.e., RP" admits a nowhere vanishing vector if and only if n is odd. If n is
odd, consider the vector field

Y i (z1,20,.. ., Zn, Tpne1) — (—T2, T1, ..o, —Tpa1, Tn)
on S™ c R**1. This is a vector field since
r-Y(x) = (T1,22,. .., T, Tny1) - (02,01, 0, —Tpy1,Tn) = —T1%2 + ToB1 — ... — TpTpi1 + Tpp1Zn =0

and Y never vanishes since 0 ¢ S™. This corresponds to a section Y : S™ — T'S™ of the standard projection
TS™ — S™. Now, consider the usual double cover 7 : S® — RP"™ which induces dr : TS™ — TRP". We
claim that dm oY : §™ — TRP" factors through RP™, hence giving us a map X : RP" — TRP"™ which is
nowhere 0 since Y is nowhere 0.

In order to factor through RP", we require (dm o Y)(v) = (dm o Y)(—v) for all v € S™ so that (dr oY) is
well-defined on each antipodal equivalence pair. For this, note that

(dmoY)(v) = dr(v,Y (v)) = ([v], [Y(v)])
and [v] = [-v] in RP", and Y (—v) = =Y (v) so [Y(v)] = [Y(—v)] in T,RP" so indeed dr oY factors through

RP" and we are done.
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Fall 2019-4. Let X = S x S! and let Y be the quotient of X x [0,1] by the relation

((:c,y),O) ~ ((ya LE), 1)

Compute Hy(Y;Z).

Hint: Hy(Y) = Loy @ Z/27 ) (—BZ%U ® Z(o). Have to analyze sy : Hi(X) — Hp(X) for s : X — X, (z,y) —
(y,x) to get the specific maps in the Mayer Vietoris sequence.

Define
A= (X x[0,04)u X x(0.6,1])/ ~, B=(X x(0.1,0.8))/ ~ .

Note that A U B = Y, both A and B deformation retract onto a copy of X, and A n B deformation
retracts onto two disjoint copies of X. We also know, by Kiinneth’s formula, that Hy(X) = H,(S* x S1) =
Z(z) @ Z%l) @ Z(O) I.e.,
Hy(A) = Hy(B) = Hy(X) = Zo) ® L3y ® L), Hix(AN B) = Hy(X) ® Hy(X) = L) ® L)) ® L.
Hence, the long exact sequence coming from Mayer-Vietoris looks like
0> Hs(Y) > 225722 5 Hy(V) > 20 5 20 - Hy (V) - 72 5 72 - Hy(Y) — 0.

It is clear that Y is path connected so Hyo(Y') = Z. Then, note that the maps f, g, and h are induced by the
inclusions A n B < A and A n B — B. The inclusion A n B < A corresponds to the map X u X — X
which is the identity on both copies of X while the inclusion A~ B < B corresponds to the map X uX — X
which is the identity on the first copy of X and is (z,y) — (y, ) on the second copy.

Hence, the maps f and h are given by
(a,b) — (a+b,a + sx(b)) where s : X — X is given by (z,y) — (y,x)

while g is
((a,0), (¢, d)) = ((a,b) + (¢, d), (a,b) + sx(c, d))-

Now, we seek to find s, : Hi(X) — Hg(X) for k = 0,1, and 2. By inspection, we see that for k = 0, s, is
just the identity and for k = 2, s, is multiplication by —1 since the map s swaps the entries of X so has
degree —1. Finally, for k = 1, we have s4(c,d) = (d, ¢). Hence, we can explicitly write

fla,b) = (a+b,a—0b), h(a,b)=(a+ba+b), glabc,d)=(a+cb+da+db+c).
Note that im(f) = {(¢,2a — ¢) | a,c € Z} so coker(f) = Z?/(Z ® 27) = 7.,/27. Hence,

H3(Y) = ker(f) =0,
Hy(Y) = coker(f) @ker(g) = Z/2Z D Z,
H,(Y) = coker(g) @ ker(h) = Z® 7 =~ 77

To summarize, we have

Z k=0,
Hy(Y) = z heL

Z2®ZL/27 k=2,

0 otherwise.

Fall 2019-5. A vector field X on a Lie group G is left-invariant if (Lg)«X = X for all g € G, where
Ly:G— G, ¢ — g¢, is left multiplication by g. Show that if X, Y are left-invariant vector fields, then
so is their Lie bracket [X,Y] as vector fields. You must prove any facts about Lie brackets that you
use.
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Hint: Just compute. Recall Fy X (f) = X(f o F) o F~! where F} is the pushforward of F.

Let g € G and let f € C*(G;R). Then, we compute

(Lg)«[ X, Y](f) = [X,Y](f o Lg) © Lg—

=XY(foLg)oLy1 —YX(foLgy)oLy

= X((Lg)xY (f) 0 Lg) 0 Ly =Y ((Lg)« X (f) © L) © Ly

=X(YfoLg)oLy1—Y(XfoLgy)oLy

= (Lg)*X(Yf) = (Lg)*Y (X f)

= XY(f) -YX(f)

= [X. Y](f),
where the fourth and sixth equalities come from the fact that X and Y are left invariant. So indeed,
(Lg)«[X,Y] = [X,Y] for any g € G.

Fall 2019-6. Let Z(P) be the zero set of a degree d homogeneous polynomial P(zg,z1,2) in CP?
with respect to the homogeneous coordinates [zg : 21 : 22]. Assuming P has no repeated factors, give
necessary and sufficient conditions on P for Z(P) to be smooth.

Hint: Unsure. Regular value, preimage theorem.

Note that Z(P) = P71(0). The polynomial P is certainly a smooth map so Z(P) is a smooth manifold as
long as 0 is a regular value of P by the preimage theorem. Le., for any z € Z(P), we require dP, to be
surjective. Now, dP, maps to a one-dimensional manifold so is surjective if and only if it is not identically
zero. But dP, = 0 precisely when z is a multiple root of P since dP is the differential of P.

Hence, Z(P) is smooth if P does not have any multiple roots. (Speculation) In fact, this condition is also
necessary. Suppose P had a multiple root z = [z : 21 : 22] € CP?, then the variety Z(P) in CP? has a
kink/singularity at z which means it cannot be smooth.

Fall 2019-7. If P(z29,21,22) = 28 + 2{ + 24 from the previous problem, then compute the Euler
characteristic of Z(P). You must show all of your work.

Hint: Unsure. x(Z(P)) = 3d — d°.

First, note that Z(P) is the union of d lines, which must intersect at d(d —1)/2 points in C®. Thus, this has
Euler characteristic equal to 2d (for the lines) minus 2 times the number of points of intersection. Namely
2d — 2d(d —1)/2 = 3d — d?.

Fall 2019-8. Let X = {N, S, E, W} with the topology given by
{GAEY (W} A{E,W}{N,E,W},{S,E,W}, X}.

For each n, find a path-connected degree n cover. Describe the universal cover.

Hint: X is the quotient of S! where we identify the northern hemisphere to a point and likewise for the
southern. Think of a circle with 4n sections that go N, E, S, W, N, E, S, W, N, ... around the circle.

Note that X = S/ ~ where (z,y) ~ (2/,3') when z and 2’ (are nonzero and) have the same sign. Le., X is
the space obtained by taking S' and identifying the points in the open western hemisphere and separately
identifying the points in the open eastern hemisphere. Thus, an n-fold cover of X can be constructed by
taking an n-fold cover of S* and quotienting in the same way.
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Explicitly, for each n, take N
X = {Ncu Sas Ea, Wa}an/nZ

with a basis of open sets given by
{@a {Ea}a {W(L}7 {Em S(l7 Wa}7 {Wa7 Na+17 E{L+l}}an/nZ

(Note that the arithmetic a + 1 is done mod n). Then, we define the covering map
P Xy — X by Eg > B,W, > W,N, = N,S, — S

for each a € Z/nZ. We now show this is actually an n-fold cover. For W € X, we have the open neighborhood
{W} c X onto which p, maps the n disjoint open sets {Wo}qez/nz homeomorphically. Similarly for £ €
X. For N € X, we have the open neighborhood {N, E,W} < X which pulls back to p,*({N,E,W}) =
Uan/nZ{Wa, Nai1,Eqr1} where each {W,, Nyi1, Eqr1} are clearly disjoint and map homeomorphically to
{N, E,W} by construction. Similarly for S € X so indeed p,, is a covering map.

The universal cover is constructed in exactly the same way but instead of a € Z/nZ, we just have a € Z and
everything works out the same way.

Fall 2019-9. (a) If
0>A—->B—->C—0

is a short exact sequence of chain complexes, show how to get the boundary map in the associated
long exact sequence.
(b) Compute the boundary map when the short exact sequence is the result of tensoring the chain
complex
s 0T T 0

with the short exact sequence

0 Z/52 7/25 > 7/5 — 0.

Hint: Snake lemma. Follow proof of snake lemma to get identity map on Z/5.

(a) This is exactly the snake lemma. See part (b) of Fall 2022-6.

(b) We have the following commutative diagram with exact rows:

0 —— Z/5 —55 7/25 — > Z/5 —— 0

b

0 —— Z/5 —— Z/25 — Z/5 —— 0

Since the right vertical map is 0, the homology group on the top right is Z/5 which is generated by 1 so we
only care where 1 gets sent. Then, 1 € Z/25 gets sent to 1 € Z/5 along the top row. And this gets sent to
5 € Z/25 in the bottom middle which is the image of 1 € Z/5 in the bottom left. Hence, the boundary map
is just the identity on Z/5.

Fall 2019-10. Let X be a path-connected, locally path-connected, semi-locally simply-connected space
and let X — X be the universal cover.

(a) Given z¢ € X, explain how 71 (X, z) can be viewed as the set of deck transformations of X.

(b) Show that any map o : A™ — X lifts to a map & : A" — X, where A" is the standard n-simplex.

(¢) Show that the action of 71 (X, o) on the set of maps & : A™ — X is free (i.c., if g € 7 (X, 20) and
god =0, then g = id).

(d) Show that if 5,52 : A" — X are two lifts of o, then there exists g € m1(X,z0) such that
googy = 02.
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Hint: Use unique path lifting property for all parts (for (a) twice). Deck transformations act transitively on
fibers.

Referenced in: Spring 2018-10.

(a) Pick a pre-image % € X of z € X. Then, call the cover p: (X, %) — (X, zo). For v € m1 (X, z0), by the
unique lifting criterion, there exists a unique lift 5 : (I,0) — (X, %) of v : (I,0) — (X, z). By the unique
lifting criterion again, there exists a unique lift f : (X, %) — (X,5(1)) of p : (X, %) — (X, z). This is a
deck transformation. Conversely, given any deck transformation f : X > X , take any path v : [0,1] — X
with v(0) = Zo and (1) = f(Zo), and then the composition p o~ defines an element in 7 (X, zq).

(b) Since A™ is contractible, 71 (A", %) = 1. Hence o4 (m (A", %)) =0 c p*(ﬂ'()N(,%o)) so o can be lifted to
F:A" > X by the lifting property for covering maps.
o

Let y € A™. Suppose g € m1(X,20) and god = 7. Then g,id are both lifts of p : X — X that agree on
y). By the unique lifting property, g = id.

(c)
a(
(d) It suffices to show that for any y € A", there is some g € m (X, xo) such that g o 51(y) = F2(y) since
if two lifts agree at one point, they must be the same lift since A™ is clearly connected. However, this is
easy to see since both &1 (y) and &2(y) are lifts of the point o(y) € X and we know that the group of deck
transformations (71 (X, zg)) acts transitively on the fibers of the covering space.

Spring 2019

Spring 2019-1. Let M be a smooth manifold. Show that there exists a smooth proper map p : M — R.

Hint: Use o-compactness to find an open cover by precompact sets. Subordinate partition of unity, f(z) =

Dien 12 ().

We know that any smooth manifold M is o-compact. So, we may find a countable collection of precompact
open sets (U;)ien that cover M. Hence, we can find a partition of unity {\;};ey subordinate to this cover.
Define

fla) = Y in(a).

Note that f is always positive since Ziw:l A = 1and 0 < A\(z) < 1 for all i. We show that f is proper
by showing that f~1([—N, N]) is compact for any N € R*. Then, because any compact K < R is closed
and is contained in some [—N, N], we would have that f~!(K) is closed and contained in the compact set
fY([—N, N]) so is compact since M is Hausdorff.

To show the claim, suppose = € f~1([-N,N]) so f(z) < N. Then, z € Ufil U;. This is because, if
x¢ Uf\il U;, then \;(z) = 0 for all ¢ < N, implying that

fl@)=Ylidi(e) = D] (@)= (N+1) > N(z) = (N+1) > Ni(x) =N +1>N.
i=1 i=N+1 i=N+1 i=1

Hence, we have

U;

-
=

Y [-N,N))c | |U; c

i=1 i=1

which is compact as it is the finite union of compact sets. Thus, f~([—N, N]) is compact as a closed subset
of a compact set.
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Spring 2019-2. A smooth manifold Y of dimension n is called parallelizable if there exists n vector

fields v',...,v™ on Y such that at every y € Y, the tangent vectors v;, ..., v, are linearly independent.

Let f : R""! — R be a smooth function. Suppose that 0 € R is a regular value, and let M be the
smooth manifold f~!({0}). Show that M x S is parallelizable.

Hint: Show tangent bundle is trivial. Normal bundle N M is trivial one-dimensional and same with T'S*.
Tangent bundle acrobatics.

Since M is an embedded submanifold of R"*!, we know that for any p € M, we have
T, (R™1) = T,(M) @ N, (M)

where N, (M) is the normal bundle to M at p. Also
T(M x S*) = m¥TM ®niTS*

where m; : M x S' — M and w5 : M x S — S' are the standard projections. By the preimage theorem, we
see that T),(M) has dimension n so N,(M) has dimension 1. In fact, letting

n+1
of
X = dx;,
Z ox;
=1
we see that X, spans N,(M) for any p € M. Moreover, X cannot be zero on M since every point m € M is

a regular point so the differential df = ;Tf (.,‘; is surjective and so nonzero at m. Thus N(M) = Span(X) is

a trivial one-dimensional bundle.

Also, it is well-known that S! has trivial (one-dimensional) tangent bundle since it has a smooth nowhere
zero vector field (z,y) — (—y, ). Hence, we have

T(M x S*) = nfTM @ miTS*
= ¥ TM ® 73 (S' x R)
=¥ TM @ (M x S x R)
~ ¥ (TM @ NM)
> (M x R™T)
~ M x St x R+,

12

which is trivial. Hence, M x S! is parallelizable since its tangent bundle is (globally) trivial.

Spring 2019-3. Show that the antipodal map A : S™ — S™, A(x) = —z is homotopic to the identity
if and only if n is odd. (Feel free to use Lefschetz theory if you like.)

Hint: Degree is homotopy invariant, deg(A) = (—1)"*!. Block diagonal matrix with blocks rotation by 7t
for0 <t < 1.

Referenced in: Spring 2014-3.
Note that the antipodal map is the composition of n + 1 reflections so has degree (—1)"*1. If n is even, then
deg(A) = —1. However, we know that the degree of a map is homotopy invariant and that deg(id) = 1, so

A cannot be homotopic to the identity if n is even.

On the other hand, if n is odd, this means S™ < R"*! with n+ 1 even so let H; be the block diagonal matrix

with 2 x 2 blocks
cos(mt)  sin(wt)
<— sin(mt) cos(7rt)>
for 0 < t < 1. Then, consider the homotopy H : S™ x [0,1] — S™ given by H(x,t) = H(x). It is easy to
see that H; = —I,,41 and Hy = I,,4+1. Now, —I, 11 indeed represents the antipodal map so H is a homotopy
from the identity map to the antipodal map on S™.
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Spring 2019-4. For a vector field X on a smooth manifold M, we denote by Lx : Q*(M) — QF(M)
the Lie derivative of X acting on k-forms.

Prove that, for any vector fields X and Y, we have the Lie bracket identity

[Lx,Ly] = Lix v

Hint: Show/use [Lx,ty] = t[x,y], Cartan’s magic formula, and L,d = dL,.

By Spring 2020-4, we know that [Lx,ty] = tx,y]- Also, by Cartan’s magic formula, we have Lx =
dux + txd, Ly = diy + tyd. Suppose w is a differential form and consider

dLxw =ddixw + dixdw = dixdw = dixdw + txddw = L xdw.
Hence, we have

[Lx,Ly]| = [Lx,dty + tyd]
= [Lx,diy] + [Lz,tyd]
=Lxdiy —diyLx + Lxtyd —tydLx
=dLxty —diyLx + Lxtyd—tyLxd
=d[Lx,ty]+[Lx,iy]d
= dL[ij] + L[X7y]d
= Lix,y]

Spring 2019-5. Show that a closed 1-form w on a manifold M is exact if and only if 851 f*fw =0 for
every smooth map f: S* — M.

Hint: Stokes’. Define g(z) = S'v w where 7, is path from zg to . Well-defined since integrating any loop
gives 0 by assumption. Then dg = w.

Referenced in: Fall 2013-4, Spring 2011-4, Spring 2009-1.
If w is an exact 1-form on M, then there is some 7 € Q°(M) such that dn = w. Then,

A Ll f*(dn) = Ll d(f*n) = Ja51 P=0

by Stokes’ and since S! has no boundary. Conversely, suppose Ssl f*w = 0 for every f : S* — M. Let
xo € M and let N € M be the path component of M containing xy. Define

gy N >R, z— w,
Y

where 7, is a path from z to . Note that if v, and 7/, are two paths from z( to z, let f =, - fv\’; be the
loop formed by concatenating v, and the reverse of . Without loss of generality we can take -, and 7., to
be smooth (by homotoping them) so that f: S* — M is also smooth. Hence

0= f*w=J w=j w—f w,
St fx x Ve

implying that S% w = S . SO gN is well-defined. Now, do this on each path component of M and add to form

gl
g: M — R. We claim that dg = w. By the fundamental theorem of calculus, we have dg,, = % le=1 Sv W= wp
P

as desired so w is exact.
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Spring 2019-6. Let f : X — Y be a smooth, finite covering map between smooth manifolds. Show
that the induced map on de Rham cohomology

f* 1 Hip(YiR) > Hjp(X;R)

is injective.

Hint: U < Y evenly covered by f~1(U) = |_|f=1 U; with local inverses ¢; : U — U; to f. Then, define
g(w)lu = %Zle ¢Fw which is well-defined and satisfies g o f* = id

Referenced in: Fall 2018-7, Fall 2014-3, Spring 2012-9, Spring 2010-5.

We construct a retraction g : H¥p(X) — HXL(Y) of f* (ie. g o f* =id). Then f* must be injective. Let

U c Y be an open set that is evenly covered, so f~1(U) = |_|l.:1 U; where ¢; : U — U, are (local) inverses
(X), we define

w)lv =

w\'—

Note that this defines g(w) on all of M since the intersection of two evenly covered open sets is itself evenly
covered and the local inverses agree on this intersection since f is the same as itself on the intersection. To
see that this is well-defined, suppose that w,w’ are the same up to cohomology. Then, w = w’ + d1) for some
(n — 1)-form 1. Then, on an evenly covered neighborhood U < Y, we have

M?v

¢;w

Wlo =

1 & 1 &
k2¢* v = g & Ol g 2, dlor

¢*W|UL +d (llC izlfiﬁkww) = g(w)|v + dnu,

> =

B

k‘\»—l

&
I
—_

[l
ENl
M»

~.
Il

for ny = %Zle ¢¥ly, an (n — 1)-form on U. These ny’s can similarly be glued together (since they agree
on the overlap of evenly covered opens) to define 1 on all of Y such that g(w’) = g(w) + dn. Finally, to see
that g o f* = id, we observe that locally we have

k k 1 k k
; w)lo; = ; (fod)* ‘U—Egld* ; wly = wlu.

??'M—‘
??'M—‘
??‘M—t

Spring 2019-7. Let X = [0,1] and A = {0} U{L | n € Z,n > 1}. Show that H;(X, A) is not isomorphic
to H1 (X/A)

Hint: Long exact sequence for the pair shows Hi(X, A) is countably generated. But X/A is the Hawaiian
earring for which we define a surjection m (X /A) — [[*_, Z.

In degree one, the long exact sequence for the pair (X, A) is
C— Hy(A) — Hi(X) — Hy(X, A) L Hy(4) -

X is contractible so Hy(X) = 0, implying that f is an injection. Since A has countably many connected
components, Hy(A) is countably generated so Hy(X, A) is also countably generated. On the other hand, we
claim that 71 (X/A) is not countably generated so Hi(X/A), as the abelianization of 71 (X/A), is also not
countably generated, showing Hy (X, A) % H1(X/A).
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To show this, we exhibit a surjection

g:m(X/A) - HZ

In X /A, we note that [n+17

l] is a loop for each n € Z,n > 1. Moreover, for n # m, these loops are clearly

not homotopic (in fact X /A is the Hawaiian earring). So we let g send [?, E] to the element of [ [;~, Z

with 0’s everywhere except a 1 in the nth entry.

Then, for any a = (a,)%_; € [[,_, Z, we can construct the loop + defined by

n + (a,2"t mod 1) n-l 1 2n —1
t) = f <t< . (1) =0.
V(1) P or — o 7(1)
We can see that this loop travels the [?7 f] segment |a,| times (left to right if a,, > 0 and right to left if

an < 0) in the time between 21 and 2 L for all n so indeed g(7) = a as desired. Thus, 7 (X /A) is not

countably generated.

Spring 2019-8. (a) Show that any continuous map RP? — S' x S is nullhomotopic.
(b) Find, with proof, a continuous map S! x S* — RP? that is not nullhomotopic.

Hint: 71 (RP?) = Z/2 while m;(S' x S') = Z2 so fy(m1(RP?)) = 1 so we can lift to the universal cover R?
which we can then homotope to 0. The map takes the first coordinate of S* x S* to the equator of RP? (with
antipodal identification). Standard loop in S! gets pushed forward to a loop with non-trivial homotopy in
RP2.

(a) Since 7 (RP?, %) = Z/2 and 7, (S x ', #) = Zx Z, we know that fy : 71 (RP?, %) — 71 (S x S*, %) is trivial
because the trivial subgroup is the only finite subgroup of Z2. Hence, f4(m (RIE”2 %)) = 0 < py(m1 (R %))

where p : R® — S x S! is the universal cover so the map f lifts to a map f : RP?> - R2. Now, let
fi : RP? — S x ST be defined by f; = po (tf). Clearly, this is continuous and fy = p(0) is constant while

fi= pf: f so f is nullhomotopic.
(b) Consider f: S' x S1 — RP? defined by
(ei«Q’ eiqS) N ei9/2,
where we treat S/ ~, a circle quotient the antipodal relation, to be the equator of RP?. Note that this is

well-defined since in S/ ~, we have e!* = e!¢+™ = —¢i@ for any a € R because we identify antipodal points.

Now, let v : [0,1] — S* x S* be the loop given by v(t) = (e*™® 1). Then, f4«(7) is a path that (before the
antipodal identification) goes from a point to its antipodal point on the equator of RP?. So fy(7) is not the
identity of m (R]P2), showing that f cannot be nullhomotopic since f, is not the trivial map.

Spring 2019-9. Let W be the space obtained by attaching two 2-cells to S*, one by the map z — z*

and the other by the map z — 27. (Here z = € is the coordinate on S! = &Dz )

(a) Compute the homology groups of W with Z coefficients.
(b) Is W homotopy equivalent to S2?

Hint: Use CW structure. Hy (W) = Z) ® Z(0). Yes, they are equivalent. Use Hurewicz (m2(W) = Ha(W))
and Whitehead (f : S — W induces isomorphism on all homology groups, since it has degree 1, so is a
homotopy equivalence since W is a CW complex and both simply connected).
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(a) We use the CW structure of W. First S! is obtained by attaching one 1-cell to one O-cell. Then, we
attach the two 2-cells as described in the question. This gives the cellular chain complex

02257295750

where f(a,b) = 4a + 7b and g = 0 based on the attaching maps. Since 4 and 7 are coprime, f is surjective.
Taking homology of this complex gives

Z n=0,2,

0 otherwise.

Hn(W) = {

(b) By the Hurewicz theorem, we have an isomorphism mo(W) =~ Hy(W) = Z. Let f : S — W be a
generator of mo(W) so it has degree 1 since fy € Ho(W) is also a generator. Thus, f induces isomorphisms
on all homology groups. But then W is a CW complex and both W and S2 are simply connected so f is in
fact a homotopy equivalence by Whitehead’s theorem. So yes, W is homotopy equivalent to S2.

Spring 2019-10. Suppose M™ is a compact, connected, orientable topological n-manifold with bound-
ary a rational homology sphere, i.e., with Hy(0M;Q) =~ H,(S" 1 Q).

(a) Assuming n is odd, use Poincaré duality (with Q coefficients) to show that M has Euler charac-
teristic x(M) = 1.
(b) Assuming n = 2 (mod 4), show that the Euler characteristic x(M) is odd.

Hint: Glue M ugps M. This has 0 Euler characteristic so use Mayer Vietoris sequence. (b) Apply Lefschetz
duality to reduce to showing Rank(H?**1(M;Q)) is even. Show this by the bilinear, anti-symmetric, non-
degenerate pairing H2**1(M; Q) x H***1(M;Q) — Q by (w,n) — §,,w A n corresponding to a k x k matrix
with A = —A” so k must be even or else det(A4) = — det(A).

(a) By the same proof of Spring 2022-9 (we don’t need Z/2 coefficients since M here is orientable), we
see that x(M) = $x(0M). But then, the Euler characteristic only depends on the homology, so we have

X(M) = 3x(S" 1) = 3(1 + (-=1)""!) =1 since n is odd.

(b) Let n = 4k + 2. By Lefschetz duality and the universal coefficient theorem, we have
H"(M;Q) = Ho(M,0M; Q) = Hy(M/0M;Q) =0,

H°(M;Q) = H,(M,0M;Q) = H,(M/0M;Q) = Q,

since M /OM is a closed orientable manifold. Consider the long exact sequence for the pair (M, M) with Q
coefficients:
- — Hi(0M;Q) — H;(M;Q) — H;(M,0M;Q) — H; 1(0M;Q) — --- .

Since 0M is a rational homology sphere, we have

i =0,n—1
H(OM;Q) = H(sm @) = {3 10"
0 otherwise
so H;(M;Q) =~ H;(M,0M;Q) for all 2 <1i < n—2.Fori=n—1, the long exact sequence yields
0 - Q i @ i Hn—l(M7Q) g Hn—l(Ma anQ) - Oa
which implies that H,,_1 (M; Q) =~ H,,_1 (M, 0M;Q) as well since everything here is just a Q-vector space and
the alternating sum of the dimensions must be 0. Then, by the universal coefficient theorem and Lefschetz

duality, forall 2 <i<n-—1

H'(M;Q) = H{(M;Q) =~ H;(M,0M;Q) =~ H"*(M;Q).
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Hence, using the formula for Euler characteristic gives (using n = 4k + 2 so n — 1 is odd and n is even)

4k+2
X(M) = ) (=1)'Rank(H'(M;Q))
i=0
4k+1
= Rank(H"(M;Q)) + Rank(H***%(M;Q)) + j (—1)'Rank(H'(M;Q))
2k
=1+0+2) (~1)'Rank(H'(M;Q)) — Rank(H***'(M;Q))
i=1
=1+ 2m — Rank(H***1(M;Q)),

so it suffices to show that Rank(H?**1(M;Q)) is even. This is exactly Fall 2021-5

Fall 2018

Fall 2018-1. Let M be a compact smooth n-manifold, and f : M — R"™ a smooth map. Let

S = {p e M | Rank(df,) < n}.

(a) Prove S # .
(b) Prove f(S) < R™ has empty interior.

Hint: Submersions are open maps, M compact so f closed so f(M) closed and open. Sard’s theorem.

(a) If S = &, then f is a submersion by definition. Then, we know that submersions are open maps (because
they are locally projections which are open). In particular f(M) < R™ is open. Also, M is compact so
f(M) < R™ is compact so is closed implying that f(M) = R™ since R™ is connected and f(M) # . But
R™ is not compact so we have a contradiction and S must not be empty.

(b) f(S) is exactly the set of critical values of f. By Sard’s theorem, f(S) has measure zero in R™. Then,
if f(S) had non-empty interior O < f(5), then we could find € O and an open ball B(z,r) < O for
some r > 0, implying that the measure of f(S) is larger than the measure of B(z,r) which is positive, a
contradiction so f(S) has empty interior.

Fall 2018-2. Let M,, be the space of n x n real matrices, viewed as the smooth manifold R™. Let MF
be the subset of matrices of rank k. Prove that M? is a smooth submanifold of M,,. (Hint: First prove
the subset of M} where the top-left k& x k minor is non-singular is a smooth submanifold of M,,.)

. 1 0 A B A B . . A B
Hint: (_02_1 Ik) (C’ D> = <O D—C’A‘lB) so consider f : N — M, _j given by (C D> —
D — CA~'B. Preimage theorem.

Referenced in: Spring 2015-1, Fall 2014-6, Spring 2013-1.
Let N be the subset of M,, where the top-left £ x k minor is non-singular. Then, a matrix M € N is of the

form "
B
u=(¢ 1)

for some k x k matrix A with det(A) # 0 and matrices B, C, and D of the appropriate dimensions. Since the
determinant is a continuous map, having top-left k x k£ minor non-singular is an open condition so N < M,

is open. Now, note that
Iy, 0 A B\ (A B
-CA' ,)\C D) \0 D-CA'B)’
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so M has the same rank as the right matrix above since we multiply by an invertible matrix. Thus, M has
rank k if and only if D — CA~!B = 0. So consider the map

) A B 1
f:N—> M, 4, (C D)HD—CA B.

Then, N* = N, the subset of rank k& matrices is exactly the preimage of 0 under this map, N* = f~1(0).
Note also that f is smooth since matrix operations (including taking inverses by Cramer’s rule) are smooth
with respect to the coordinates of the matrices. Thus, if we show that 0 is a regular value of f, then by the
preimage theorem, we know that N* is a smooth submanifold of M,, of codimension (n — k)2.

In fact, we see that f is a submersion because for any M € N and X € M, = Typr)Mp—k,

~ (0 0 o . f(M+tX)—f(M) . D+tX-CA'B—(D—CA'B)

=X.

So the subset of M¥ where the top-left & x k minor is non-singular is a submanifold of M,,. Now, we note
that any rank k matrix M is equivalent to something in N. Namely, we can find invertible matrices A and
B such that AMB e N by permuting the rows and columns of M since M has a non- singular k£ x k minor
somewhere in it.

These operations are smooth and invertible so this gives us charts for the set of all rank & matrices. Then,
the transition functions are clearly smooth since the operation of matrix multiplication is smooth and so too
is f. Thus, M} is a smooth submanifold of M,, of dimension n? — (n — k)? = k(2n — k).

Fall 2018-3. Let 6 be the restriction of
(22dat — 2tda?) + (2*da® — 23da?) + -+ (2®"da® T — 2P de?)

to the unit sphere S?"~! < R?". Prove ker() is a distribution on S?"~!. Is it integrable?

Hint: Treat 0 as a matrix, it always has rank 1 so kernel always has dimension n — 1 so is a distribution.
Not integrable by Frobenius since 6 A df # 0.

For kerf to be a distribution, it suffices to show 6 is nonvanishing, because then the pointwise dimension of
ker is constant. Note that 6 can be represented by the following 1 x 2n matrix:

0 = ($2 —(I)l .. 332” _m2n—1) ,

which clearly has rank at most 1. In particular, # has rank 0 if and only if 2% = 0 for all 4 which is impossible
because z € S?"~! 50 6 indeed has rank 1 on all of $?"~1. Hence, 6 is nonvanishing on $?"~!, making ker(f)
a distribution.

We compute

do = (dz* A da' — dxt A da®) + -+ (da® A da® T — da® T A da?) = 2 2 da®' A dz?
i=1
So that .
Ondo=2% > a%de®" A da® A da® ™! —2® A da® A da® A da® T
i=1j#i
Then, by Frobenius’ theorem, if ker(6) is integrable, then 8 A df = 0 (see for example Fall 2022-4). But
6 A df = 0 if and only if 2* = 0 for all i which is again impossible for x € $2"~1 so ker(f) is not integrable.
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Fall 2018-4. Let M be a compact smooth 3-manifold and w € Q' (M) a nowhere zero 1-form, so that
ker(w) is an integrable distribution. Prove the following.

(a) wAdw=0.
(b) There exists some 1-form « with dw = a A w.
(¢) da Aw=0.

Hint: (b) ker(w) = span(ﬁe{l, %%MU = fydz™. Set aly = %} and put together with partition of unity.

In fact, we don’t need compact or dimension 3. (a) and (b) are done in Fall 2022-4. (c) is simply

0=d(dw)=dlarw)=darw—ardv=darw—aArnandw=dunuw.

Fall 2018-5. Let M < R™ be a compact (n — 1)-dimensional submanifold, let ¢ : M < R™ be
the inclusion map, and let D < R™ be the n-dimensional compact region with 0D = M. Let dV =
drt A dz? A -+ A da™ e Q7(R™) be the standard volume form on R™.

(a) Define dA € Q"~1(M), the standard volume form on M, induced by the embedding .

(b) Prove (*(ixdV) = (X, N)dA, for any smooth vector field X on R". (Here, N is the unit normal
vector along M, pointing outward from D.)

(c) Prove

fD Lx(dV) = fM<X, NYdA.

(d) Derive Gauss’ Divergence theorem from the case n = 3.

Hint: dA = *(in(dV)). (b) T = X — (X, N)N is tangent to M so any T,dtXy,...,dtX,_1 is linearly
dependent so t*(i7(dV))(X1,..., Xn—1) = 0. (¢) Stokes’ and Cartan. (d) Let X = f% + g% + ha% and
compute.

Referenced in: Fall 2008-5.

(a) dA = 1*(in(dV)) where iy : Q*(R") — Q"~}(R") is the interior product, (iyw)(X1,...,Xn_1) =
UJ(N, Xl, . 7Xn71)'

(b) Let T = X — (X, N)N. Then T is tangent to M because we have subtracted off the projection onto the
normal space. So
L*(iT(dV»(Xl, NN 7Xn—1) = dV(T, dLX1, ey dLXn_l) =0

since these vector fields are all tangent to M and therefore are linearly dependent since there are n of them
while M is only (n — 1)-dimensional. Thus,

0 = *(ir(dV)) = *(ix(dV) —icx nyn (dV)) = F(ix (dV)) = (X, N ¥ (in (dV))
=1*(ix(dV)) — (X, N)dA,
implying that ¢*(ix (dV)) = (X, N)dA.
(c) Using part (b), Stokes’ theorem, Cartan’s formula and the fact that d(dV) = 0, we have

(Lx — ixd)(dV) = fD Lx(dV).

JM<X, NYdA = JM ix(dV)) = fD d(ix (dV)) = J

D

(d) This was done in Fall 2019-1 but we present another solution here that builds on the previous parts. Let
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— o 2 2
X_fax+gay+haz so we have

Lx(dV) = Lx(dx) ndy Andz+dx A Lx(dy) A dz+dz A dy A Lx(dz)
=d(Lx(x)) ndy Andz+dx nd(Lx(y)) Adz+dx Ady A d(Lx(2))
=df ndy ndz+dx +dx Adg Adz+dx Ady A dh

:a—fdxAdy/\dera—gdx/\dy/\dZwL%dx/\dy/\dz
ox oy 0z
= div(X)dV.

Hence, by part (c),
J div(X)dV=J Lx(dV) = J (X, N>dA.
D D M

Fall 2018-6. Can a finite rank free group have a finite index subgroup of smaller rank?

Hint: Fundamental group of wedge sum of n circles. k-fold covering. Contract to wedge sum of k(n —1) +1
circles.

No this is not possible. Let G be a free group of rank n and suppose H is a finite index subgroup of G
with index k. Then, G = (X, *) where X = \/,_,.,, S" is the wedge sum of n circles. Then H is the

fundamental group of a connected k-fold covering of X, say p : X — X where X is a graph with k vertices
and nk edges.

Since X is connected, we may take a connected subgraph of X consisting of all k£ vertices and k — 1 edges. If
we quotient X by this subgraph, we are left with a graph with one vertex and nk—k+1 = k(n—1) + 1 edges,
ie., \/; <i<h(n—1)+1 S1. This quotienting is a homotopy equivalence so H is isomorphic to the fundamental
group of the wedge sum of k(n — 1) + 1 circles. Namely, H is a free group of rank k(n — 1) + 1 where k > 1.
So k(n—1)+ 1> n and H does not have smaller rank than G.

Fall 2018-7. Prove that the covering map S™ — RP" induces an isomorphism on de Rham cohomology
if and only if n is odd. What is the orientable double cover of RP™?

Hint: Use known cohomology groups for RP™ and S™. Finite covering maps always induce injections. Double
cover is S™ or RP" U RP" for n even/odd respectively.

We recall

R k=0,n

0 otherwise.

R k=0ork=nandn is odd,

Hp(S") = { and Hjp(RP") = { .
0 otherwise.

So if n is even, there isn’t an isomorphism H"(RP") — H™(S™) so the covering map cannot induce an
isomorphism on de Rham cohomology. If n is odd, then we note that p* : H5,(RP™) — HE,(S™) is an
injection since p is a finite covering map so has a retraction (see for example Spring 2019-6). But injective
maps between vector spaces of the same rank are isomorphisms so p indeed induces an isomorphism on de
Rham cohomology if n is odd.

The orientation double cover is a 2-fold cover such that the non-trivial deck transformation reverses the
orientation. For n even, S™ is the orientation double cover since the antipodal deck transformation x — —x
has degree (—1)"*1 = —1 so reverses orientation. For n odd, RP" is oriented so the double cover is RP" LiRP"
where the two copies have opposite orientations.
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Fall 2018-8. Assume the integral homology of a space is Z in grading 0, Z in grading 2, Z/2 in grading
3, and 0 in all other gradings.

(a) What is its integral cohomology group?

(b) Construct a simply connected CW complex X with the given homology.

(¢) Construct another simply connected CW complex Y with the same homology, which is not homo-
topy equivalent to X.

Hint: Universal coefficient theorem. Ext of projective (free) module is 0. One 0, 2, 3, 4-cell each. Wedge sum
with acyclic space (such as S' v S with two 2-cells attached via a®b=3 and b3(ab)~2).

(a) The universal coefficient theorem states that for R a principal ideal domain, G and R-module, and n > 0,
we have
H"(X;G) = Homp(H,(X;R),G) ®Extk(H,_1(X;R),G).

So in our case, we compute:

H°(X;Z) =~ Homg(Hy(X;7Z),Z) ® BExty,(H_,(X;Z),Z) = Homy(Z,Z) ® Ext}(0,2) = Z®0 = Z,
HY(X;Z) = Homg(H,(X;7),7) ® Ext},(Ho(X;Z),7Z) = Homz(0,Z) ® Ext}(Z,7) = 0®0 = 0,
H*(X;7) = Homy(H(X;Z),7Z) ® Exty,(H,(X; Z),7) = Homy(Z,7) @ Ext;(0,Z) = Z® 0 = 7Z,
H*(X;Z) = Homg(H3(X;7Z),7) @ Exty,(Ha(X; Z), Z) = Homy(Z/2,7) ® Ext},(Z,Z) = 0®0 = 0,
H*(X;Z) =~ Homyz(H4(X;7Z),7) ® Ext},(Hs(X;Z),Z) = Homy(0, Z) ® Ext}(Z/2,7) = 0® 7/2 = 7,/2.

Also, it is clear that H*(X;Z) = 0 for all k > 4 so to summarize, we have

Z k=0,2,
HMX;7Z)=117/2 k=4,
0 otherwise.

(b) Construct X as follows. Start with one 0-cell. Attach one 2-cell in the obvious way. Attach one 3-cell to
the 0-cell in the obvious way. Finally, attach one 4-cell to the 3-cell by a degree 2 map.

(c¢) Let Y have one 0-cell, one 2-cell and one 3-cell attached in the same way as X. Then, give Y one 4-cell
attached by a map which first does the Hopf fibration $2 — S? and then does a degree two map S — S3.
Since homology only cares about adjacent dimensions, Y has the same homology groups as X. However,
they are not homotopy equivalent because 73(S? v S3) =~ Z? generated by the identity and the Hopf fibration
so these two attaching maps are not homotopy equivalent.

Fall 2018-9. Let X be a connected CW-complex. Show that there is a natural isomorphism
Hy(SX; M) =~ Hy_1(X; M)

for all k and for all abelian groups M.

Hint: From Mayer Vietoris, get S™(f)s ~ S™ 1(f)s and S™(f)s ~ Z™(f)+ in commutative diagrams.

This is shown in Fall 2022-10.

Fall 2018-10. Let Y be a connected and simply connected CW-complex.

(a) Compute the fundamental group of Y v S*.

(b) Describe the universal cover of Y v S1, together with the action of the deck transformations.
(c) Describe all finite covers of Y v S, again with the action of the deck transformations.

(d) Describe what changes in the first two parts for Y = RP2.

64



Hint: Van Kampen’s. Glue a copy of Y to each integer in R. Same but with circle and k copies. Z/2 = Z.
Infinite fractal of R’s with S?’s at every integer point.

(a) By Van Kampen’s theorem, 71 (Y v S!) = 71(Y) # m1(S*) = 1 % Z = Z, since Y is simply connected so
has trivial fundamental group.

(b) Since Y is simply connected, it is its own universal cover while the universal cover of S! is R. Thus, the
universal cover of Y v S! is R with a copy of Y attached via the base point of Y to each integer in R. Then,
the deck transformations are simply given by the deck transformations of R — S! which are the translations
by an integer (that cycle the copies of Y around).

(c) Similarly to part (b), a finite k-fold cover of ¥ v S' is R/kR = S with a copy of Y attached via the
base point of Y to each integer in Z/kZ. Le., we get a circle with k integer points and a copy of Y glued to
each one of these by its base point. The deck transformations similarly are translation by integers (mod k)
which cycle the copies of Y around the circle.

(d) Now, Van Kampen'’s tells us that 71 (Y v §') = 7 (RP?) # 71 (S') = Z/2Z+ Z which is the group {a, b | a*).
We know the universal cover of RP? is the double cover S2 — RP?. So the universal cover can be described
as follows. Start with a copy of R. At each integer point, attach a copy of S? by its north pole. At the south
pole of each of these S?’s, attach a copy of R. Repeat the process for each of these copies of R and so on
infinitely.

The deck transformations then act as follows. Each element of Z translates the points in the corresponding
copy of R, and the nontrivial element of Z/2 takes points to their antipodal point on S2. Then, the words
that are formed are these functions composed together in order of concatenation.

Spring 2018

Spring 2018-1. Suppose that M and N are connected smooth manifolds of the same dimension and
f: M — N is a smooth submersion.

(a) Prove that if M is compact, then f is onto and f is a covering map.
(b) Give an example of a smooth submersion f : M — N such that M and N have the same dimension,
N is compact, and f is onto, but f is not a covering map.

Hint: Submersion is open map so onto. Local diffeomorphism implies locally even covering and then piece
together using compact/connected. e*™ : (—0.1,1.1) — S*.

Referenced in: Fall 2020-9, Fall 2014-1, Fall 2011-3, Spring 2010-3, Spring 2009-2.

(a) Since f is a submersion, it is an open map (as it is locally a projection and projections are open), so
in particular f(M) is open. If M is compact, then so too is f(M) implying that f(M) is closed since N is
Hausdorff. Then, N is connected and f(M) # ¢ is both open and closed so f(M) = N and f is surjective.

As a submersion between manifolds of the same dimension, f is locally a diffeomorphism by the inverse
function theorem since df, is an isomorphism for any z € M. For any p € N, consider f~(p) = M. Since
{p} = N is closed, so is f~!(p) implying that f~!(p) is compact since M is compact. By the preimage
theorem, since f is a submersion, f~!(p) is a zero dimensional submanifold of M which means it is a
collection of isolated points. But since it is compact, it must be a finite set, namely f=1(p) = {p1,...,pn}

Then, for each p; € f~1(p), choose a neighborhood U; 3 p; so that f|y, is a diffeomorphism. Shrink the U;’s
as necessary so that U; nU; = & for all i # j. Define pe W = (_, f(U;) — f(M — /-, U;) = N and
W; = f~Y(W)nU,. By construction, we have f~H(W) < |Ji, U;so f~Y(W) = ||'_, W; and flw, : W; > W
is a diffeomorphism so f locally is an even covering of W.

So cover N by W, for p € N so that f evenly covers each W,,. It suffices now to show that the size of f~1(p)
is constant. Since M is compact, F(M) = N is compact so we reduce this to a finite cover. On any g € W,
we note that the W;’s which evenly cover W), also act as an even cover for the neighborhood W), of g so the
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size of f~1(p) locally does not depend on p. Thus, since N is connected, we can get between any two points
by a finite chain of these opens, on each of which, the size of f~!(p) is constant so it is constant on all of N
by induction. Thus f is a covering map.

(b) Let M = (—0.1,1.1) ¢ R,N = S, and f(t) = e?™. Both M and N are connected l-manifolds
and N is compact. Also f is a submersion since df; = 2mie?™* is never zero. Moreover, f is onto since
St ={e® e C|0 <6 <2r}. But fis not a covering map because f~1(1) = {0,1} while f~!(—1) = {0.5}
which do not have the same size.

Spring 2018-2. Let ®n,®s : R x S2 — S? be two global flows on the sphere S?. Show that there
exist € > 0, a neighborhood U of the North pole, a neighborhood V of the South pole, and a global
flow @ : R x S? — 2 such that ®(t,q) = ®n(t,q) for all t € (—¢,€),q € U, and ®(t,q) = Pg(t,q) for all
te(—¢€),qeV.

Hint: Partition of unity subordinate to S — U, S? — V. Use corresponding vector fields and fundamental
theorem of flows guarantees uniqueness.

Let U and V' be any neighborhoods of the north and south pole respectively that are small enough so that
the open sets S? — U and 82 —V cover S2. Then, let )\, ¢ be a partition of unity subordinate to this cover.
A is supported on S? — U so M|y = 0 implying that |y = 1 and similarly |y = 1.

Let X and Y be the vector fields corresponding to ® and ®g respectively. Define Z = ¥ X + \Y and note
that Z|y = X and Z|y =Y. Since S? is compact, any smooth vector field generates a global flow so we let
® be the global flow generated by Z. By the fundamental theorem of ODEs, on U, this flow is unique for a
short time interval t € (—ey, €1) and similarly on V, this flow is unique for ¢ € (—ez, €2).

So we know that ® agrees with @5 on U for t € (—e€1,€1) by uniqueness since Z and X agree on U, and
similarly for ®g. Let € = min(ey, €2). Then, we have the desired property.

Spring 2018-3. For n > 1, consider the subset X  CP?" given by
X={[z0:21: : 2] € CP®™ | 2y41 = 2Zn42 = -+ = 22, = O}.

(a) Show that X is a smooth submanifold.
(b) Calculate the mod 2 intersection number of X with itself.

Hint: Obvious inclusion is an injective proper immersion. f : [zg: -+ :2,] = [0: - :0: 2, -+ 20] 18
homotopic to inclusion and is transverse to X. Only one point in intersection.

(a) Define
i:CP" - CP™, [z:-:zn]—[20:-:20:0:---:0]

It is evident that ¢ is a bijection onto its image which is exactly X and that i is smooth. We know that
CP" is compact so i is automatically proper. This is because if K ¢ CP?" is compact, then K is closed (as
manifolds are Hausdorff) so i ~!(K) is closed so is compact as a closed subset of a compact space.

Hence it suffices to show that ¢ is an immersion as the image of an injective proper immersion is an embedded

smooth submanifold. Let p € CP" with p = [29: --- : 2,]. Some z; # 0 so consider the charts
n n 20 ~ Zn
pelUf={[z0: - :2,]€CP" | 2; #0}, [20: - :za]l = (o 55,0, —
Zj Zj
. 2n 2n 20 ~ 2n
i(p) e U;™ ={[z0: -+ : 220] € CP™" | 25 # 0}, [ZQI'”ZZQTL]H<Z.,---,Zj,---,Z'>.
J J

With respect to these charts, it is clear that i takes the form

20 ~ Zn 20 ~ Zn
=g, 2 ) e g, 200,00,
Zj Zj 25 Zj
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so i is indeed an immersion and thus a smooth embedding of CP™ into CP*".

(b) We seek to compute I5(i, X). To do this, we first define
f: CP" — CP*", [zo: i2n] = [0 02y 20],
and consider the homotopy
H:CP" x [0,1] = CP*, ([20: - :2n|,t) = [t20: - tzn1:2n: (1 —t)zp 1 :--: (1 —1)z)].

So H(z,0) = f(z) while H(z,1) = i(z) and H is evidently smooth so ¢ and f are homotopic. Moreover,
X n f(CP") is the singleton {p} where p = [0:---0:1:0:---: 0] with the 1 in position n + 1. Then,
T,(X) c Tp(CIPQ" consists of vectors whose last 2n real coordinates are zero, while df (Tf.....0.1JCP") consists
of vectors whose first 2n real coordinates are zero. So, we have

T,CP*" = T, X + df (To....01)CP"),

showing that f is transverse to X. Hence, we may compute I5(f, X) which will be equal to I»(i, X) =
I5(X, X) since i and f are homotopic. But then X n f(CP") is a single point so I5(f, X) = 1.

Spring 2018-4. Suppose N is a smoothly embedded submanifold of a smooth manifold M. A vector
field X on M is called tangent to N if X, € T,N < T,M for all pe N.

(a) Show that if X and Y are vector fields on M both tangent to N, then [X,Y7] is also tangent to
N.

(b) Tllustrate this principle by choosing two vector fields X,Y tangent to S? = R? (such that [X,Y]
is not identically zero), computing [X,Y] and checking that it is tangent to S2.

Hint' Compute using local coordinates for a slice chart and sum notation. X = fya% + x%, Y = fza% +

oz’

(a) We use local coordinates. Let x!,... 2" be local coordinates for N and extend to z',...,2",... .z
local coordinates for M using a slice chart. So we can express X and Y as

=;X%,Y=;Y

for some X% Y e C°(N). Then, we may simply compute

[X,Y]= XY - YX
XX N N 2

N 0Y 0 v L 0XT 0
- Zxaxi@_ZZY oxt oxd

i=1j=1 i=1j=1
u 0V G 0X7 0
:Z ZX 6wi_;Y 8xi)0acj’

which is still a vector field in NV since a%, e mn

span the tangent space to N and X* oxs Y, OXJ e C*(N).

(b) Let X = y{Q —1—96a aundY——z(a —&-mq Then,
Mﬂq=@ﬂ—@—YFWk%+Cﬂm—Y@D&fHX@%4W®F*=W*+%*—

which is still tangent to S? as desired.
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Spring 2018-5. A symplectic form on an eight-dimensional manifold is defined to be a closed two-form

w such that w A w A w A w is a volume form (that is, everywhere nonvanishing). Determine which of
the following manifolds admit symplectic forms: (a) S%; (b) S? x S6; (c) §% x §2 x §2 x §2.

Hint: Only S? x S% x S? x §2, form is a + B+ v + 6 € H?. Use the cohomology ring of S™ and Kiinneth’s
formula.

First, recall the cohomology groups and cohomology ring of S™ are:

R k=0,n,

H*(S™7) = 7. 2). .
0 otherwise. ( ) [a]/(a), |al=n

Hin(S") — {

We claim S® and S? x S% cannot have a symplectic form. Suppose w was a symplectic form on S8. Then,
since H2p(S®) = 0, we know that w is exact so there exists n € Q'(S®) such that dy = w. In which case
wh=wAwAwAwis also exact with d(n A w A w A w) = w? since dw = 0. But then

J w4=J d(n/\w/\WAw)=f NAWAwWwAw=10
S8 S8 os8

by Stokes’ theorem and since S® has no boundary. Thus w* cannot be a volume form so w is not a symplectic
form.

For 5% x S%, Kiinneth’s formula (and de Rham’s theorem) tells us that
Hjp(8? x §%) = Hip(S%) ® Hip(S) = Rla, Bl/(a*, %), |a] = 2,]5] = 6.

Thus, the elements in grading 2 are all of the form za for some x € R. So our closed 2-form w is of the form
ra meaning that w A w = (va)? = 220 = 0 on the level of cohomology. This again means that w* is exact
and so cannot be a volume form.

Finally, we claim that 52 x S2? x S? x §? does have a symplectic form. Here, we have
Hip(S? x 8% x 8% x §%) = Re, 8,7,0]/(e%, 5%,7%,8%),  |a| = 8] = |y = |0] = 2.

Then, take the element w = a+ B+ +6 € Hp(S? x 5% x 5% x §?) which is in grading 2. Then, we can see
that w* = yaBvyd for some nonzero coefficient y € R by the quotient structure of the cohomology ring. This
w? is thus a generator of H3,(S5% x S? x 2 x §?) ~ R so is a volume form and w is the desired symplectic
form.

Spring 2018-6. Let U be a bounded open set in R with smooth boundary, and let V' be a smooth
vector field on R*. The classical divergence theorem expresses the triple integral § § {,, div(V)d(vol) as
a surface integral over the boundary of V. State this theorem, and show how it can be obtained as a
particular case of Stokes” Theorem for differential forms.

Hint: §§§,,div(X)dV = §§,, (X,n)dS for n the outward pointing normal unit vector to ¢M and dS =
i*1,dV the induced volume form on M. Recall div(X)dV = Lx(dV) and use Cartan’s magic formula.
Consider Y = X — (X, nyn.

This is exactly Fall 2019-1.

Spring 2018-7. Let M and N be smooth, connected, orientable n-manifolds for n > 3, and let M#N
denote their connected sum.

(a) Compute the fundamental group of M#N in terms of that of M and of N (you may assume that
the basepoint is on the boundary sphere along which we glue M and N).

(b) Compute the homology groups of M#N. (You may use without proof that H,(—;Z) of a con-
nected orientable n-manifold is always isomorphic to Z).

(¢) For part (a), what changes if n = 2?7 Use this to describe the fundamental groups of orientable
surfaces.
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Hint: Van Kampen’s gives w1 (M#N) =~ w1 (M) = m1(N). Good pair with gluing sphere S"~1 gives direct
sum for ¢ # 0,n in which cases it’s just Z.

Referenced in: Spring 2010-7.

(a) Suppose that M and N are glued together by the disk D™. Let A be a neighborhood of M — D" in M#N
that deformation retracts onto M — D™ and let B be a neighborhood in M#N of N — D" that deformation
retracts onto N — D™. We can see that A n B deformation retracts onto D™ = S"~! and Au B = M#N.
So by Van Kampen’s theorem, we have

Wl(M#N) = 7T1(A) *7T1(B)/N

where N is the normal subgroup generated by elements of the form % (v)iZ(y) where i4 : An B — A and
iP : A~ B — B are the inclusion maps. Since n > 3, A n B which is homotopy equivalent to S"~! has

trivial fundamental group so N is the trivial subgroup.

In addition, since A is homotopy equivalent to M — D", we have m(A) =~
make M — D™ into M by attaching an n-cell which implies that m (M — D"
m1(B) = w1 (N). Hence, we have m (M#N) = 71 (M) = 71 (N).

(b) We showed in Spring 2021-7 that

w1 (M — D™). But then we can
)~ m (M) as n = 3. Similarly,

i =0,n,

Hy(M#N) = 2
’ | Hi(M)@® Hy(N) otherwise.

(c) If n = 2, we no longer have 71 (A) = m1 (M) nor m(B) = m(N). We also don’t have m1(A n B) = 0 so
N as described above is no longer trivial. However, we know that a compact, oriented 2-manifold can be
described uniquely by its genus and that a genus g torus is the connected sum of g standard (genus 1) tori.
Let T, be the genus g torus and we know

m1(Ty) ={as,. .., a2 | alagal_lagl e agg_lagga;;fl%_;}.

Moreover, we have w1 (Ty#T5) = m1(Ty+p) using the above logic in part (a).

Spring 2018-8. Determine all the possible degrees of maps S2 — S' x S'.

Hint: 71(S?) = 1 so can lift f: S? — S x S! so f is nullhomotopic so only degree 0 is possible.

Referenced in: Spring 2010-10.

Let f : S2 — S! x S! be any map. Then, since S? is simply connected, we have 7 (S2%,%) = 0, so
Fa(m1(S?%,%)) = 0 < pyu(m1(R2, %)) where p : R2 — S x S is the universal cover. Thus, f lifts to a map
f 8% > R2 Now, let f; : 52 — R2 be defined by f; = po (tf). Clearly, this is continuous (in ¢) and
fo = p(0) is constant while f; = po f = f so f is nullhomotopic. Hence, f; : H2(S%) — H2(S! x S1) is the
zero map so f must have degree 0.

Spring 2018-9. Point S? via the south pole, and consider the Cartesian product S? x S2.

(a) Describe a cell structure on S? x S? that is compatible with the inclusion of
S v & — 5% x 57

as those pairs where one coordinate is the south pole.
(b) Let X be (5% x S§%) ugz D3, where we attach the 3-disk via the map

S% 5%y 52

which crushes a great circle connecting the north and south poles. Compute the homology groups
of X.
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Hint: One 0-cell and one 2-cell for each S2. Product cell structure. Hy(X) = Ligy @ L2y ® Z(o)-

(a) First, note that S? can be given a cell structure with one O-cell, ey, and one 2-cell, eq, attached in the
obvious way. Let {eg, ez} and {fo, fo} be the cell structures of two copies of S? with the 0-cells being at the
south poles. Hence, we can give S? x S? a cell structure with one 0-cell, ey x fo, two 2-cells, ey x fo and
e2 x fo, both attached to the 0O-cell in the obvious way (with the O-cell at the south pole), and one 4-cell
eo X fy that is attached to each of the two 2-cells by degree 1 maps. In particular, by this construction, the
2-skeleton is exactly S? v S? so this structure is compatible with the inclusion.

(b) By attaching the 3-cell, we have the following cell structure:

0-252%72 507

We can see that f is 0 because the 4-cell is attached to the 2-skeleton directly, not the 3-cell. Also, we can
see that g sends the generator of H3(X) to (1,1) € Z? since it is attached to both copies of S? via degree 1
maps. Hence, we easily compute the homology to be

Z k=0,2/4,
0 otherwise.

Hy(X) :{

Spring 2018-10. Let X be a semi-locally simply connected space and let X — X be the universal
cover.

(a) Show that any map o : A™ — X lifts to a map & : A™ — X, where A™ is the standard n-simplex.
(b) Show that if 5,05 : A™ — X are two lifts of o, then there is an element g of the fundamental group
of X such that god; = d5 where we view g as an automorphism of X via the deck transformations.

Hint: A™ simply connected. Suffices to find g so that it agrees at a point. True since deck transformations
act transitively.

This is exactly parts (b) and (d) of Fall 2019-10.

Fall 2017

Fall 2017-1. Let M be a smooth manifold. Verify the following identity for vector fields X,Y and a
1-form w on M:

dw(X,Y) = X(w(Y)) = Y(w(X)) - w([X,Y]).

Hint: Use local coordinates to assume w = fdz. Product rule for vector fields X (fg) = ¢ X (f) + fX(g)-

We use local coordinates so w = fida! + -+ + f,da™ for some f; € C*(U) and (U, 2%, ...,2") a local chart
on M. By linearity of the differential operator, vector fields, and differential forms, it suffices to show the
identity for w = f;dz7. Then, by the product rule we have

dw = d(f;dx?) = dfj A da? + (=1)°f; A d(da?) = dfj A da?.
Thus,
dw(X,Y) = (dfj A do?)(X,Y) = df;(X)d2? (V) — df; (Y)da? (X) = X(f;)Y (27) — X (2))Y ().
On the other hand, w(Y) = f;dz?(Y) = f;Y (27) and similarly, w(X) = f; X (27) so, by the product rule,
X(w(Y)) = Y(w(X)) = X(f;Y (27)) = Y(f; X (7))
= X(f)Y (@) + f; XY (27) = (Y ([ X (@) + f;Y X (27))
= X(f;,)Y (27) =Y (f;) X (27) + ;[ X, Y](27)
=df; A do?(X,Y) + fjda? ([X,Y])
=dw(X,Y) +w([X,Y]),
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giving us the desired identity.

Fall 2017-2. Let M, (R) be the space of all n x n matrices with real coefficients.

(a) Show that O(n) = {A € M,(R) | AAT = id} is a smooth submanifold of M, (R). Here AT is the
transpose of A.
(b) Show that O(n) has trivial tangent bundle.

Hint: F : Mat,x,(R) — Sym,,,,(R) by M — MTM. Then dFs(3AC) = C. Show that all Lie groups are
parallelizable by finding a global frame. Take a basis v1, ..., v, for T.G and define X;(g) = dLy(v;).

This is exactly Fall 2022-2.

Fall 2017-3. The Hopf fibration 7 : S® — S? is defined as follows: if we identify
S% = {(21,22) € C? | |21 > + | 2|? = 1},

and S? = CP' with homogencous coordinates [z : zo], then 7(z1,22) = [21 : 22]. There is another
fibration p : ST'S? — S2, called the unit tangent bundle, whose fiber over z € S? consist of the tangent
vectors in 7,52 of unit length (here we may measure the length of a tangent vector by viewing S? as a
submanifold of R?). Show that there is a covering map f : S® — ST'S? of degree 2 satisfying po f = 7.

Hint: STS? =~ SO(3) = RP®. Standard S™ — RP" double cover by antipodal identification.

First, we note that ST'S? is diffeomorphic to SO(3) = RP. To see this, fix notation
STS? = {(p,v) e R* xR3 | |p| = |[v| = 1,p L v},

SO(3) = {(v1,v2,v3) € R® x R® x R® | (v1, v, v3) is an oriented orthonormal basis}.

Then, a diffeomorphism between ST'S? and SO(3) is given by sending (p,v) € ST'S? to (p,v,p x v) where
the third vector is the cross product. Then, we know for any n, that f : S™ — RP"™ given by identifying
antipodal points is a double cover of RP™. In particular, f : S* — RP? is the desired degree 2 covering map
satisfying po f = .

Fall 2017-4. Consider the differential 1-form w = zdy — ydz + dz in R? with coordinates (x, v, z). Prove
that fw is not closed for any nowhere zero function f : R® — R.

Hint: Just expand d(fw) = df A w + fdw.

This is the same as Spring 2020-3 with an inconsequential sign change.

Fall 2017-5. Let z,%, z denote the standard Euclidean coordinates on R? and let dA denote the standard
area form on S? = {22 +y2 + 22 = 1} = R3. Determine the values of n = 0,1,2,... for which w = 2"dA
is an exact 2-form on S2.

Hint: Exactly when n is odd. dA = i*inydV and (nydV = zdy A dz — ydx A dz + zdz A dy so d(z™indV) =
(n + 3)z"dV and w is exact if and only if {g, i*2"tnydV = {;(n + 3)2"dV = 0 by Stokes’.

Recall the definition of dA being induced by the volume form dV = dx AdyAdz on R3: namely fori : §? — R?
the inclusion, we have dA = i*1xdV where N is the unit normal vector to S2. So w = 2"i*1ydV. In our
case, IV, = p so we can explicitly write

0 0 0
Ne=g— +y—+2—.
xax +y6y * Z@z
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We then note by linearity of ¢y and properties of the wedge product that

LNdV=Lw§(dx/\dy/\dz)+Lyai(dxAdyAdz)JrLzai(dx/\dyAdz)
2 Yy z

x

=xdy A dz —ydzx A dz + zdx A dy.

Since w is a top form on S2, it is exact if and only if Ssz w = 0. By Stokes’ theorem, we have

f w= f i*(ZMndV) = f d(z"indV),
S2 S2 B

where B is the unit ball in R3. We compute

d(z"indV) = d(2") A indV + (=1)°2" A diydV
=nz""Ydz A undV + 2"dindV
=nz""tzdz Ade Ady+ 2" (de A dy Adz—dy Ade A dz+dz A de A dy)
= (nz" + 3z")dx A dy A dz
= (n+ 3)z"dV,

and hence (g, w = 5 (n + 3)2"dV. So w is exact if and only if {,(n + 3)z"dV = 0. But we can see that
this occurs exactly when n is odd since then 2" is an odd function in terms of z so the integral over the top
(z > 0) and bottom (z < 0) half of the unit ball cancel each other out, while for n even, the integrand is
always positive. Hence, w is exactly if and only if n is odd.

Fall 2017-6. (a) Define what it means for a manifold M to be orientable. (You can give any one of
the many equivalent definitions.)
(b) Show that every nonorientable connected manifold M admits a connected, oriented double cover.

Hint: M = {(p,Op) | p € M and O, is an orientation of T, M} with basis for topology Uo = {(p,Op) |pE
U, O, orientation of T, M determined by O}.

(a) An n-manifold M is orientable if it admits an atlas with each transition function zy~! being an orientation
preserving map between open subsets of R™. For maps f : U — V between open subsets of R", we say f is
orientation preserving if det(df,) > 0 at each point p € U.

(b) This is exactly Fall 2021-7. The fact that M is connected if M is not orientable follows from noticing that
each connected component of M is also a cover of M and is an oriented manifold. So if M is disconnected,
it consists of two disjoint copies of M, both of which are orientable, contradicting the fact that M is not
orientable.

Fall 2017-7. Let M be a smooth, compact, connected oriented n-dimensional manifold (without
boundary).

(a) Show that if the Euler characteristic of M is zero, then M admits a nowhere vanishing vector
field.

(b) If M is a surface of genus g, then what is min, (# zeros of v), where v ranges over vector fields on
M whose zeros are isolated and have index +17 Give a proof.

Hint: Sum of indices of isolated zeros is zero. Put them all in a neighborhood diffeomorphic to a ball and
the function on the boundary X,,/||X,|| has degree zero so can be extended into the ball. Define new vector
field based on this. Minimum is 2g — 2 = —x(M). Do “dunking” vector field, then similarly move the zeros
around so they cancel.

Referenced in: Fall 2016-6, Spring 2009-3.
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(a) First we may find a vector field X on M with a finite number of isolated zeros since M is compact.
Consider an open chart (V, ¢) diffeomorphic to R™. Let U = ¢~ (B1(0)). Without loss of generality, we may
assume all of these zeros are located in U. By the Poincaré-Hopf index theorem, the sum of the indices of

these zeros is equal to the Euler characteristic which is zero. Let f : 0U — S™~! be defined by p — H;(pl\
P

where we treat U =~ B;(0). Then, the sum of these indices is exactly the degree of this map so deg(f) = 0.

Then, by the extension theorem, we may extend f to a function g defined on all of U. Define a vector field

Y on M by
U
v, - {g(p) pe

XP
. PEU

which is well-defined since X, # 0 for p ¢ U and the two cases agree on the boundary of U. Treating Y|y
as a function V' — S"~1 by the Whitney approximation theorem, we may make Y|y smooth in a way that
doesn’t change Y|y _4-1(5, 5(0)) (because the only place where Y may not be smooth is at 0U). Now, Y is
nowhere vanishing since X is nonvanishing outside of U and g(p) € S™~! is never zero either.

(b) We know that x(M) = 2 — 2g so the sum of the indices of the zeros of X is 2 — 2g. Since each zero has
index +1, it is clear that the minimum number of zeros would be 2 — 2g, each having index —1. We can
attain this minimum as follows. Start with a vector field X that has one source, one sink, and 2g saddles
which can be constructed by considering the flow of “dunking an n-hole donut and lifting it”.

Without loss of generality, assume that the source, sink, and two of the saddles are contained in a neigh-
borhood U diffeomorphic to the unit ball B;(0) = R2. Again, f(p) = H))gipl\ is nonzero on oU =~ S' and has
P

degree 0 since the sum of the indices of the source, sink, and two saddles is 0. So we may extend f to a map
g on all of U. Now, however, X, has zeros in M — U. To account for this, on successively smaller opens,

transition smoothly from X, to Iéip\l to g(p) and let this vector field be Y. This Y is the desired vector field
with only 2g — 2 zeros, namely those outside of M — U.

Fall 2017-8. Let M = [0,1] x [0,1]/ ~¢, where (x,1) ~¢ (1 — z,0) for all z € [0,1], and let X =
(M x {0,1})/ ~1, where (y,1) ~1 (y,0) for all y € M. Determine the fundamental group of X.

Hint: Klein bottle. 71(X) = {a,b | bab—ta) = Z x Z. Polygon representation, CW structure.

Referenced in: Fall 2014-8.

We note that M is the Mdbius band and X is the Klein-bottle. Now, we know that a polygon representation
of X is given by [0,1]?/ ~ where (z,0) ~ (z,1) and (0,y) ~ (1,1 —y) for all z,y € [0,1]. This then has
a CW structure given by two 1-cells, a and b, where a corresponds to the path from (1,0) to (1,1) and b
corresponds to the path from (0,0) to (1,0), and one 2-cell attached via bab~'a. Hence, the fundamental
group is
71(X) = {a,b | bab'a).

By inspection we see that this group presentation is isomorphic to Z x Z, the non-trivial semidirect product
of the integers with itself.

Fall 2017-9. A compact surface (without boundary) of genus g, embedded in R? in the standard way
(see below of the case g = 3), bounds a compact 3-dimensional region called a handlebody H (the region
“inside” the surface in the following figure).

Let X = (H x {0,1,2})/ ~, where (z,i) ~ (z,j) for all x € éH and 4,5 € {0,1,2}. Compute the
homology of X.
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Hint: Hy(X) = 23y @ L% @ L)) ®Zo). Good pair (X, H) where we know Hy (X, H) = (H.(H,0H))? and
we compute Hy(H,0H) using Lefschetz duality /universal coefficient formula from Hj(H). The important

map Z29 — 79 is zero. It is also possible to use Mayer-Vietoris with neighborhood of H.

Referenced in: Fall 2014-7.
First, we see that H deformation retracts onto the wedge sum of g circles so we have
79 k=1,
Hy(H)=<X7Z k=0,

0  otherwise.

We can easily compute the cohomology of H using the universal coefficient formula since all of the homology
groups are free. Then, since H is a compact orientable 3-manifold, we may use Lefschetz duality to get

79 k=2,
Hy(H,0H) = H**(H)=Hs_(H)={7Z k=3,
0  otherwise.

Since (H,dH) is a good pair, so too is (X, H). In particular, note that X /H is the wedge sum of two copies
of H/0H so

729 k=2,
Hy(X,H) = Hy(X/H) = H,(H/0H)® H,(H/0H) = Hy(H,0H) ® H,(H,0H) = { 7® k=3,
0 otherwise.

Then, the long exact sequence for the pair (X, H) is
+o = Hy(H) — Hp(X) — Hy(X, H) > Hy(H) > -+
which using the above simplifies to
"—>O—>ﬁ3(X)—>ZQ—>0—>f~IQ(X)—>Z29LZ9—>I}1(X)—>O—>"' ,

where we have already computed PNIo (X) = 0 since X is clearly connected. The first part of the sequence
gives us H3(X) = Z? while the second part gives Ha(X) = ker(f) and H;(X) = coker(f). However, we can

~

see that the induced boundary map f must actually be 0 so Ho(X) =~ Z2 and Hy(X) =~ Z9. Hence, to
summarize, we have

Z k=0,

79 k=1,
Hy(X)=<X7% k=2,

72 k=3,

0 otherwise.

Fall 2017-10. (a) Let A be a single circle in R3. Compute 71 (R3 — A, *).
(b) Let A and B be disjoint circles in R3, supported in the upper and lower half space, respectively.
Compute 71 (R? — (A U B), *).
(c) How does 7 (R? — (A U B), %) change if the circles are linked as below?

ar
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Hint: Homotopy equivalent to S' v §2, 8! v §' v S§2, and T? v S? respectively. Or use Van Kampen’s.

Referenced in: Fall 2013-9.

(a) Note that R? — A is homotopy equivalent to S v S2. So by Van Kampen’s theorem, since S* n S? = {x}
is contractible,
m(R® — A) =71 (S* v %) = m(SY) #m(S?) =Z 1 = Z.

(b) Now, R? — (AU B) is homotopy equivalent to the wedge sum of two copies of R3 — A so by Van Kampen’s,

(R~ (AUuB) =21 (R~ A) v (R*-B)=7m(R®* - A)+m(R*~ B) =Z+Z.

(c) In this case, R® — (A U B) is homotopy equivalent to the wedge sum of S? and T2, the standard torus.
Again, by Van Kampen’s, we get

(R — (AU B)) =m(T? v §%) = m (T?) + 71 (S%) = Z* « 1 = Z°.

Another way to see this is by first noting that we can add a point at infinity to R? to get R? < $2 =
R? U {oo}. Doing this does not change the fundamental group by Van Kampen’s theorem since we can find a
neighborhood of AU B in S3 that avoids oo (since Au B is bounded) and a neighborhood of o0 homeomorphic
to an open ball that together cover S3. Then, removing any point from S® gives R? so consider first removing
a point p on the circle A.

Thus S% — (AU B) is equal to S® — {p} — (AU B — {p}) ~ R3 — (L U B) where L is a line through the center
of B (think of uncurling the circle A once we remove the point p). But then, this more clearly deformation
retracts onto the standard torus in R? so 1 (R® — (A U B)) = m1(S® — (A U B)) = m(T?) = Z? as claimed
above.

Spring 2017

Spring 2017-1. Let M be a connected smooth manifold of dimension at least two. Prove that for any
2n distinct points
TlyeeesTysYlyevosYn € M

there exists a diffecomorphism f : M — M such that f(x;) =y; fori=1,...,n.

Hint: Do each z; — y; separately and compose. Need to use connectedness. Compact support for each.

This is just an easier version of Fall 2020-1.

Spring 2017-2. Let Ma,x2,(R) = R*" be the space of 2n x 2n real matrices. Consider the following
matrix in block form

0o I,
Q= <_In 0> EMQHXQTL(R)7
where I, is the n x n identity matrix. Show that the subspace
S = {A € MQnXQn(R) | ATQA = Q}

is a smooth submanifold of My, 2, (R), and compute its dimension. (Here A7 denotes the transpose of

A)

Hint: Preimage theorem F : My, (R) — Sko,(R) of skew symmetric matrices by A4 — ATQA. For A €
F~Y(), C € Skon(R), take B = 1Q71(A71)TC so that dF4(B) = C.
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Let
Skon(R) = {A € My, (R) | AT = —A}

be the set of skew symmetric 2n x 2n matrices. It is clear that Sks,(R) c Ma,(R) is a smoothly embedded

submanifold. It has dimension (22") since a matrix in Skg, (R) is uniquely determined by the its (7, j) entries

for i < j and the diagonal entries must be zero. Now, define
F: My, (R) — Skon(R), A ATQA.

This is well-defined since (ATQA)T = ATQTA = —ATQA so the output will always indeed be skew sym-
metric. We claim that Q is a regular value of F. We can compute the differential of F' at A € M5, (R) to
be

F(A+tB) — F(A) (A+tB)TQ(A +tB) — ATQA

e :
lim ATQA +tBTQA +tATQB + t2BTQB — ATQA
= II
t—0 t

= lim BTQA + ATQB + tB"QB
= BTQA+ ATQB.
Now, if Ae F~1(Q), then ATQA = Q, implying that det(ATQA) = det(Q) so det(A)? = 1 since det(AT) =

det(A) and det(2) = (—=1)" # 0. Hence, any A € F~1(Q) is invertible and so too is Q. So take A € F~1(Q)
and let C' € Skon(R) = To(Skzn(R)). Choose B = £Q71(A™1)TC so that

1 1 1
BTQA = (ATQ"B)T = —(ATQB)T = —gcT = 5C and ATQB = 5C
Thus, we have dFa(B) = BTQA+ ATQB = 1C + 3C =C so
dF 4 : Ta(M2,(R)) = Tq(Skan(R))
is surjective for any A € F~1(Q) showing that  is a regular value of F. Hence, by the preimage theorem,

F~1(Q) = S is a smooth submanifold of My, (R) of codimension equal to the dimension of Sko,(R). Le., S
has dimension 4n? — (%) = 4n? —n(2n — 1) = 2n% + n.

Spring 2017-3. Use the Poincaré-Hopf index theorem to calculate the Fuler characteristic of the n-
dimensional sphere S™. (You must compute the indices in local coordinates. Drawings do not suffice!)

Hint: x(S™) =0 if n is odd and 2 if n is even. Standard nowhere vanishing vector field on S™ for n odd and
for n even, do the above for first n — 1 coordinates and set last one to zero. Two zeros, each of index 1.

For n = 2k — 1 odd, we have a nowhere vanishing vector field X, on " c R?* given by
X (xla L2, L3, L4y yT2k—1, IEQk) = (*an L1y, —T4,T3y .-, — T2k, x2k—1)

since x - X (z) = —x1&9 + ToT1 — T3T4 + T4T3 — - -+ — Tog_1Tok + TorTak—1 = 0 for any = € S™. Hence, the
Euler characteristic must be 0 in this case, x(S™) = 0 by the Poincaré-Hopf index theorem as we sum over
Nno Zzeros.

For n = 2k even, we consider the vector field X on S™ < R?**! given by
X i (21,22, 73,4, -, Vo1, Tk, T2k 41) +> (—T2, T1, —T4, T3, ..., — T2k, T2k—1,0).

As above, this is a vector field on S™ since x - X(x) = 0 for any € S™. Now, X (z) = 0 if and only if
21 = ... = o, = 0 which gives two isolated zeros on S™, namely x4 := (0,...,0,+1). By Poincaré-Hopf, we
thus have x(S™) = ind,, (X) + ind,_(X).
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To compute the first index, let B = {x € S™ | @941 > 0} which contains z, but not z_. Then the
index of X at x, is the degree of the map f : 0B — S™! given by y % With this choice, we have
Y
0B = {x € 8" | map+1 = 0} = S~ ! is exactly the equatorial S"~! in S™. Observe that f is defined as follows
X(wl,...,ka,O) (71:23"'7352]6—130)

T1,...,%9,0)€ 8" = = (—xq,...,025_1,0) € S L.
(e 0) o omoll Mz, 0 7o en 0

Le., f is the composition of k flips and k coordinate-negations so we know that deg(f) = (—1)* - (=1)* = 1.
Similarly, to compute the index of z_, we can take B’ = {x € S™ | k2541 < 0}. We again get B’ = 0B =
S™~1 and the map is exactly the same so the degree is also 1. Hence, x(S™) = 1 + 1 = 2 when n is even.

Spring 2017-4. (a) State the Cartan formula (also known as Cartan’s magic formula) for the Lie
derivative of a differential form with respect to a vector field.

(b) Use this formula to show that a vector field X on R3 has a flow (defined locally and for a short
time) that preserves volume if and only if the divergence of X is everywhere zero. (Here, the
divergence is the classical operator that takes a vector field with components f, g, h to the function
%f + %g + {f—zh, where x,v, 2 are the usual coordinates on R3.)

Hint: ¢ preserves volume if and only if ¢fw = w for small ¢ where w = dz A dy A dz is the standard volume
form on R3. Show this if and only if Lyw = dixw = 0.

Referenced in: Spring 2011-2.

(a) Let X be a vector field on a smooth manifold M and let w be a k-form on M. Then Lxw = dixw + txdw
where d is the exterior derivative and ¢ x is the interior product defined by

wa(Xl, N 7AX;c,l) = w(X, )(17 PN >Xk71)~

(b) Note that a flow ¢ preserves volume if and only if each pullback of the volume form w = dz A dy A dz
is equal to the volume form itself, i.e., ¢fw = w for small ¢. Using the limit definition of Lx, we then know
that Lx(w) = 0. Conversely, if Lx(w) = 0, then ¢f Lx(w) = 0 so Lx (¢} w) = 0 where the commutativity
here comes from continuity of ¢.

By definition, we have Lx (¢} w) = % lt=t, ¢Ffw so since to was arbitrary, we get that ¢fw is constant.
Then, ¢fw = ¢fw = w for small ¢. This holds for each point p (which we should keep fixed) and so
works overall point-wise. Hence, X preserves volume if and only if Lxw = 0. By Cartan’s magic formula,
Lxw=dixw+ txdw = dixw because dw = 0 since w is a top form.

Let X = f % + g% + h% so using the linearity and definition of ¢,w we have
dixw = d(X(x)dy A dz — X (y)dz A dz + X (2)dx A dy)
=d(fdy A dz — gdx A dz + hdz A dy)
of dg oOh
=(z==+=—+—)dxandyrd
(0x+(9y+az) T Ady Adz
o oy o

+ —)w.

=(8x+&y 0z

So X preserves volume if and only if (% + g—g + %)w = 0 but w is nowhere vanishing to this occurs if and

only if (% + % + %) = 0 as desired.
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Spring 2017-5. Let
_ —ydz +zdy

w= (22 4 y2)
be a 1-form on R? — {0} with the usual coordinates (x,%), and for some o € R. Consider S,yw, where
v : 81 — R? — {0} is a smooth map.
(a) For which o € R do we have S% w = S'Yl w whenever vy and 7y, are smoothly homotopic (i.e., there

exists a smooth map F : ST x [0,1] — R? — {0} such that vo(t) = F(¢,0),71(t) = F(¢,1))?
(b) What are the possible values of Sw w when « is chosen as in part (a)?

Hint: w closed implies integrals are the same. Integrals being the same implies that Ssl( RyW is independent

of R. Convert to polar coordinates and solve. o = 1. (b) 27k for k € Z since every loop homotopic to k- S*.

(a) First, suppose that w is closed. Then, let F : S x [0,1] — R? — {0} be a smooth homotopy between the
loops o and 7. Then, since w is closed, letting K = S! x [0, 1], we have

| aro) = | Frao-o

K

By Stokes’ theorem, we also have

Jd(F*w)=J F*o.):_[ F*w—J F*o.):.[w—f w.
K oK 51x{0} S1x{1} Yo "

Hence we must have S% w = S% w. Conversely, suppose that S% w = S% w for any two 79,71 smoothly

homotopic. In particular, note that the circle of radius R which we will denote S'(R) < R? — {0} and the
unit circle S* = R? — {0} are smoothly homotopic. Thus,

o= L
S1(R) st

implying that Ssl(R) w is independent of R > 0. Using polar coordinates x = r cos(),y = rsin(f), we have

—rsin()(cos(0)dr — sin(0)rdf) + r cos(0)(sin(0)dr + cos(0)rdb)

w =
r2o
~ —rsin(f) cos(d)dr + r?sin®(0)d6 + r cos(6) sin(0)dr + r2 cos?(0)df
- r2a
= T22d9 = r272%qg.
r [

Thus,

27
J w = f R?>72%d0 = 27 R?2,
S1(R) 0

For this to be independent of R, we must have o = 1 so this is our only possibility. Letting w =
we can compute

Yy x
o= () o (i)

_ (@ +y?)dy — y(2xdz + 2ydy) N it (22 + y?)dx — z(2xdx + 2ydy)
(* +9?)? (% +y?)?
2% — y? S
Y end
@+ 2)° T A ay +

—ydx+axdy
ToZiy?

A dy

mdx/\dy:(),
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so w is closed. Hence S% w = S’n w for all 79 and 7; smoothly homotopic if and only if o = 1.

(b) Since R? — {0} deformation retracts onto S = R? — {0}, any loop in R? — {0} is smoothly homotopic
to a loop k- S' that goes counterclockwise k times around S for some k € Z. Then, using the calculations

above, we have
27
Jw:J w:kf w:kf df = 27k
5 k-S1 St 0

Spring 2017-6. Let X and Y be connected CW-complexes, let p : X — X be a path connected
covering space, and let f : Y — X be an arbitrary continuous map. Let

FHE) = {3 | fly) =p@)} c ¥ x X,

for k € Z.

and consider the projection map f*(p) : f*()?) =Y, f*(p)(y,T) = v.

(a) Show that f*(p) is a covering map.
(b) Let (y,%) € f*(X), and let = f(y) = p(T). If

f*ﬂ-l(yy y) = p*ﬂl(j\(l7%)7

and the cover p: X — X is nontrivial, show that f *()? ) is disconnected.

Hint: Evenly cover f(y). Define W, = ¢~}(U,) where q((y,%)) = &. Then, 2z — (z,p|5if(z)) is inverse to
7lw, . (b) Contradiction, consider path v between (y,a) and (y,b) where a and b are both in the fiber over
x. Show g4~y is homotopic to a loop in X so a = b.

Referenced in Spring 2009-8.

(a) We will denote f*(p) by  and define ¢ : f*(X) — X by ¢((y, %)) = &. Note that f o 7((y,%)) = f(y) =
p(T) = poq((y,Z)) so we have the following commutative diagram:

X)) —= X
| J
YﬁX

Let y € Y be arbitrary and let = f(y). Since p : X — X is a covering map, let U be a neighborhood of z
in X that is evenly covered by p, i.e., p~'(U) = ||, U and p|y, : Uy — U is a diffeomorphism for each a.
Since fm = pq, we have

a0 = 0N U) = ¢ |Us) = | a7 (Ua), so define W, = g7} (Ua) = f*(X).

Then, W = f~}(U) is a neighborhood of y in Y and 7= *(W) = ||, Wa. Now, we want to show that
mlw, : Wo — W is a diffeomorphism. To see this, we construct the inverse

o W = Wq, 2+ (Zap|[;if(z))
Since z € W, we have f(z) € U so p|[}i(f(z)) € U,. But also,

F(2) = pplyt f(2) = Goplylf(2) € f*(X) and q((z,pl5 £(2)) = plptf(2) € U,

which implies that
(Z,pwif(z)) € qil(U(x) = Wa,
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SO g is well-defined. Now, it is also clear from this definition that ¢, is smooth and an inverse to 7w, so
indeed 7|, is a diffeomorphism for each a showing that 7 is a covering map.

(b) Suppose for sake of contradiction that f*(X) is connected. Since p is nontrivial, we may find a # b e X

such that p(a) = p(b) = x. Thus, (y,a), (y,b) € f*(X) both get sent to y by 7. Let v be a path from (y,a)
to (y,b) since f*(X) is connected. Then, 7 o~ is a path in Y that starts and ends at y, i.e., a loop based at

Y.

By assumption, fy(m o) € fumi(Y,y) € pem (X',fc) $0 fx(m o) = pyB for some loop B in X based at 7.
But, we know that

fr(moy) = (faom)(v) = (fomx(v) = (Poq@)«(v) = px(go).

Hence py(q o) = p«B. Then, py(qo~) lifts to the path g o~y in X and p lifts to the loop 8 in X. Thus,
g o v is homotopic to $ as paths in X so g o~ is also a loop based at T which means that ¢((y,a)) = a =T
and ¢((y,b)) = b = Z, contradicting the fact that a # b. Hence f*(X) must be disconnected.

Spring 2017-7. Let X = S! x D? with boundary 0X = S' x S'. Compute the relative homology
groups Hy(X,0X;Z) for all k.

Hint: Hy(X,0X) = Zg) ® Zz). Good pair (X,0X) with Hy(X/0X) = 0.

First note that D? is contractible so S' x D? is homotopy equivalent to S'. Then, we know

Z k=02
Z k=01, T
Hy(X) = Hi(S") = " Hp(0X) = Hp(S*x SHYy =372 k=1,
0 otherwise. 0 th .
otnerwise.

Also, (D?,S') is a good pair so (X,0X) is as well, giving us a long exact sequence
<= Hg(0X) — H(X) — Hip(X,0X) > Hp—1(0X) — -+,
which given the above groups becomes
0> Hy(X,0X) > Z — 0— Hy(X,0X) > 22 5 7 — Hy(X,0X) S 2 5 7 — Hy(X,0X) — 0.

In degree 3, we thus have H3(X,0X) = Z. In degree 0, we know Hy(X,0X) =~ Ho(X/0X) = 0 since X /0X
is connected. Thus g = 0 since h is an isomorphism so Ha(X,0X) = ker(f) and H;(X,0X) = coker(f).
Now, f is induced by the inclusion 0X < X which means that f : (a,b) — a where a is a loop that wraps
around the first S* and b around the second. Le., ker(f) = Z and coker(f) = 0. To summarize, we have

7 k=273,
0 otherwise.

HMXﬁX)z{

Spring 2017-8. Let X be a CW complex and let X > Xbea covering space. let G be the group of
deck transformations of X — X.

(a) Show that for any k and for any abelian group M, the group G acts naturally on H, k()N( s M).

(b) Show that the map py : Hp(X; M) — Hy(X; M) factors through the quotient of Hy(X; M) by
the subgroup S generated by m — g - m for all m € H;C()N(; M) and g€ G.

(c) Give an example for which the induced map Hy(X; M)/S — Hy(X; M) in (b) is not surjective.
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Hint: Induced map by g : X - X. pg = p. p: R — S use universal coefficient theorem to get
Hy(S*; M) =~ M while H,(R; M) = 0.

(a) We know that a deck transformation g € G acts on )N(, ie, g: X > Xisa map. For any k and any
abelian group M, Hy(—; M) is a functor so g naturally induces a map gx : Hip(X; M) — Hy(X; M) which is
indeed an action on Hy(X; M).

(b) This is equivalent to showing that p,(s) = 0 for all s € S. For this, it suffices to show that ps(m—g-m) = 0
for all m € Hi(X; M) and g € G. Since py is an abelian group homomorphism, we have py(m — g -m) =

pw(m) — pe(g - m) = ps(m) — pyegs(m) but we know that g sends elements in X to other elements in the
same fiber over p. L.e., po g = p S0 psgs = psx and hence py(m — g-m) = 0.

(c) It suffices to find an example where py : Hy(X; M) — Hy(X; M) is not surjective. Let p : R — S* be
the universal covering p(t) = e*. By the universal coefficient theorem,

H,(SY; M) = H,(S*;Z) ®z M @ Tor’(Ho(S*), M) = Z ®z M & Tor?(Z, M) = M,

since Tor? vanishes when one of the entries is free (as a Z-module) and 7 > 0. On the other hand H; (R; M) = 0
since R is contractible so ps = 0 cannot be surjective.

Spring 2017-9. (a) Find the homology groups Hj,(RP?;Z) for all k.
(b) Describe a cell decomposition for RP? x RP?. Use it to show (without appealing to the Kiinneth
theorem) that Hs(RP? x RP?;Z) is nontrivial.

Hint: Hy(RP?*Z) = 7271y ® Loy Product CW-structure, ker(ds) = {(z,x) € Z* | x € Z} and im(dy) =
{(x,x) € Z? | x € 27}.

Referenced in: Spring 2012-10, Spring 2011-8.

(a) We give RP? a CW-structure with one 0-cell, one 1-cell attached in the obvious way and then one 2-cell
attached via a degree 2 map. L.e., our chain complex becomes

0-2-2372%7 0.

Hence, we easily compute

Z k=0,
Hy(RP*Z) = { Z/27. k=1,
0 otherwise.

(b) Using the CW-structure described above, let RP? = ey U e U e and RP? = fy U f1 U fo be the cell
decomposition of the two copies of RP?. We know by construction that de; = 0 and de; = 2e; and similarly
for f1, fo. Then, the product RP? x RP? has the following CW-structure: for each 0 < i,j < 2, an (i 4 j)-cell
e; x fj whose boundary is d(e; x f;) = de; x fj + (—1)%e; x df;.

Hence, we have one 0-cell ey x fp, two 1-cells ey x fo and ey x f1, three 2-cells ey X f1,eq X fa, and es x fo,

two 3-cells e; x fy and es x f1, and one 4-cell es x fy. Now, we want to show that Hg (RIP’2 X R]P’Z; 7) = lffrf((gj))

is nontrivial. For this, we use the above formulas to compute
dz(e1 x f2) = Oe1 x fo—e1 x 0fs =0 x fo—e1 x (2f1) = —2e1 x fi
O3(ea X f1) = 0eg X f1 +ea X 0fy =2e1 x f1 +e2 x0=2e; x f.
Hence, ker(ds) = {(z,x) € Z? | z € Z}. We also have
da(e2 x f2) = 2e1 x fa + 2e3 x fi,

s0 im(d4) = Span((2,2)) = {(z,z) € Z? | x € 2Z}, implying that Hs(RP? x RP?) = Z/27Z # 0. In particular,
the nonzero element [e; X fo + ea X f1], which corresponds to (1,1) € ker(ds), has boundary 0 but is not
itself a boundary so is a nonzero element of Hs(RP? x RP?; Z).
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Spring 2017-10. Let G be a finite group and X a smooth manifold on which G acts smoothly. If the
action of G on X is free (i.e., if g- 2« = z for some x € X, then g = 1), then show that the natural
quotient map

X - X/G

is a covering map.

Hint: 7=(y) = {g12, ..., gnx}. Find neighborhoods V; of g;x so that V; =~ R™ and g;V; = V), where g;¢; = gi.

Referenced in: Spring 2012-9.

Let G = {g1,...,9n}, ™ : G —> X/G be the natural quotient map and let y € X/G. Then we can write
7 Yy) = {gi7,...,gnx} for some x € X since the action is free so all of the g;x are distinct. Find charts
Uy,...,U, © M so that g;x € U; for all i and shrink if necessary so we may assume that they are pairwise
disjoint. Define

n
Vi = ﬂ 9i9; ' Uj.
j=1

Note that we still have g;x € V; < U; and V; n'V; = (J if © # j. Moreover, we now have gjgi_lvi =V
Without loss of generality, suppose g1 = e is the identity of G so that V; = g;V; forall 1 < j <n.

Now, we have 7(V;) = m(g;V1) = n(V4) for all i so define V = «(V1) since n(gz) = n(z) for any z € M, g € G.
Moreover, 7= (V) = | [, Vi and V < X /G is open since projections are open maps and V; = X is open.
We claim that |y, : V; — V is a diffeomorphism for each . It is surjective by definition. If 7(z) = 7(y)
for z,y € V; = g;V1, then there exists g; € G so that g;x = y since G acts transitively by definition of
X/G. Thus, y € g;V; = g;9:V1 = Vi for g = g;9;, implying that k = i since Vi nV; = J if k # i. Hence,
9j9i = 9i = g; = esoy = ex =z and 7|y, is injective. Thus, 7|y, is a diffeomorphism since it is smooth
by definition of the manifold structure on X /G so 7 is a covering map.

Fall 2016

Fall 2016-1. Let M be a smooth manifold. Prove that for any two disjoint closed subsets A, B ¢ M
there is a smooth function f: M — R such that f =0on A and f =1 on B.

Hint: Do for R" using ¢, »(z) = exp((|z — z0|*> —r?)~1) inside B(xo,) and 0 outside and paracompactness.
Use this to do it for A n U, for a locally finite covering by charts and add to get f4 g with f;}B(O) =AB
respectively.

Referenced in: Fall 2020-4.

Let C = B(xg,7) € R™ be an open ball of radius r centered at xg. Then, define

1
exp (\x—x0|2—r2) zeC,

Ggor ' R" >R, z+—
0 xé¢C.

Then, ¢g,,, is smooth and ¢, ,.(0) = R" — C. Now, for any closed set A < R, write R" — A as a union of
open balls. Since R™ is paracompact, this can be done in a locally finite way, so take such a union and for

each ball, take its corresponding ¢, , and define ¢(y) = 3 ¢, »(y). By this construction, we have ¢~1(0) = A.

Now, let A © M be a closed set. By paracompactness of M, we can find a locally finite open cover of M by
charts {(Uy, %)} such that ¢, (U,) = R™. Then, ¥, (A nU,) < R™ is closed since A n U, < U, is closed in
the subspace topology. Hence, by the above, we may find a ¢, : R™ — R such that ¢, 1(0) = ¥o (A N U,).
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Now, extend ¢4 © ¥4 to a map f, : M — R by setting it to be zero outside of U,. Let fa = Y, fo and we
have f,'(0) = A. Do similarly for B and define f : M — R by

__ fal®)
fa(z) + f5(z)

and this will be our desired smooth function with f = 0 on A and f = 1 on B. This is well-defined since
AnB=so falx)+ fp(X) # 0 for all x € M.

/()

Fall 2016-2. Let M = RY be a smooth k-dimensional submanifold. Prove that M can be immersed
into R2k.

Hint: Induction. f: M — RE L > 2k, define g : TM — R%, g(p,v) = Df,(v). This has a regular value a
not in the image of g. 7 : R — RL~! projection onto orthogonal complement of Span(a). 7o f is immersion.

Referenced in: Spring 2009-5.

We proceed by negative induction on N. Suppose there is an immersion f : M — R for some L > 0. If
L < 2k, then we are done because we can compose f with the standard inclusion RY < R?*. So assume
L > 2k. Define

g:TM - RE (p,v) — Df,(v).

By Sard’s theorem, we can find a regular value a of g. Moreover, since L > 2k, we have dim(R*) > dim(T M)
so a cannot be in the image of ¢ as the rank of g is always less than or equal to 2k. Let 7 : RE — RE~1! be
the projection onto the orthogonal complement of Span(a). If D(w o f),(v) = 0, then

0=D(ro f)p(v) = (roDfp)(v) = Dfp(v) = g(p,v) € Span(a).

Since a is not in the image of g, we must have Df,(v) = 0 implying that v = 0 since f is an immersion
so Df, is injective. Hence D(m o f), is injective for each p € M so wo f : M — RE~L is an immersion,
completing the inductive step.

Fall 2016-3. Let Uy,...,U, be n bounded, connected, open subsets of R™. Prove that there exists an
(n — 1)-dimensional hyperplane H — R™ that bisects every U;; i.e., if A and B are the two off-spaces
that form R™ — H, then

volume(U; n A) = volume(U; n B)

foralli=1,...,n.

Hint: Continuum of hyperplanes for each point on $"~! < R™. Find one for each point that bisects U,, by
intermediate value theorem. Borsuk-Ulam theorem about antipodal points being mapped to same point for
Snfl _ Rnfl.

Let S be the unit (n — 1)-sphere in R™. For each p on the surface of S, there is a continuum of oriented
affine hyperplanes {HZ‘,X}%R perpendicular to the vector from the origin to p, with the positive side of each
hyperplane defined as the side pointed to by that vector. Define g, : R — R by letting g,(c) be the volume
of U,, that is on the positive side of H;. Note that this is a continuous function so by the intermediate value
theorem, since there is some 3,7 € R so that g,(8) = volume(U,,) and g,(v) = 0 (as U, is bounded), there
exists some ay, € A so that g,(y,) = $volume(U,).

Le., for each p € S, we have found a hyperplane H, := H,” that is perpendicular to the vector from the
origin to p and that bisects U,,. Next, define f : S — R"~! component-wise by setting f;(p) to be the volume
of U; on the positive side of H),. This function is continuous since it is continuous in each coordinate since
the hyperplane chosen H,, depends continuously on p.

Hence, we may apply the Borsuk-Ulam theorem which gives us antipodal points p and ¢ on S such that
f(p) = f(q). Then, the hyperplanes H, and H, are the same except that they are oppositely oriented. ILe.,
f(p) = f(q) implies that the volume of U; is the same on the positive and negative side of H, (and H,) for
alli=1,...,n— 1 so we are done.
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Fall 2016-4. Show that
D = ker(dxs — x1dxzs) N ker(dxy — xqdzs) < TR*

is a smooth distribution of rank two, and determine whether D is integrable.

Hint: Matrix with kernel D. Not integrable since (0,0,0,1), (z4,1,21,0) € D but Lie bracket = (1,0,0,0) is
not.

Using the standard basis 8%1’ ceey ﬁ of TR* at each point, we note that dxs — x1dzs and dx1 — x4dzs can
be represented by the matrices

(0 —x1 1 O),and (1 —x4 O O),

respectively as maps from T,R* — R for p = (21,72, z3,74) € R*. For a vector field X = sz=1 flﬁ to be in
D, i.e., in the kernel of both of these matrices, we require

f1

0 —x1 1 0 f2 _ 0
1 —z4 0 O f3 —\0
fa

at all points p € R*. However, we can easily see that this matrix has rank exactly two due to the 1’s in

column one and three so by rank-nullity, also has kernel of dimension 2 at every point. Hence, D is indeed
a distribution of rank 2. Moreover, we can note that X; = %, Xy = m% + % + T 6;3 € D and X; and
X are linearly independent so X; and X, form a global frame for D. However,

[Xl’X2] — % <:L-4a + ]_i +$1a) _ (1-4& + i +$1a> (]_a)

(9371 (31‘2 61‘3 (31‘1 61‘2 81‘3

1% L 040-0-0-0--"¢D,
ox 0x1

so D is not integrable since it is not involutive using Frobenius’ theorem.

Fall 2016-5. (a) Let M be a smooth compact manifold and N < M a smooth compact submanifold.
Explain (in terms of integrals, without reference to cohomology) what it means for a closed
differential form w to be Poincaré dual to N.

In parts (b) and (c), you are free to use your knowledge of homology and cohomology:

(b) Let M = T? be the two-dimensional torus with coordinates (z,y) € (R/Z) x (R/Z) =~ T?. Identify
a submanifold N < M Poincaré dual to the form dy, and show that they are indeed dual.

(c) Give an example of a closed 1-form on T? that is not Poincaré dual to any submanifold.

Hint: § i*n = §,,n » w for all n. (b) Use dz = 7§0,dy = 7360 and N = S x {p}. (c) ndx since degree is
always an integer and §, f*w = deg(f) {4, w for any f: N — S*.

(a) Let dim(N) = n,dim(M) = m. The Poincaré dual to N is the unique closed (m — n)-form w on M such
that, for all n-forms n on M, we have
J i*n = J w A,
N M

(b) Denote by 1,7 : M — S! the two projections. Then, dz = 7§0,dy = 7560 where 0 is a 1-form on S*
with {4, # = 1. Note that we have §, dz A dy = 1. Choose N = S* x {p} ¢ M with N oriented clockwise.

where ¢ : N — M is the inclusion.
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Since [dz], [dy] form a basis for H},(M) = R?, we may write any closed 1-form 7 as [] = a[dz] + b[dy] for
some a, b € R. We thus check the above formula for the Poincaré dual (which is independent of representative
of the cohomology class chosen) by letting n = adx + bdy. In particular, dy A n = —adz A dy. Le.,

J dy/\n:—aJ dx A dy = —a.
M M

Meanwhile, note that i*dx = i*7¥0 = (w1 0 i)*0 = 0 since 7; o i is the identity map by construction of N.
We also have i*dy = (w3 04)*6 = 0 since 73 07 is just the constant map S! +— p € S. Thus, we compute

J i*n = J a(i*dx) + b(i*dy) = J ab = —a,
N —st —s1

showing that N is indeed the Poincaré dual to dy (the minus sign comes from N being oriented clockwise
instead of counterclockwise).

(c) If N is any closed connected oriented 1-submanifold of M, we note that f : N — S satisfies SN frfw =
deg(f) Ssl w for w any 1-form on S'. In particular, deg(f) is always an integer, so we claim that the form
« = wdzx has no Poincaré dual. If N was the Poincaré dual of «, we would have

f i*(dy) = J (wdz) A dy.
N M
The right-hand side is m SM dx A dy = 7. On the other hand,
J i*(dy) = f i*(r30) = J (72 04)*0 = deg(ms o Z)J 0 = deg(mp 0 1).
N N N st

So deg(m 0 i) = m, contradicting the fact that the degree of a map is always an integer so indeed wdx has
no Poincaré dual.

Fall 2016-6. Let M be a smooth, compact, oriented n-dimensional manifold. Suppose that the Euler
characteristic of M is zero.

(a) Show that M admits a nowhere vanishing vector field.
(b) A Lorentzian metric on M is a smoothly varying, symmetric bilinear form

gp : TyM xT,M - R

of signature (n — 1,1); that is, at every p € M there exists a basis e, ..., e, of T,M such that,
with respect to this basis, g, is a diagonal matrix with n — 1 entries of 1 and one entry of —1.
Prove that M admits a Lorentzian metric.

Hint: Sum of indices of isolated zeros is zero. Put them all in a neighborhood diffeomorphic to a ball and
the function on the boundary X,,/||X,|| has degree zero so can be extended into the ball. Define new vector
field based on this. Use nowhere vanishing vector field to define difference of two Riemannian metrics.

(a) This is exactly part (a) of Fall 2017-7.

(b) Let X be a nowhere vanishing vector field on M guaranteed by part (a). Thus, Span(X) = ¢! is a

trivial real line bundle on M with complementary bundle N(X). In particular, we can decompose TM as
TM = N(X)®e!. So TM admits an indefinite metric g with signature (n — 1,1) by letting g = IN(X) — get

where gy (x) is a Riemannian metric on N(X) and g.1 is a Riemannian metric on el.

Fall 2016-7. Let X be a connected CW-complex with 71(X, x) finite. Show that any map X — (S*)»
is null-homotopic.
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Hint: fem1(X, ) is both finite and free so must zero so f lifts to f: X — R". Straight-line homotopy to
constant map.

As a functor, we know that m; preserves products so 71 ((S1)") = (w1 (S))" = Z". In particular, m ((S1)")
is torsion-free. Now fym1 (X, 2) < 71 ((S1)™) is both a subgroup of a free group and also the image of a finite
group so is free and finite, implying it must be zero. Hence, letting p : R™ — (S1)" be the universal cover,
we have fom1(X,2z) =0 c pem1(R") so f lifts to a map f: X —> R" with po fz I

Now, letting f; = tf, we see that f is null-homotopic in R™. Moreover, po f; is a homotopy from a constant
map po fo =p(0) topo f1 = po f = f, showing that f is null-homotopic, as desired.

Fall 2016-8. Consider X = RP? v RP?. Let a generate 7 of the first summand and b generate m; of
the second summand. For n > 1, describe the covering space p : Y — X such that py(m(Y)) is the
subgroup of 71 (X) generated by (ab)™. (A drawing and a short explanation would suffice.)

Hint: Bracelet of 2n S?’s which alternate between a and b.

The universal cover of RP? is S? which is a double cover. Thus, a cover of RP? v RP? is a chain (finite or
infinite) or bracelet of RP?’s and S?’s which alternatingly correspond to a and b respectively. The S2’s will
be connected to two things so must occur in the middle of the chain while the RP?’s will attach to only one
other thing so must occur at the end of the chain. In the case of (ab)", we would want 2n copies of S? in
a bracelet configuration. This is because any (nontrivial) loop in this space goes along the equator of these
2n S?’s alternating a then b some number of times, i.e. (ab)™ is the generator of its fundamental group.

Fall 2016-9. Let S2 < 52 v §2 £, G2 he the maps that crush out one of the two summands. Let
f:5% — 52y S2? be a map such that g; o f : $? — S? is a map of degree d;. Compute the homology
groups of (52 v §?) Uy D3.

Hint: CW structure gives chain complex with only one non-zero map. If d; = dy = 0, then Hy(X) =
Z(g) @Z%z) @Z(O) and otherwise, H, (X) = ((Z/ ng(dl,dg)Z) X Z)(g) @Z(O)

We note that X has the following CW-structure: one 3-cell D3, two 2-cells e, ea, and one 0-cell. So we have
the chain complex

0-22722%0% 720
Based on the description of the attaching maps, we have d3(D?3) = die; +daes as the only nontrivial boundary
map. If di = dy = 0, then d3 = 0, so we have

Z k=0,3,
Hy(X) =37 k=2,
0  otherwise.
If dy and d2 are not both zero, then s is injective so Hs(z) = 0 and Ha(X) = coker(ds). In particular,

03(a) = (d1a,dsa). By Bézout’s lemma or otherwise, we can see that coker(d3) =~ (Z/ged(dy,d2)Z) x Z and
so we have

Z k=0,
Hk(X) = (Z/gcd(dl,dg)Z) xZ k= 2,
0 otherwise.

Fall 2016-10. If f : X — X is a self-map, then the “mapping torus of f” is the quotient

Ty := (X x[0,1])/(x,0) ~ (f(x),1),YVz € X.

For n € Z, let f,, be a degree n map on S®. Compute the homology groups of Ty, .
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Hint: First, prove (or just use) general fact for f,g: X — Y to get long exact sequence Hy,(S?) n)uide

H,(5%) 2, Hy (Ty,) — Hp—1(S?). Use two good pairs and naturality of homology for this. Then, answer is
H* (Tfn) = (Z/(n - 1)Z)(3) @Z(l) @Z(O) If n= ].7 get Z(4) as well.

Referenced in: Spring 2015-9, Fall 2011-10.

We first prove a more general fact. Given f,g: X — Y continuous maps, let Z =Y u (X x [0,1])/ ~ where
(2,0) ~ f(z) and (x,1) ~ g(x) for all x € X. Then, we claim we have a long exact sequence of the form

c Hy(X) 2295 1, (V) 25 H,(2) - Hy o (X) = -

where j : Y — Z is the inclusion. Denote I = [0, 1] for simplicity. For this, we first consider the good pairs
(X xI,Xx0l)and (Z,Y). Also, let ¢ : X x I — Z be the composition of the inclusion X x I — Y 1 (X xI)
and the quotient Y u (X x I) — Z. By functoriality of homology, ¢ induces a map on homology. Moreover,
since ¢ maps X x 0 into (the image of) Y (under the quotient map) in Z, ¢ induces a map on homology
from X x @I to Y and thus on the relative pairs. Le., we have the following commutative diagram with exact
rows:

D Hy (X % OI) Py Hoy(X x I) —2 Ho(X x I, X x o) — 2 ..

l l L=

B HL(Y) — s H,(2) ——— HA(2Y) — %

Here, i: X x 01 — X x I and j : Y — Z are the inclusions (j is the inclusion followed by the quotient but
we can treat this as just an inclusion since the quotient doesn’t identify any two things in Y'). Now, we note
that ¢ : X x I /(X x dI) — Z/Y is a homeomorphism which means that gy : H,,(X x I /(X x 8I)) — H,(Z)Y)
is an isomorphism for all n, so since these are good pairs, where relative homology is equal to the reduced
homology of the quotient, we have that

Gx t Ho(X x I, X x 0I) — H,(Z,Y)

is an isomorphism for all n. Next, observe that X x I deformation retracts to either X x {0} or X x {1}. So
the inclusions X x {0} — X x I and X x {1} — X x I induce isomorphisms

Hp(X x0I) =~ Hy(X x {0}) ® Hp(X x {1}) = Ho(X) @ Hy(X)
and the map
ix t Hp(X x 0I) = Hy (X)) ® Hp(X) > Hp (X x I) =~ Hy(X)

is surjective, with i4(a,b) = a + b. By exactness of the top row, we thus get ¢ = 0 and 0; is injective. Le.,
H, (X x I,X x 0I) is isomorphic to its image in H,—1(X x 0I) via ¢; and this image is precisely ker (i ).
But we know

ker(iy) = {(a,—a) e H,_1(X)® Hp1(X) |a€ Hy,1(X)} = Hp—1(X).
Hence, we have H,(Z,Y) =~ H,(X x I, X x 0I) = ker(ix) =~ H,_1(X) so the bottom row is our desired
exact sequence and it suffices to show that d = fy — gs«. To see this, note that 0y : H,(Z,Y) =~ H,_1(X) —
H,_1(Y) is the composition g4 o d; by commutativity which is just

Gt Ho 1 (X x 0I) = Hy_1(X) @ H,_y(X) > Ho_1(Y)

restricted to the image of ¢; which is ker(iy ). This map is the sum of the two maps H,, (X x {0}) — H,(Y)
and H,(X x {1}) —» H,(Y) induced by f and g respectively. Le., the map ker(iy) — H,(Y) is (a, —a) —
fx(a) + g«(—a) = (f« — g«)(a) so we get the desired long exact sequence.

Returning to the question at hand, we apply the above long exact sequence with X =Y = S3, f = f,,¢g = id
so that Z = T, is what we are trying to compute the homology of:

n)x—id 1
> Hy (8% (fr)x—idy Hiu(S3) 25 Hy(Ty,) — Hyy1(S%) — -
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Using the fact that Hy(S%) = Z when k = 0 or 3 and 0 otherwise, this simplifies to

._,Qj_*,H4(Tfn)_,Z(f")*—*m‘,zj_*,HB(Tfn)_,o_)...
0 = Hy(Ty,) — 2 L2270, g 0%, gy ) o,

First, Ty, is clearly connected so Ho(Ty,) = Z, implying that on zeroth homology, j. is surjective so an
isomorphism and (fy)s —idy is 0 and thus H; (T}, ) = Z. The left part of this sequence tells us that on third
homology, Ha(T},) = ker((fn)s —ids) and Hg(TY,) = coker((fn)s — ids).

However, (f,)s —idy : H3(S?) — H3(S?) is precisely multiplication by the degree of f,, minus the degree of
id which is n — 1. Thus, H4(Ty,) = 0 and H3(Ty,) = Z/(n — 1)Z. To summarize, we have

Z k=0,1, or k=4and n =1,
Hy(Ty,) =1 Z/(n—1)Z k=3,
0 otherwise.

Spring 2016

Spring 2016-1. Consider the space of all straight lines in R? (not necessarily those passing through
the origin). Explain how to give it the structure of a smooth manifold. Is it orientable?

Hint: f : X - RP?, az+by+c =0 — [a:b:c]e RP? is a bijection onto its image which is
RP? — {[0: 0 : 1]}. Not orientable since RP? is not, double cover $? — RP?,

Referenced in: Fall 2023-1.
Let X be the space of all straight lines in R2. We have a map

f:X >RP? ar+by+c=0[a:b:c|eRP.

f is well-defined since the numbers a,b,c € R are determined by a line in R? up to scaling (exactly as in
R]P’Z). Further, f is injective since each equation az + by + ¢ = 0 determines a unique straight line in R2.
Finally, we can see that the image of f is U = RP? — {[0: 0 : 1]} since ¢ = 0 is not a line for any c € R. We
know that U < RP? is an open subset.

Thus, X =~ U is an open submanifold of RP?, so we give it the smooth manifold structure inherited from
being an open subset of RP?. Now, we know that RP? is non-orientable and has orientation double cover
p:S? - RP?. Then Y = 52— {(0,0,1),(0,0,—1)}, which is still orientable as it is an open subset of S?, is
the orientation double cover of U via ply : Y — U. Note that ¥ =~ R? — {(0,0,0)} is still connected so U
must be non-orientable.

Spring 2016-2. Let X and Y be submanifolds of R™. Prove that, for almost every a € R™, the translate
X + a intersects Y transversely.

Hint: Show F : X x R®™ > R" F(x,a) = x + a is transverse to Y. Thom’s transversality theorem.

Referenced in: Fall 2023-4, Fall 2010-2.

Define F': X x R™ - R™ by F(z,a) = 2 + a. We claim F is transverse to Y. To show this, by definition, it
suffices to show that for each (z,a) € F~1(Y),

dF(z’“) (T(w,a) (X xR"™)) + TF(x,a)Y = TF(m,a)Rn =R".
In fact, we claim that just the first term already gives us all of R™. Note that

AdF(z.a) : T(z,a)(X X R") = Tp(z,a)R" = R"
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is a linear map between vector spaces. For b € R™ arbitrary, consider the curve v(t) = (z, a+ bt) which passes
through (z,a) at time ¢ = 0 and has 7/(0) = (0,b). So (0,b) € T(3,q)(X x R") = T, X x T,R" = T, X x R™.
Then

d d .
dF(;,4)(0,b) = £|t:0(F07)(t) = a(x +a+bt)=beR",

so, since b was arbitrary, dF|, o) is surjective for any x € X,a € R", showing the claim. Now, by Thom’s
transversality theorem, for almost all a € R™, the map Fj, : X — R"™ given by F,(z) = F(x,a) is transverse
to Y. But F,(X) = X + a so we conclude that X + a is transverse to Y for almost all a € R™.

Spring 2016-3. Consider the vector field X (z) = 22°16 + 201622°*® + 2016 on C = R?. (By this
we mean the following: take a complex coordinate z on C, identify T,C = C, and write X(z) =
22016 1201622915 + 2016 € T,C.) Compute the sum of the indices of X over all zeros of X.

Hint: Poincaré-Hope does not apply. Sum multiplicities of roots. 2016.

The polynomial 2296 + 201622015 + 2016 = 0 has only finitely many zeros (at most 2016 distinct zeros) so
all of its roots are isolated. Since C is algebraically closed, we can factor X (z) as

k
X(z) = H(Z —2)™,

i=1

where z; € C are the zeroes of X and m; € N are the corresponding multiplicities. Moreover, the local index
ind,, (X) = m; is the multiplicity of the root since we can locally write X as X(z) = (z — 2;)™ - h(z) for
h(z) some non-vanishing polynomial. Since the multiplicities of the roots of a complex polynomial sum to
its degree (by the fundamental theorem of algebra), the sum of the indices of X over all zeros of X is 2016.

Spring 2016-4. Let M be a compact odd-dimensional manifold with nonempty boundary ¢M. Show
that the Euler characteristics of M and 0M are related by:

X(M) = S x(eM).

Hint: Glue two copies of M together along the boundary to make N. N is closed, odd-dimensional so has
X(N) = 0 by Poincaré duality (use Z/2Z coefficients) and then use Mayer-Vietoris to get equation.

This is exactly Spring 2022-9.

Spring 2016-5. Let M be a compact oriented manifold of dimension n with de Rham cohomology
group H é r(M;R) = 0 and let 7™ be the n-dimensional torus. For which integers k does there exist a
smooth map f: M — T™ of degree k7

Hint: Must have degree 0. Grading 1 cohomology classes generate all the other ones as exterior algebra, i.e.,
H'5(T") is generated by 61 A --- A 0.

Let f: M — T™. This induces f* : Hj(T") — Hjz(M). We know that if 6;,...,0, are the cohomology
classes that generate H}p(T™), then H(T") is generated by 61 A -+ A 0,,. Then, we have

FEO1 A A 0,) = f501) A A fH(0).

Then if Hin(M) = 0, we have f*(6;) = 0 for all 1 < i < n, implying that f*(6; A --- A 6,) = 0. Hence
f* Hjp(T™) — Hjr(M) is the zero homomorphism so f has degree 0.
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Spring 2016-6. Let T2 = R?/Z? be the two-dimensional torus with coordinates (z,y) € R? and let
peT?

(a) Compute the de Rham cohomology of the punctured torus 72 — {p}.
(b) Is the volume form w = dx A dy exact on T? — {p}?

Hint: T? — {p} deformation retracts onto S* v S*. Hjp(T? — {p}) = R,y ®R(g). (b) is yes since top form
and second cohomology is zero.

(a) It is not hard to see that T? — {p} deformation retracts onto S* v S* so Hix(T? — {p}) = Hin(S' v S*)
and hence we have (via de Rham’s theorem and the universal coefficient theorem)

R k=0,
Hjp(T? = {p}) = {R? k=1,
0 otherwise.

(b) Yes. w is a top form (since T? — {p} is dimension 2) so is closed. Then, by part (a), H25(T? — {p}) =
implies that all closed 2-forms are exact so w is exact.

Spring 2016-7. Exhibit a space whose fundamental group is isomorphic to (Z/mZ) = (Z/nZ), where
Z/kZ denotes the integers modulo k and * denotes the free product. Exhibit another space whose
fundamental group is isomorphic to (Z/mZ) x (Z/nZ).

Hint: Attach via z — 2% to get Z/kZ. Wedge sum and product of these spaces.

Referenced in: Spring 2024-7.

For k € N, construct a space X by attaching a 2-cell as follows: regarding D? — C as the unit disk in the
complex plane, and S! as the unit circle, attach D? to S' along dD? = S via the map z — 2. Then, it is
clear that 7 (Xy) = {a | a*) = Z/kZ. By Van Kampen’s, 71(X,, v X,,) = (Z/mZ) % (Z/nZ) and since 7, is
a functor that preserves products, m1(X,, x X,) = (Z/mZ) x (Z/nZ).

Spring 2016-8. Let L, be the z-axis, L, be the y-axis, and L, be the z-axis of R3. Compute

m(R*—~L,—L,—L,).

Hint: 7 % 7+ Z = Z % Z.. Deformation retract to S? minus 6 points and then homotopy to R? minus 5 points
and finally to the wedge sum of 5 copies of S'. Use induction/Van Kampen’s to prove.

This is exactly Fall 2022-7 with n = 3.

Spring 2016-9. Let X be a topological space and p € X. The reduced suspension X of X is the space
obtained from X x [0,1] by contracting (X x {0,1}) u ({p} x [0,1]) to a point. Describe the relation
between the homology groups of X and ¥ X.

Hint: H,(X) = H,(5X) = H,_1(X) for all n > 1 and Hy(£X) = Z. Because ©X = SX/({p} x [0,1]) so
look at long exact sequence. Get H,(SX) from Mayer-Vietoris.

Referenced in: Spring 2024-6.

Let SX = X x[0,1]/ ~ where (x,0) ~ (y,0) and (z,1) ~ (y, 1) for all ,y € X be the (unreduced) suspension
of X. Then, XX = SX/({p} x [0,1]) and (SX, {p} x [0,1]) is a good pair so we have a long exact sequence
= Hy({p) x [0,1]) = Ha(SX) = Ha(SX) = Hyoa ({0} x [0,1]) — -,

since H,(SX, {p} x [0,1]) = H,(SX/({p} x [0,1])) = H,, (XX) for all n. But then, {p} x [0,1] = [0,1] is
contractible so H,, ({p} x [0,1]) = 0 for all n, implying that H,(SX) = H,(£X) for all n > 1. Then, by Fall
X) =

2020-6, we know H,, (S H,_1(X) for all n. > 1 and for n = 0, H, (£X) = Z since ©X is connected.
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Spring 2016-10. Consider the 3-form on R* given by
a = x1drg A dxs A dry — xodxy A daxg A dry + x3dry A dro A dry — x4dzy A dXo A dxs.

Let S3 be the unit sphere in R* and let ¢ : S — R* be the inclusion map.

(a) Evaluate (g, t*a.
(b) Let v be the 3-form on R* — {0} given by:

«
T2 + 13 + 23 + a3)k

T

for k € R. Determine the values of k for which = is closed and those for which it is exact.

Hint: Stokes’, 4vol(B) = 272, Never exact, closed for k = 2. Use R = 2% + 23 + 22 + 22 and differentiate dv.

(a) Note that da = 4dxy A dxg A dxs A dry = 4dV where dV is the standard volume form on R?. Next, we
recall that 0B* = S% where B* is the closed unit ball in R*. Thus, by Stokes’ theorem,

J o= J doa = J 4dV = 4vol(B).
53 B B

We know the volume of a unit n-ball can be calculated recursively as V(B") = 22V(B"~2) and the unit
2-ball or closed unit disk has volume 7 so Sss Ga=4- %T”ﬂ = 272,

(b) Let R = 2% + 22 + 22 + 22 so that v = aR~*. Noting that dR = Z?:l 2x;dx;, we have

dy=d(R™*) A a+ R "da

4
= —kRF1 Z 22:dr; A o+ ARTFAV
=1

4
= —2kR7*1 Y a2V + AR FaV
i=1

= (4—2k)R*aV.

Since dV is nowhere vanishing and R # 0,dy = 0 if and only if 4 = 2k, i.e., k = 2. For exactness, note that
for any p € S3, we have v, = a, so ¥y = t*« and thus

f Fy = f Fa = 2r2.
S3 S3

But if v is exact, say with df = ~, then d(:*0) = 1*df = 1*~ so

or? = J- Gy =1 d(*0) = ‘[ ¥ =0,
53 58 053

by Stokes’ theorem, since 053 = (&, a contradiction. So no value of k makes 7 exact.

Fall 2015

Fall 2015-1. Let M, (R) be the space of n x n matrices with real coefficients.

(a) Show that SL(n,R) = {A € M,(R) | det(A) = 1} is a smooth submanifold of M, (R).
(b) Show that SL(n,R) has trivial Euler characteristic.
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Hint: Preimage theorem with A — det(A4). Homotopy equivalent to SO(n) which is parallelizable so has
nowhere vanishing vector field. Also, compact so has xy = 0 by Poincaré-Hopf.

Referenced in: Fall 2010-3.

(a) Consider det : M, (R) — R. Note that SL(n,R) = det '(1) so we claim that 1 € R is a regular value of
det. Let A€ det™(1). Let c€ R. For B € TyM,(R) = M, (R), we have

det(A + hB) — det(A) det(A)(det(I + hA~1B) — 1)

Adet)alB) = oy h i h
. det(I + hA~'B)
= lim ———=,
h—0 h
so if we take B = ~ A, then
det(I + h<I)—1 1+ h8)"—1
d(det) o(SA) = lim — ( )21 lim Urhp)" =1 _ lim “n(l+h—)""' = Sn =,
n h—0 h h—0 h h—0 1N n n

so d(det) 4 is indeed surjective. So SL,(R) is a smooth manifold by the preimage theorem.

(b) This is exactly Fall 2020-10.

Fall 2015-2. Let f,g: M — N be smooth maps between smooth manifolds that are smoothly homo-
topic. Prove that if w is a closed form on N, then f*w and ¢g*w are cohomologous.

Hint: Prove id — *i* = d® + ®d where ® : QF(M xR) — QF 1 (M xR) is ®(3}; as(x, t)dal + 3, by(x, t)dt A
dz’) =3, (Sé by(x, s)ds) dz’. So i¥ = i} on the level of cohomology for i; : M — M x R is given by
ij(p) = (p,J)-

Referenced in: Spring 2020-1.

We first prove the following lemma. Let M be a smooth manifold, 7 : M x R — M the projection onto the
first factor, and ¢ : M — M x R the inclusion p — (p,0). Consider the induced maps

7 Hip(M) > Hip(M x R), *: Hifg(M x R) — Hip(M).
Then there exists a cochain homotopy
d:QF(M x R) - QF (M x R)

between id and 7*i*, i.e.,
id — 7%i* = d® + ®d on QF(M x R).

In particular, 7* is an isomorphism with inverse 7*.

Given an arbitrary k-form w e QF(M x R), take local coordinates and write

w = Za;(w,t)dzl + ZbJ(x,t)dt A dz?
T J

where the first sum is over increasing multi-indices I of length k and the second is over increasing multi-indices

J of length k — 1. Define ® by
t
D(w) = Z (J bJ(x,s)ds) dx”.
7 \Jo

We claim that
d(P(w)) + P(dw) = w — 7*i*w.

92



By linearity, we may separate into the following cases: w = a(z,t)dx!, and w = b(x,t)dt A dz”. In the former
case, ®(w) = 0 and

®(dw) = (f Z"ds) da! = (a(z,t) — a(z,0))dz! = w — 7%i*w.

0 S

In the latter case, i*w = 0, so (id — 7*i*)w = w, and we compute

Jot b(:c,s)ds) do’ = U ads) dz’ + (f Z da:mds> A da?

Z ( ds) dz™ A dx’ by the F.T.C.,
m=1

ADw)) = d (

3

d(d, < Z;—dt/\daj Adx)

i <J ds) dz™ A dz’.

Thus, d(®(w)) + ®(dw) = w, showing the claim in local coordinates. But the definition of ® is independent
of the choice of coordinates, since it only affects the real coordinate. We have thus shown that id and i o7
induce chain homotopic maps on the de Rham complex of M x R so 7* is an isomorphism on cohomology
with ¢* as its inverse.

Back to our problem, let F': M xR — N be the homotopy between f and g so that F(z,0) = f(z), F(z,1) =
g(x). Define ig,i; : M — M xR by ig(p) = (p,0) and i1 (p) = (p,1). Clearly, we have f = Foig and g = Foi;.
By the above lemma, we have shown that if = if = (7*)~! (by replacing 0 with 1) so f* = ¢g* as maps on
cohomology so f*w and g*w are cohomologous for w a closed form.

Fall 2015-3. For two smooth vector fields X,Y on a smooth manifold M, prove the formula

[Lx, iy]w = i[X_,y]w

where Lx is the Lie derivative in the direction of X,ix is the interior product of X, and w is a k-form
for k>1

Hint: Compute left hand side using (tyw)(Vi,...,Vic1) = w(Y, V1, ..., Vie—1) and (Lxw)(V4,..., Vi) =
X(w(vlv"'avk))_Zlew(vla"'awfl,[va]v‘/;Jrlv"'7Vk)'

This is exactly Spring 2020-4.

Fall 2015-4. Let M = R3/Z3 be a three dimensional torus and C' = 7(L), where L < R? is the oriented
line segment from (0,1,1) to (1,3,5) and 7 : R® — M is the quotient map. Find a differential form on
M which represents the Poincaré dual of C.

Hint: n = 4xd A dy —2dx A dz+ dy A dz. Expand and solve in terms of the generators of the exterior algebra
dx,dy, and dz.

Referenced in: Spring 2014-5.
Identify L with 7(L) for simplicity. We seek a 2-form 7 such that, for any 1-form 6, we have

JG:J nA6.
L M
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Now, L is a loop on M that wraps in the z-direction once, in the y-direction twice, and in the z-direction
four times. We know that the coordinate 1-forms on T°, dz,dy, dz, generate the de Rham cohomology
of T% as an exterior algebra. Hence, we can write § = adz + bdy + cdz for some a,b,c € R and n =
Adx A dy + Bdx A dz + Cdy A dz for some A, B, C € R. Calculating the integrals, we have

Jadw+bdy+cdz=a+2b+4c,
L

f (Adx A dy + Bdx A dz + Cdy A dz) A (adx + bdy + cdz) = f (Ac— Bb + Ca)dx A dy A dz
M M

= Ac— Bb+ Ca.
This immediately gives A = 4,C = 1, and B = —2. Hence the Poincaré dual is

n=4dx A dy —2dx A dz + dy A dz.

Fall 2015-5. Recall that the Hopf fibration 7 : S — S2 is defined as follows: if we identify
S% ={(21,22) € C? | [21]* + |22|* = 1}

and S? = CP' with homogeneous coordinates [21, 2], then 7(21, 22) = [21, 22]. Show that 7 does not
admit a section, i.e., a smooth map s : S — S3 such that 7o s = idge.

Hint: Just look at induced maps on homology, H2(S?) = Z while H2(S?) = 0.

If s: 52 — S3 with 7 o s = idg» existed, this would induce a map sy : Ho(S?) — H>(S®) on homology such
that Ty 0 s = (70 8)y = (ids2)s = idp,(s2). Note that H(S?) = Z while Hy(5%) = 0. Thus s, = 0 but
idz # 0, a contradiction.

Fall 2015-6. Let M"™ < R™ be a smooth submanifold of dimension m < n—2. Show that its complement
R™ — M is connected and simply-connected.

Hint: Homotope a path in R™ to one that is transversal to M and show this must not intersect M. Use
extension theorem on a homotopy from [0,1] x [0,1] — M with C = {0,1} x [0,1] U [0,1] x {0,1} a closed
subset with the image of H|c transverse to M.

Referenced in: Spring 2024-3, Fall 2012-3.

We showed that M — R”™ is (path-)connected in part (a) of Spring 2023-5. For simply-connectedness, let
v : [0,1] - R™ — M be a loop with y(0) = ~(1) = p. Since 7 is nullhomotopic in R™ (R™ is simply
connected), let H : [0,1] x [0,1] be a path homotopy between v and the constant map at p. Namely,
H(0,2) =~(z), H(1,xz) = p, and H(t,0) = H(t,1) = p for all ¢,x € [0, 1].

Let C' = {0,1} x [0,1] U [0,1] x {0, 1}, which is a closed subset of [0,1] x [0,1]. Note that the image of H|¢
does not intersect M < R™ so H|¢ is trivially transverse to M. So by the extension theorem, we can find a
map G : [0,1] x [0,1] — R™ such that G = H on a neighborhood of C' and G is also transverse to M. Le.,
for any (t,z) € G=1(M), we have

dG(t,x) (T(tJ)([O, 1] X [0, 1])) + TG(t,z)M = TG(t7w)Rn.
But the left-hand side has dimension at most
dim (7T 4 ([0, 1] x [0,1])) + dim(Tg s,y M) = dim([0, 1] x [0,1]) + dim(M) =2+ m <2 +n —2 = n,

while the right hand side clearly has dimension n. Hence, G~!(M) must in fact be empty so G maps to
R™ — M. Namely, G is a path homotopy between « and a constant map in R™ — M so + is nullhomotopic.
But this was true for arbitrary 7 so m (R™ — M) = 0 and R™ — M is simply connected.
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Fall 2015-7. Show that there exists no smooth degree one map from 52 x 2 to CP?%.

Hint: Cohomology rings H*(CP?) = Z[a]/(a?), || = 2 and H*(S? x 5?) = Z[3,7]/(8%,7?), 18] = |y| = 2.
Write f*(a) = a8 + by so f*(a?) = 2abBy so degree is 2ab.

This is exactly Spring 2020-6.

Fall 2015-8. Show that CP?",n € Z*, is not a covering space of any manifold except itself.

Hint: 7 (X) acts on CP?" via deck transformations. Any map g : CP*" — CP?" has a fixed point by
Lefschetz trace formula so they are all the identity.

This is exactly Spring 2020-5.

Fall 2015-9. Given a continuous map f : X — Y between topological spaces, define

¢y = (X x [0 J¥)/~,

where (z,1) ~ f(z) for all x € X and (x,0) ~ (2/,0) for all z,2’ € X. Here | | is the disjoint union.
Show that there is a long exact sequence

f ~ f
g z‘+1(X)—*’ i+1(Y)—’Hi+1(cf)—’Hi(X)—*’Hi(Y)—’"'7

where f, is the map on homology induced from f and ]N{Z denotes the ith reduced homology group.

Hint: Good pair long exact sequence with mapping cylinder and mapping cone. Consider what happens if
we replace A < My by X — A — My, i.e., changing H;(A) to H;(X), H;(My) to H;(Y) and iy to fs.

This is exactly the first part of Fall 2022-9.

Fall 2015-10. Let RP" be the real projective space given by S/ ~, where S™ = {||z|| = 1} < R**!
and x ~ —x for all z € S”.

(a) Give a cell (CW) decomposition of RP™ for n > 1.
(b) Use the cell decomposition to compute the homology groups Hy (RP"™), k > 0.
(c) For which values of n > 1 is RP" orientable? Explain.

Hint: One cell in each dimension with double cover for attaching maps. Hy(RP") = Z if k = n and n is odd,
Z/27 if k < n and k is odd and 0 otherwise. Orientable if and only if top homology is Z if and only if n is
odd.

(a) and (b) This is done in Fall 2020-7 and we get

Y/ k =0,k =n and n odd,
H,(RP") =<7Z/2Z 1<k<mn,kodd,

0 otherwise.

(¢) We know that a closed and connected n-manifold M is orientable if and only if H,(M) =~ Z. In our
cases, RP" is closed and connected so is orientable if and only if n is odd.
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Spring 2015

Spring 2015-1. Let M (n,m,k) € M(n,m) denote the space of n x m-matrices of rank k. Show that
M (n,m, k) is a smooth manifold of dimension nm — (n — k)(m — k).

L Iy, 0 A B\ (A B . ) .

Hint: <CA1 In—k,) (C D) = <0 D_ C’A1B> so consider f : N — M(n — k,m — k) given by
A B _1 .

(C D> — D — CA™"B. Preimage theorem.

This is exactly Fall 2018-2 with n x m instead of n x n (but this only changes the dimensions throughout).

Spring 2015-2. Assume that N < M is a codimension 1 properly embedded submanifold. Show that
N can be written as f~1(0), where 0 is a regular value of a smooth function f : M — R, if and only if
there is a vector field X on M that is transverse to INV.

Hint: Riemannian metric g, then df,(v) = g((Vf)p,v) and V£ is a vector field transverse to N. Converse is
actually false: S' < S! x S would have f always positive or negative on M — N.

Suppose N = f~1(0) where 0 is a regular value of f : M — R. Let g be a Riemannian metric on M. Define
the gradient vector field V f on M as the dual vector field to the 1-form df with respect to the metric g. Le.,
dfp(v) = g((Vf)p,v) for all v e T, M. Since f is constant on N, we have df =0on TN < TM so Vf L TN.

We also note that (Vf), # 0 for all p € N since 0 is a regular value of f so df cannot vanish at p. Now,
since N has codimension 1, it follows that T, N + Span(V ), = T,M for all p e N by considering dimension.
Hence, V f is our desired transverse vector field.

In fact, the converse is false. Let M = S! x S! with coordinates (0, ¢), N = M the circle with coordinates
(0,0), and X = %. So X is transverse to N. Also, M — N is connected so if f : M — R has N = f~1(0),
then f is either always positive or negative on M — N. In particular, N is the set of maxima or minima of f,
which means the output of f at points in IV cannot be regular values since the partial derivatives are zero.

Spring 2015-3. Consider two collections of 1-forms wy,...,w; and ¢q,..., ¢ on an n-dimensional
manifold M. Assume that
WLA AWE=0Q1 A" APk

never vanishes on M. Show that there are smooth functions f;; : M — R such that

k
wi:Zfij¢ja Z=1,,k
Jj=1

Hint: Wedge product of 1-forms is 0 if and only if the 1-forms are linearly dependent.

By Spring 2014-4, we know that a wedge of 1-forms is 0 if and only if the 1-forms are linearly dependent.
Thus, ¢1 A - A @i # 080 ¢1,..., ¢, are linearly independent while 1 A -+ P Aws =W A+ AW Aw; =0
for any 1 < ¢ < k since w; A w; = 0 for 1-forms. Thus, we see that w; must be a linear combination of
d1, ..., ¢ as desired.

Spring 2015-4. Consider a smooth map F : RP" — RP".

(a) When n is even show that F' has a fixed point.
(b) When n is odd give an example where F' does not have a fixed point.
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Hint: H*(RP™; Q) is Q in degree 0 only so use Lefschetz trace formula. Rotation of S' = RP'.

(a) For n even, we know the homology of RP" is

Z k=0,
H,(RP") =<Z/2Z 1<k<n,kodd,
0 otherwise.

Thus, by the universal coefficients theorem, since the Ext terms vanish (as Q is an injective Z-module) and
Q is torsion-free, we have

Q k=0,
0 otherwise.

H*(RP"; Q) = {
Using the Lefschetz trace formula, we know
n
L(f) = Y (=1)'Te(F* : H'(RP"; Q) — H'(RP";Q)) = 1,
i=0

since only the i = 0 term is non-zero and F certainly induces an isomorphism in degree 0 as F* is a
cohomology ring homomorphism. Thus, by the Lefschetz fixed point theorem, F' has a fixed point.

(b) We can just take n = 1, RP' = S! and F rotation by 7/2 has no fixed points.

Spring 2015-5. Assume we have a codimension 1 distribution A < T'M.

(a) Show if the quotient bundle TM /A is trivial (or equivalently that there is a vector field on M
that never lies in A), then there is a 1-form w on M such that A = kerw everywhere on M.

(b) Give an example where TM /A is not trivial.

(c) With w; and ws as in (a) show that wy A dw; = f2ws A dwy for a smooth function f that never
vanishes.

(d) If wis asin (a) and w A dw # 0, show that A is not integrable.

Hint: ¢ : TM — TM/A,¢ : TM/A — M x R Define w, = 70 ¢, 0 q,. (b) Mobius strip with Span(%).
(c) Show w; = fws since I(A) is generated by wo (d) ker(w) = span(zlr, ..., ==a=1),wlv = fudz™. Set

)y ogm—1

aly = % and put together with partition of unity.

(a) Let ¢ : TM — TM/A be the fiber-wise surjection, ¢ : TM /A — M x R be the isomorphism that comes
from triviality of TM /A, and 7w : M x R — R be projection onto the second factor. For each p € M, define

wP(X) = ﬂ(¢p(Qp(X)), le,wy=mo ¢p O Qp-

Then, w,(X) = 0 if and only if ¢,(¢,(X)) € M x {0}. But we know ¢, : T,M /A, — {p} x R maps into
{p} x R so wy(X) = 0 if and only if ¢,(¢,(X)) = (p,0) which occurs if and only if ¢,(X) = 0 in T,M/A,,
ie., if and only if X,, € A,. Thus, A = ker(w).

(b) Take M = [0,27] x [—1,1]/ ~ to be the Mobius strip and A = Span(%). Suppose that w € QY (M)
satisfies A = ker(w), then w is of the form w = f(z,y)dy. Moreover, we know that f(0,y) = —f(27, —y) since
w is invariant under (0,y) ~ (27, —y). Restricting to the segment [0, 27] x {0}, we see that f(0,0) = —f (2w, 0)
which by the intermediate value theorem, implies that f has a zero on [0,27] x {0}. At this point, ker(w)
has dimension 2, contradicting ker(w) = A. Thus, by part (a), this is an example where TM /A cannot be
trivial.

(c) It suffices to show that w; = fws where f does not vanish, since then, dwy; = df A wo + fdws so
w1 Adwy = fwg A (df Awa+ fdws) = f2wa A dwy. To show this, we note that the ideal I(A), consisting
of forms that vanish on A, is generated by w; so we can write wy = fw;. If f(p) = 0 for some p, then
(w2)p = f(p)(w1)p = 0, contradicting the fact that ker(ws) is always codimension 1 so indeed this f is
nonvanishing.

(d) This is exactly (a) = (b) of Fall 2022-4.
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Spring 2015-6. Let
xdy A dz + ydz A dx + zdz A dy

(.132 _|_y2 +22)3/2

be a 2-form defined on R — {0}. If i : S? = {2? + y* + 2% = 1} — R? is the inclusion, then compute
§g2*w. Also compute g, j*w, where j : S* — R® maps (z,y,z) — (3z, 2y, 8z).

Hint: Both are 47. Use Stokes. Show that w is closed so {,k*(dw) = 0 where E = j(S?) — 5? and
k:E— R3—{0}.

This is exactly Spring 2023-3 (the different numbers in part (b) do not change the solution).

Spring 2015-7. Define the de Rham cohomology groups Hz(M) of a manifold M and compute
Hi.(SY), S' =R/Z,i=0,1,..., directly from the definition.

Hint: H}(S') = R() @ R(1). Exterior derivative cochain complex. Smooth 1-periodic functions and fdf
for 0 the angular coordinate.

Referenced in: Fall 2011-6.
Let QF(M) be the k-forms on M. We have the de Rham cochain complex

0 — QO(M) 2o QY (M) L Q2(M) 25 ..

where d; is the exterior derivative and is defined locally by

of

?

di(fdzi, Ao A dpy) = df Adxi, Ao A dag,, where df = )
=1

The de Rham cohomology groups H, (’jR(M ) are the cohomology groups of this cochain complex, i.e.,

ker(dk)

(M) = 2

Since S! is 1-dimensional, there are no k-forms for k > 1 so we need only determine HJ,(S') and H}5(S')
as all other cohomology groups will be zero. I.e.; in this case, the de Rham cochain complex is simply

0— Qs L Ql(sh) — 0.

Now, Q°(S1) = C®(S') consists of the smooth functions on S*, which are precisely 1-periodic functions
R — R. Next, Q1(S!) consists of 1-forms fdf, where f is a 1-periodic smooth function and d# is the usual
angular coordinate 1-form.

For f € Q°%(S1), we have df = %d@ so HIp(S') = ker(d) < Q°(S') consists of those 1-periodic functions
that are constant in 6, and hence is isomorphic to the vector space of real constants R. On the other hand
im(d) < Q*(S') consists of forms fdf where f is a derivative of a function in C*(S1), i.e., those functions
whose integral is 1-periodic.

So we see that im(d) = {fdf | f € COO(Sl),S(l) f(0)d0 = 0}. Thus, fdb, gdf € Hi(S') = gf;((“?;)) are equal on
the level of cohomology if and only Sé f(0) — g(6)dd = 0. So each cohomology class is uniquely represented
by its integral which means the first cohomology is also isomorphic to R. To summarize,

R k=01,
0 otherwise.

Hin(S") - {
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Spring 2015-8. Let X be a CW complex consisting of one vertex p, two edges a and b, and two 2-cells
f1 and fo where the boundaries of @ and b map to p, the boundary of f; is mapped to the loop ab?
(that is first @ and then b twice), and the boundary of f, is mapped to the loop ba?.

(a) Compute the fundamental group m1(X) of X. Is it a finite group?
(b) Compute the homology groups H;(X),i=0,1,..., of X.

Hint: Group presentation. m(X) = Z/37Z. Hy(X;Z) = Z) ® Z/3Z1).

In essence, this is exactly Spring 2022-7 but with the cubes replaced by squares. In this case 7m1(X) = Z/3Z
and

Z n =0,
H,(X)=17Z/3Z n=1,
0 otherwise.

Spring 2015-9. Let X,Y be topological spaces and let f,g : X — Y be two continuous maps.
Consider the space Z obtained from the disjoint union (X x [0,1]) uY by identifying (z,0) ~ f(z) and
(x,1) ~ g(z) for all z € X. Show that there is a long exact sequence of the form:

Co Hy(X) S Hy(Y) D Hy(Z2) S Hiy(X) — -

Also describe the maps a, b, c.

Hint: Two long exact sequences for the pairs (X x I, X x ¢I) and (Z,Y) where the relatively homology
fits in with an isomorphism. a = fi — g4,b = js for j : Y — Z and ¢ = ¢ is the first coordinate of the
connecting map induced from the snake lemma.

This was proved in Fall 2016-10 except we did not describe ¢. But ¢ : H,(Z) — H,_1(X) arises from the
connecting map 0 : H,(Z) > H,_1(X) ® H,_1(X) obtained via the snake lemma.

Spring 2015-10. Let n > 0 be an integer. Let M be a compact, orientable, smooth manifold of
dimension 4n + 2. Show that dim(H?*""(M;R)) is even.

Hint: H*"*1(M) x H*"*1(M) — R by (w,n) — §,,w A 1. Show this is bilinear, anti-symmetric, and non-
degenerate. Corresponds to an invertible k x k (k = dim(H?*"T(M))) matrix with A = —A7T but if k is odd,
we get det(A) = — det(A), a contradiction.

This is exactly Fall 2021-5.

Fall 2014

Fall 2014-1. Let f : M — N be a proper immersion between connected manifolds of the same
dimension. Show that f is a covering map.

Hint: Submersion is open map so onto. Local diffeomorphism implies locally even covering and then piece
together using compact/connected.

Since f is an immersion between manifolds of the same dimension, it is also a submersion. Moreover, f is
proper so it is a closed map and thus f(M) < N is closed. The rest of the argument is essentially the same
as Spring 2018-1.
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Fall 2014-2. Let M™ < R"™ be a closed connected submanifold of dimension m.

(a) Show that R™ — M™ is connected when m < n — 2.
(b) When m = n — 1, show that R™® — M™ is disconnected by showing that the mod 2 intersection
number I(f, M) = 0 for all smooth maps f:S! — R™.

Hint: Homotope a path in R™ to one that is transversal to M and show this must not intersect M. Slice
chart with one 0. Take linear path between (z1,...,Zm,e) and (x1,..., %, —€) and make into loop to get
contradiction.

This is exactly Spring 2023-5.

Fall 2014-3. Let w be an n-form on a closed connected non-orientable n-manifold M and 7 : O — M
the orientation cover.

(a) Show that m*w is exact.
(b) Show that w is exact.

Hint: Show 7*w integrates to 0 since it equals its negative as deg(F) = —1. (b) 7* is injective: U c Y

evenly covered by f~1(U) = Uf;l U; with local inverses ¢; : U — U, to f. Then, define g(w)|y = %Zle dFw
which is well-defined and satisfies g o f* = id.

(a) Since M is connected, closed, and non-orientable, O is connected, closed, and orientable. Thus its top
de Rham cohomology is H}(O) = R with isomorphism

[Q]HJOQEJK

by de Rham’s theorem. In particular, note that a closed n-form is exact (i.e., zero in cohomology) if and
only if 8 integrates to 0 over O. So now, we claim that So m#w = 0. As m: O — M is the orientation
double cover, the group of deck transformations of 7 is {id, F'}, where F' is the unique non-identity covering
transformation and is orientation-reversing. So deg(F') = —1 and

JO F*(r*w) = deg(F) fo W = — JO T*w.

On the other hand, because F is a deck transformation, 7 o F' = 7 so F*7* = (7o F)* = 7*. Hence,

J W*w:f F*ﬂ*w:—J W,
o o o

so we must have So m*w = 0, showing that 7*w is indeed exact.
*

(b) Since 7 is a finite covering map, ©* is injective on top cohomology by Spring 2019-6. By part (a),
m*w=0€ HJp(O) sow =0€ HJ,(M) so w is exact.

Fall 2014-4. Show that for n > 1 any smooth map f : S"~! — S"~! has a smooth extension
F:D"™ - D" where D" = {x e R" | |z| < 1}.

Hint: Bump function.

Let ¢ : [0,00) — [0,1] be a smooth bump function supported in [1,2] which is 1 on [2,2]. Define @ :
R™ — [0,1] as the radially symmetric function with ®(z) = ¢(|z|) so that ® is supported in the annulus
{3 <|z| < 2} and is 1 on the annulus {2 < |z| < 2}. Then,

F(z) = {‘I’(”j)f(niﬂ 0< ||zl <1,

F:D"— D",
0 =0,

is the desired smooth extension of f.
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Fall 2014-5. Let M be a smooth manifold and w a nowhere vanishing 1-form on M. Show that
w is locally proportional to the differential of a function (i.e., around every point p € M there is a
neighborhood U 3 p and functions f,\ : U — R such that w = A\df) if and only if w A dw = 0.

Hint: Work locally. ker(w) is an integrable distribution which is the zero locus of a function f. Show w, and
dfy have same kernel for any ¢ in a neighborhood.

If w = Adf locally near p, then dw = dX\ A df can be computed locally. So w A dw = Adf A (dA A df) =0
since df A df = 0 for df a 1-form. Conversely, suppose w A dw = 0. So by Fall 2022-4, we know ker(w) is an
integrable codimension 1 distribution.

So at every point p € M, there is an immersed integral submanifold N through p, i.e., T,N = ker(w,). An
immersed submanifold of codimension 1 can locally be expressed as the zero locus of a function, i.e., there is
a neighborhood U 3 p and a function f on U so that N nU = {ge U | f(q) = 0}. Then df,(X) = 0 for any
X € TyN = ker(wy) so ker(wy) = ker(df,), implying that A(q)df; = wq for some A(g) # 0, showing w = Adf.

Fall 2014-6. Recall that the rank of a matrix is the dimension of the span of its row vectors. Show
that the space of all 2 x 3 matrices of rank 1 forms a smooth manifold.

. I 0 A B A B . . A B
Hint: <—C'114_1 I1> (C D> = (O D—CA_lB) so consider f : N — Mj«o given by <C’ D) —
D — CA~'B. Preimage theorem.

This is a slightly more general case of Fall 2018-2 where we have n x m instead of n x n but this doesn’t
change anything nontrivial.

Fall 2014-7. A compact surface of genus g, smoothly embedded in R3, bounds a compact region called
a handlebody H.

(a) Prove that two copies of H glued together along their boundaries by the identity map produces a
closed topological 3-manifold M.

(b) Compute the homology of M.

(c) Compute the relative homology of (M, H), where H is one of the two copies.

Hint: Hy(M) = Z3) @ Z?Q) @ Z?l) ® Zoy, He(M,H) = Z3) ® Z(gQ). Good pair (X, H) where we know
H.(X,H) = Hy,(H,0H) and we compute H(H,0H) using Lefschetz duality/universal coefficient formula
from Hy(H). The important map Z9 — Z9 is zero. Or can Mayer-Vietoris instead.

(a) If z ¢ 0H, then z € H is contained in some chart x € U = H with U =~ R3 since H is a 3-manifold. We
may also assume that U n 0H = 0 by shrinking as necessary. Then (x,0) € (U,0) and (z,1) € (U,1) are
both contained in charts with each (U, %) open and homeomorphic to U and thus to R?. On the other hand,
if x € 0H, then pick some V < H open with V =~ H?3, the upper plane of R3. Then, (z,0) = (z,1) € M has
neighborhood (V,0) u (V, 1) which is homeomorphic to two upper half planes glued together at the boundary
which is exactly R? itself. Thus, every point in M has a neighborhood homeomorphic to R? so M is a
3-manifold without boundary. It is compact since it is the quotient of a compact space H x {0,1} as H is
compact.

(b) We did this in Fall 2017-9 with three copies of H and the idea is the exact same. The only difference is
that Ho(M,H) = Z9 and H3(M, H) = Z so the homology groups become
Z k=0,3,
H,(M)=<79 k=12,

0 otherwise.
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(¢c) In fact, we computed this in the process of doing part (b). We have

79 k=2,
Hy(M,H)={7 k=3,

0 otherwise.

Fall 2014-8. Consider the space X = M7 u My, where My and My are Mobius bands and My n My =
O0M; = 0Ms. Here a Mébius band is the quotient space ([—1,1] x [-1,1])/((1,y) ~ (=1, —y)).

(a) Determine the fundamental group of X.
(b) Is X homotopy equivalent to a compact orientable surface of genus g for some g?

Hint: Klein bottle. 71(X) = {a,b | bab—'a) = Z x Z. Polygon representation, CW structure.

(a) This is exactly Fall 2017-8.

(b) No. Hy(X) = m(X)® =~ Z x Z/2Z while Hy(M,) = Z?9 where M, is the compact orientable surface of
genus g. Since X and M, have different homology groups, they can never be homotopy equivalent.

Fall 2014-9. Determine all the connected covering spaces of the wedge sum RP'* v RP*?.

Hint: Alternate between S and S'°. Finite chain with RP on both sides. Finite bracelet of spheres. Infinite
chain in one or two directions.

First, note that RP™ has universal double cover S™ for any n. In particular, no space other than RP™ and S™
can cover RP" as this would correspond to a nontrivial, proper subgroup of Z/27 which doesn’t exist. Now,
in a covering space of RP'* v RP'®, when we have an S or S, there are two connecting points that can
be wedge summed with coverings of the other while when we have an RP' or RP'®, there is one connecting
point.

Thus, we have the following options. First, a finite chain that begins with RP'* or RP'®, ends with the
other one, and has alternating S'%’s and S'°’s in between. Second, a finite alternating bracelet of S'%’s and
§1%’s. Third, a (one-sided infinite) chain that starts with RP'* or RP'® and has alternating $'*’s and S'%’s
infinitely in one direction. Fourth, a (two-sided infinite) chain of alternating S'4’s and S'5’s going in both
directions.

Fall 2014-10. Let D be the unit disk in the complex plane and S be the unit circle in the complex
plane. Consider the 2-dimensional torus T2 = S x S! and two copies D; and Dy of D. Let X be the
quotient of the disjoint union 72 L Dy L Dy by the equivalence relations

61'0 ~ (eipe) 1)7 eid) ~ (Leiqd))a

where e € Dy, e'® € Do, (¥, 1), (1,€'7%) € T2, and p, q are integers > 1. Compute the homology groups
of X.

Hint: Hy(X) = Zy ® (Z/pZ x L/qZ) 1) ® Zpy. CW structure with two 1-cells and three 2-cells attached
via aba='b71, a?, b7 respectively.

Note that X is the space with CW structure as follows: one 0O-cell v, two 1-cells a and b, and three 2-cells
fi, f2, and f3. The 1-cells are attached to v in the obvious way and f; is attached via the loop aba='b~!
and fo, f3 are attached via the loops aP, b? respectively. Hence, the cell complex is

07327297 0.
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Based on the attaching maps, we know d; = 0 while d5(f1) =a+b—a—b=0,02(f2) =p-a,d2(f3) =q-b.
In other words da(z,y, 2) = (py,qz). So Ha(X) = ker(ds) = Z, H1(X) = Z?/im(02) =~ Z/pZ x Z/qZ, and
clearly Ho(X) = Z. To summarize,

Z k=0,2,
Hy(X)=<SZ/pZ xZ/qZ k =1,
0 otherwise.

Spring 2014

Spring 2014-1. Let I' = R? be the graph of the function y = |z|.

(a) Construct a smooth function f : R — R? whose image is T
(b) Can f be an immersion?

Hint: Bump function, f(z) = (¢(x)z,¢(x)|z]). Compute |f’(xo)| from both directions.

(a) Let ¢ : R — [0,1] be a bump function supported in [—2,2] and identically 1 on K = [—1,1]. Let
¥ =1—¢sothat ) : R — [0,1] is 0 on K and 1 outside [—2,2]. Define

fR-RE z e ((2)z, (o))

Now, f is smooth at z # 0 since ¢ and | - | both are. f is also smooth at z = 0 since ¢¥(z)x = 0 in
a neighborhood of 0. Note that ¥ (z)|x| = [¢(x)z| since (x) = 0 for all x. Thus, the image of f is
{(y,y]) | y = ¥(z)x,z € R} so im(f) < T'. But it is easy to see by construction (and the intermediate value
theorem) that z — ¢ (x)x is a surjective function so im(f) = I" as desired.

(b) It is clear that any such map f, must be of the form f(z) = (g(z),|g(z)|) for some smooth function
g : R —> R. Since (0,0) € T, there exists zp € R such that g(zg) = 0. If f is an immersion, then df,, is
injective so dfy, # 0 and %\x:$0| g(x)| must exist for smoothness. But we can compute

voon o gl@o+h)—g(zo) . g(xzo+h)
9'@o) = fim, h B hllgli ho
. Ml _ o lg(@o +h)| —lg(zo)| _ d
l9'(zo)] = lim =—— Jim, o o x_mIg(m)l,
/ o lgleo+ M) =lg(wo + B)| + |g(xo) d
l9'(zo)| = lim_ 7] Jm W . ximolg(fﬂ)\

So we conclude that ¢'(zg) = d%’x:% lg(z)| = 0, a contradiction and f cannot be an immersion.

Spring 2014-2. Let W be a smooth manifold with boundary, and f : W — R™ a smooth map, for
some n > 1. Show that there exists a smooth map F' : W — R"™ such that F|sw = f.

Hint: Neighborhood 0W < U < W diffeomorphic to [0,1) x dW. Projection 7 : U — ¢W. Bump function
¢, F(x) = ¢(x) f(r(z)).

Choose a (collar) neighborhood U of 0W in W that is diffeomorphic to [0,1) x 0W (with 6W corresponding
to {0} x dW). Write w : U — dW as the projection of U onto 0W. Let ¢ : W — [0,1] be a bump function
supported in U and identically 1 on W, which can be done since 0W < W is closed. Define F': W — R"
by F(z) = ¢(x) f(m(z)). This is well-defined since ¢ is zero outside of U and 7(x) is defined for 2 € U. This
agrees with f on the boundary oW.
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Spring 2014-3. Let S” < R"*! be the unit sphere. Determine the values of n > 0 for which the
antipodal map S™ — S™, x — —x is isotopic to the identity.

Hint: Degree is homotopy invariant, deg(A) = (—1)"*!. Block diagonal matrix with blocks rotation by 7t
for0<t<1.

This is exactly Spring 2019-3.

Spring 2014-4. Let wy,- - ,w; be 1-forms on a smooth n-dimensional manifold M. Show that {w;}
are linearly independent if and only if

W1 AW A Awg # 0.

Hint: Linear combination and expand. Dual vector fields are linearly independent.

Referenced in: Spring 2021-10, Spring 2015-3.
Suppose that wq,...,w are linearly dependent. Without loss of generality, suppose we can write wy =
Zf;ll c;w; for some ¢; € R. Then,

k—1 —1
wlA---Awk:wl/\---Awk,lAZciwi:Zciwl/\---/\wk,l/\wi
i=1 i=1

k—1 k—1
= Z(—l)k_l_zciwl A AW AW A A Wp_] = ZO=O
i=1 i=1

since w; A w; = 0 for w; a 1-form. Conversely, suppose that wq,...,wy are linearly independent. Take a point
p € M and locally, let V; be dual vector fields to w;. Since ws,...,wy are linearly independent, so too are
V1, ey Vk SO

w1A~~~/\wk(Vl,...,Vk)=1,

showing wy A - -+ A wg # 0 locally. Since this works in any chart on M, the form cannot be identically zero.

Spring 2014-5. Let M = R2?/Z? be the two dimensional torus, L the line 3z = 7y in R2?, and
S = w(L) € M where 7 : R? — M is the projection map. Find a differential form on M which
represents the Poincaré dual of S.

Hint: Expand and solve in terms of the generators of the exterior algebra dr and dy.

Referenced in: Fall 2023-5.

The loop S wraps around 7 times in the z-direction and 3-times in the y-direction. Similar to Fall 2015-4,
we have

7a—|—3b:f adx—f—bdy:f
s M

so B = —7 and A = 3 and the Poincaré dual of S is 3dz — 7dy.

(Adx + Bdy) A (adz + bdy) = J (Ab — Ba)dx A dy = Ab — Ba,
M

Spring 2014-6. Let S™ = R"*! be the unit sphere, equipped with the round metric gg (the restriction
of the Euclidean metric on R"*1). Consider also the hyperplane H = R™ x {0} = R"*! equipped with
the Euclidean metric gg. Any line passing through the North Pole p = (0,...,0,1) and another point
A e S™ will intersect this hyperplane in a point A’. The map

VSt {p} > H, W(A)=A

is called the stereographic projection. Show that ¥ is conformal, i.e. for any x € S™ — {p}, the bilinear
form (gs). is a multiple of the bilinear form V*((9x)w(a))-
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Hint: Metric gg is i*w for w = dzy ®dzy + ... + dz, 41 ® d2, 41 the standard metric on R**! while gy is 7,
the standard metric on R™. Then, suffices to show (¥~1)*i*w = pu2n for some function p which can be done
in the n = 1 case.

Note that ¥~ : R® — S™ — {p} = R™ x R is given by

2u  |ul? -1
u > .
lul2 + 17 [u]2 +1
Let i : S™ — {p} — R™"™! be the inclusion. The metric gg is i*w where w = dz1 @ dz1 + ... + dr, 1 @ dTp i1
is the standard metric on R, The metric gy is n =dr; ®dz; + ...+ dz, ® dr,. To show that W is

conformal, we would like to show that i*w and ¥*n differ by a positive function, i.e., that there is some
function A such that i*w = A2W*y.

It suffices to show (¥~1)*i*w = pu?n for some function p, as then i*w = W*(u2n) = (P*u2)W*y =
(U* )20 *y. Now,
n+1
(U 1) *i*w = (1o U *w = (io W H)* Z (dz; ® dx;)
i=1

B n 2ui 2ui |’UJ‘2 —1 \u|2 -1
‘(i_Zld(wPH)@d(wm))*d(|u2+1)®d<u|2+1 |

Continuing in the n =1 case,
2x 2x x?—1 2 -1
- o () + 4 G ) 22 (o)
d 2x 2 d (22-1 2

4

which is precisely u?n for u(z) = x%“ Indeed, the calculation for n > 1 is far more messy but one can (not

easily) see that it similarly gives a positive function times 7.

Spring 2014-7. Let X be the wedge sum S Lv 81, Give an example of an irregular covering space
X - X.

Hint: Subgroup {a?,b?,aba=t,bab~') < {a,b). Corresponding cover has three vertices with a loop on left
one, b loop on right one and base point in the middle.

Referenced in: Spring 2024-8.

Recall that regular covering spaces of X are those whose group of deck transformations act transitively on all
fibers and correspond to normal subgroups of 71 (X ). We know 71 (S v S!) = (a, b) where a corresponds to
a loop that goes counterclockwise around the first copy of S 1 and b to the second copy of S*. Le., a covering
space X is regular if and only if for any v, w vertices of X, there is a symmetry o such that o(v) = w.

The subgroup {(a?,b?,abat,bab=1) = {a,b) is not normal and the corresponding covering space is shown
below where it is clear that there is no symmetry o that takes the left vertex to the middle one since the
left vertex has a loop while the middle does not.

(3)

(a® b% aba ', bab™")
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Spring 2014-8. For n > 2, let X,, be the space obtained from a regular (2n)-gon by identifying the
opposite sides with parallel orientations. For example, X3 is

The above description produces a cell decomposition of X,.

(a) Write down the associated cellular chain complex.
(b) Show that X,, is a surface, and find its genus.

Hint: Split into even and odd case, odd has two 0-cells. Classification of compact, orientable 2-manifolds.
g =n/2 or (n—1)/2 for n even, odd, respectively.

(a) If n is even, we have only one 0O-cell, while if n is odd, we have two O-cells. In both cases, we

have n 1-cells, ai,...,ay,, corresponding to the pairs of opposite sides, and one 2-cell, F, attached via

aray - - apaytay’ - -a; ", Thus, the cell chain complex is
022720 %750

for n even. In this case, do(F) =ay1+ ... +a, —a; —... —a, = 0 and 01(a;) = v — v = 0 for all i so both
maps are 0. And for n odd, we have

022727 272 50
where we again have do = 0 but now, d1(a;) = (—=1)% + (=1)"1w for v,w the two generators of Z? = Cj.
Le, 1(21,-..y2n)=(—21+20— ...+ 2n1 — 2,21 — 22+ .. — Zn—1 + 2n)-

(b) First, note that each point in the (2n)-gon has a neighborhood homeomorphic to R?. Each point on
an edge has a neighborhood homeomorphic to the closed half plane, but since the edge is identified (glued)
with another edge, after identification, the neighborhood is homeomorphic to R2. Similarly, each point on a
vertex has a neighborhood homeomorphic to R? after the identification.

Clearly the polygon itself is compact so X,,, as the quotient space of a compact space, is also compact. Based
on the cell complex described in part (a), we can see that Ha(X,,) = ker(dz) = Z so X, is orientable. So
by the classification of compact orientable 2-manifolds, X,, is homeomorphic to My, a torus of genus g for
some g.

To find g, we calculate the Euler characteristic of X,, since we know that x(M,) = 2 — 2g. For n even,
X(Xn) =1—n+1=2-nand for n odd, x(X,) =1—-n+2 =3 —n. Hence, for n even, g = 5 while for n
odd, g = "7_1

Spring 2014-9. (a) Consider the space Y obtained from S? x [0, 1] by identifying (z,0) with (—z,0)
and also identifying (z,1) with (—z,1), for all z € S2. Show that Y is homeomorphic to the
connected sum RPP#RP?.

(b) Show that S2 x S' is a double cover of the connected sum RP?#RP3.

Hint: Removing a 3-cell from RP? gives RP? so RP*#RP? is two copies of RP? glued at the ends of a 2-tube
52 x [0, 1] which is exactly what Y is. Standard double cover S? — RP? at the ends and then S2 x (0,0.5)
covers it once and S? x (0.5,1) covers it a second time.

(a) Note that S?/ ~= RP? where & ~ —z for all z € S? since this is exactly the antipodal identification.
Thus, Y is the union of S? x (0,1) and RP? x {0,1}. On the other hand, consider the CW-structure on RP®
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with one k-cell for each k = 0,1,2,3. Then, RP*#RP? can be formed by removing the 3-cell of each copy of
RP? and gluing the underlying 2-skeletons (which is exactly RP?) to each end of the 3-cylinder S? x [0,1]
via the covering map S2 — RP?. One can easily see that this is the same as Y as described above.

(b) We use part (a) to identify RP*#RP? with S? x [0,1]/ ~. Let S* = [0,1]/ ~o where 0 ~¢ 1. Then, define

(z,2t)

0<t<
(2,2 —2t) 0.

<t<0.5,
5<t<1

p: 8% % ([0,1]/ ~0) = (8% x [0,1])/ ~, p(z,t) = {

Note that this is smooth/well-defined since (z,0) = (z,1) € S? x ([0,1]/ ~o) both get sent to (x,0) €
(5% x [0,1])/ ~. For (z,0) € (S? x [0,1])/ ~, we have the standard double cover S? x {0} — RP? x {0} and

similarly (z,1) is covered by S2 x {0.5} — RP? x {1}. For any other (z,t), we have both (z, £) and (z,1— %)
getting sent to (z,t) so indeed, this is a double cover.

Spring 2014-10. Let X be a topological space. Define the suspension S(X) to be the space obtained
from X x [0,1] by contracting X x {0} to a point, and contracting X x {1} to another point. Describe
the relation between the homology groups of X and S(X).

Hint: Hy(S(X)) = Hj_1(X) for all k. Use Mayer-Vietoris.

This is exactly Fall 2020-6.

Fall 2013

Fall 2013-1. Let f : M — N be a nonsingular smooth map between connected manifolds of the same
dimension. Answer the following questions with a proof or counter-example.

(a) Is f necessarily injective or surjective?

(b) Is f necessarily a covering map when N is compact?
(¢) Is f necessarily an open map?

(¢) Is f necessarily a closed map?

Hint: All but (c) false, consider ¢ — e and (0,1) < R and (—0.1,1.1) — S. Local homeomorphisms are
open maps, just restrict to neighborhood.

Referenced in: Fall 2014-1.

(a) Both are false. f: R — S, f(¢) = €' is not injective and i : (0,1) < R is not surjective but both are
local diffeomorphisms between connected manifolds of the same dimension.

(b) False. f:(—0.1,1.1) —» S, f(x) = ¢*™® is not a covering map since f~1(1) = {0,1} while f~1(-1) =
{0.5}.

(¢) True. Since f is a local diffeomorphism (nonsingular and dim(M) = dim(N)), it is a local homeomor-
phism. Let V = M be a nonempty open subset and let y € f(V). Choose some x € f~!(y) n V. Since
f is a local homeomorphism, find a neighborhood U 3 x such that f|y : U — f(U) is a homeomorphism
onto f(U) € N an open subset. Then, f|y is an open map so f|lg(U nV) = f(U V) < f(V) is an open
neighborhood of y € f(V) so f(V) is an open set and f is an open map.

(d) False. i : (0,1) — R has i(0,1) = (0,1) which is not closed in R while (0,1) is trivially closed in (0, 1).

Fall 2013-2. Let M be a connected compact manifold with non-empty boundary M. Show that M
does not retract onto oM.
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Hint: Use Z/27 coefficients in order to apply Lefschetz duality to simplify the long exact sequence for the pair
(M, 0M). Get ker(H,,—1(0M) — Hy,_1(M)) = Z/27Z, contradicting the fact that it should be an injection if
r: M — 0M is a retraction.

This is exactly Spring 2023-4.

Fall 2013-3. Let M, N < RP*! be two compact, smooth, oriented submanifolds of dimensions m and
n, respectively, such that m + n = p. Suppose that M n N = J. Consider the linking map

A MxN— S, Aa,y) = \|i:g|\'

The degree of X is called the linking number [(M, N).

(a) Show that I[(M, N) = (—1)(m+D+D (N M).
(b) Show that if M is the boundary of an oriented submanifold W < RP*! disjoint from N, then
I(M,N) = 0.

Hint: I(N,M) = deg(N),N = AoAy;0S: NxM — SP. Define F(w,n) W= so that A = 0F = Foiy

= Tw=nll
s0 d\*w = dF*w and use Stokes’ to integrate deg()) {4, w for any volume form w.

This is exactly Fall 2020-5.

Fall 2013-4. Let w be a 1-form on a connected manifold M. Show that w is exact, i.e., w = df for some
function f, if and only if for all piecewise smooth closed curves ¢ : S — M it follows that Scw =0.

Hint: Stokes’. Define g(z) = S7 w where v, is path from zy to z. Well-defined since integrating any loop
gives 0 by assumption. Then dg = w.

Referenced in: Spring 2013-2.

This is essentially the same as Spring 2019-5. The reverse direction there is purely stronger while for the
forward direction, if w = df is exact, we have

L w= f df = Ej o= f Cd(foo) = Y Felts) = fleltin) = Flelta)) — Flelto)) = 0.

i—1 i=1

Fall 2013-5. Let w be a smooth, nowhere vanishing 1-form on a three dimensional smooth manifold
M3,

(a) Show that ker(w) is an integrable distribution on M if and only if w A dw = 0.
(b) Give an example of a codimension one distribution on R? that is not integrable.

Hint: ker(w) = span(%, e, W%), wly = fudx™. Set a|y = dff—g and put together with partition of unity.

For backward direction, use Frobenius’s theorem with dw(X,Y") = —w([X,Y]) to show [X, Y] € ker(w). Take
w = —ydx + xdy + dz.

(a) This is exactly (a) <= (b) in Fall 2022-4.
(b) Let w = —ydx + xzdy + dz. Then
w A dw = (—ydx + xzdy + dz) A (2dx A dy) = 2dz A dy A dz # 0,

so ker(w) is not integrable by part (a).
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Fall 2013-6. Let f: R™ — R be a smooth function.

(a) Define the gradient V[ as a vector field dual to the differential df.

(b) Define the Hessian Hessf(X,Y") as a symmetric (0, 2)-tensor.

(c) If the usual Euclidean inner product between tangent vectors in T, R™ is denoted ¢(X,Y) = X .Y,
show that

Hessf(X,Y) = %vag(X, Y).

Here Lzg is the Lie derivative of g in the direction of Z.

Hint: Vf =" of 0 Hy = lei,an afjiof%dxz ® dz;. Expand out with g = "' | dz; ® dz;. Cartan’s

i=1 Ox; Ox;’
magic formula.

(a) We know that the dual of dz; is (dz;)* = 2. Thus, since df = X", Pm L dx;, we have

n

Z &ﬂl

(b) We will write Hy(X,Y) for Hessf(X,Y") for simplicity. We have

2

Z ——dx; @ dx;.
< Ten 0x; 0% ;
_PfF  _ _f
Note that this is symmetric since mixed partials commute .- ey = wgmi

(c) Note that g = >,"" | dz; ® dz;. Now,

Lyvig = Ly (Z dz; @d:“) = ) Lys(dr; ® dz;)

i=1 =1

Z Ly pdz;) ® do; + do; @ (Ly pd;).
=1

Then, by Cartan’s magic formula,

Lydz; = ived(de;) + divede; = 0+ d(Vf)(z;) =d < of > = znl 1 dx;.
Jj=1

(%ci 81;1-6@
So we have,
n n an n n
LVfg_Z( 00, j>®dxi+2dx’ (Za 0w )
i=1 \j=1 J i=1 J
> % f 5 02
:Zzaxiax xj®dz1+226$a dz; @ dx; = 2Hy,

i=1j4=1 J i=1j=1

using the equality of mixed partials and symmetricity of tensors.

Fall 2013-7. Let M = T? — D? be the complement of a disk inside the two-torus. Determine all
connected surfaces that can be described as 3-fold covers of M.
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Hint: Graphs with 3 vertices of degree 4 each. Consider the edges a and b. Seven (thirteen) total, four
normal.

Note that M is homotopy equivalent to a punctured torus which we know deformation retracts onto S v S*.
Thus, this is essentially the same as Fall 2020-8. Note that if we kept track of base point, we would have
thirteen 3-sheeted covers instead because the third, fifth, and sixth examples have no symmetry so split into
three examples each. Then, to get a covering of M, we would attached three 2-cells to each of these graphs
via the boundary words aba~1b~!, one starting/ending at each vertex and remove a D? from each 2-cell.

Fall 2013-8. Let n > 0 be an integer and let A be an abelian group with a finite presentation by
generators and relations. Show that there exists a topological space X with H,,(X) =~ A.

Hint: Fundamental theorem of finitely generated abelian groups. Disjoint union of spaces gives direct sum
of homology groups. Attach (n + 1)-cell to S™ by a degree m map to get Z/mZ.

Referenced in: Fall 2010-7.

Note that finitely presented abelian groups are exactly the finitely generated ones and we know that any
such group can be uniquely written as

A=7"®L/mZ D - - DL/miZ,

for some r = 0,m; | mg | -+ | mg natural numbers. Let X = S™ for which we know H,(X) = Z. For
m € N, let X,,, be the space with CW structure obtained by attaching an (n + 1)-cell to S™ by a degree m
map f,, : 0Dt = S" — §" (We know such a degree m map exists say by Fall 2022-3.) It is clear that
H,(X.) = Z/im(f,) = Z/mZ. Then, using the fact that Hy(Y 1 Z) =~ H.(Y) ® Hy(Z), we get

H, <|_|X|_1Xm1 L ---Uka> 2L QLTS ®L/mpZ = A.

i=1

Fall 2013-9. Let H — S2 be the Hopf link, shown in the figure

aw

Compute the fundamental group and the homology groups of the complement S3 — H.

Hint: m(S® — H) =72, Hy(S®* — H) = L) @ Z?l) @ Z (o). Homotopy equivalent to torus 7.

We explained in Fall 2017-10 how X = S2 — H is homotopy equivalent to T2, the standard torus so has
fundamental group 71 (X) = Z2. The homology groups of the torus are also very easy to see by inspection
(or Kiinneth’s formula):
Z k=0,2,
Hy(X)=147Z> k=1,

0 otherwise.

Fall 2013-10. Let H = RGRi®Rj @Rk be the group of quaternions, with relations i2 = j2 = —1,ij =
—ji = k. The multiplicative group H* = H — {0} acts on H"™ — {0} by left multiplication. The quotient
HP" ! = (H" — {0})/H* is called the quaternionic projective space. Calculate its homology groups.
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Hint: One cell in each dimension 4k for 0 < k < n. So Hy(HP") = Zy @ Z4) ® - - - ® ZLan)-

We give HP" a cell structure with one 4k-cell for each 0 < k < n by induction. Clearly HP is just a single
point, i.e., a single O-cell. Then, given such a cell structure on HP™ ', we attach a (4n)-cell via

¢ : 0D = S S HP Y (ag, ... an-1) = [ag o an_1],

where we are viewing $4"~! < R*" ~ H". Then, we can see that D" U, HP" ! ~ HP", with homeomor-
phism given by

) ) [ag: - :apn_1]—[ay: - :apn_1:0] on HP" 1,
: D" HP"™ — HP"
! n ’ (ag,...,an_1) — [ao SERERMIERYA B S |ai|2] on D"

On the boundary ¢D*", we have Z;:Ol la;|?> = 1 so indeed this is well-defined and continuous. Moreover, it
is not hard to see that this is a bijection with continuous inverse. The corresponding cell complex thus has
Z in degree 4k for 0 < k < n and 0 elsewhere. So all the boundary maps are 0 and the homology is just

7 i=4k,0<k<n,

0 otherwise.

H;(HP") = {

Spring 2013

Spring 2013-1. Let Mat,, x,(R) be the space of m x n matrices with real valued entries.

(a) Show that the subset S — Mat,,x,(R) of rank 1 matrices forms a submanifold of dimension
m+n—1.

(b) Show that the subset T < Mat;,xn(R) of rank k matrices form a submanifold of dimension
E(m+n—k).

. 1 0 A B A B . . A B
Hint: (_021 Ik) (C’ D) = (0 D—CAlB) so consider f : N — M, _j given by (C’ D) —
D — CA~'B. Preimage theorem.

This is exactly Fall 2018-2 with m x n instead of n x n (but this only changes the dimensions throughout).

Spring 2013-2. Let M be a smooth manifold and w € Q!(M) a smooth 1-form.

J w
along piecewise smooth curves c: [0,1] — M.
(b) Show that w = df for a smooth function f : M — R if and only if Scw = 0 for all closed curves
c:[0,1] = M, i.e., ¢(0) = ¢(1).

(a) Define the line integral

Hint: Define as sum of integrals on each piece of 7 w. Stokes’. Define g(x) = S’y, w where v, is path from
xg to z. Well-defined since integrating any loop gives 0 by assumption. Then dg = w.

(a) For ¢: [0,1] — M piecewise smooth, with each v; = c|j¢,_, .1 : [ti—1,t:] — M smooth for 0 <ty <t; <

... <t, =1, we define
n t;
J w = Z J viw.
c i=1Yti-1

(b) This is exactly Fall 2013-4.
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Spring 2013-3. Let S1,S2 € M be smooth embedded submanifolds.

(a) Define what it means for S, .52 to be transversal.
(b) Show that if S1,S5 © M are transversal then S; n Ss € M is a smooth embedded submanifold of
dimension dimS; + dimSs; — dimM.

Hint: T,,S1+T,5> =T, M for all x € S;n.S;. Work locally with a slice chart and compose with the inclusion.
Show 0 is still a regular value using transversality, then preimage theorem.

(a) S1 and S are transversal if for all x € S; N Sy, we have
T.,S1 +T1,Sy =T, M.

This is equivalent to saying that the inclusion map ¢ : Sy < M is transverse to Sy, i.e., for each z € 57 such
that i(x) € Sa, we have

(b) Write dimM = m,dimS; = s;,dimS; = s5. Let i : S; — M be the embedding of S; into M and
let p € S1 n Sy. Since Sy is an embedded submanifold of M of codimension m — s, we can find an
open neighborhood U < M of p and m — sy independent functions gi,...,¢m—s, : U — R such that
UnSs={qeU|gi(q) = = gm—s,(q) = 0}. Thus, we have

UnSinSe={qelUnS|gioi(q) == gm—s, 0i(q) = 0}.

We see that g : U — R™7*2 defined by g = (g1, -, gm—s,) has 0 as a regular value with g=1(0) = U n Ss.
Then, consider goi : U n S; — R™7%2, Note that (goi)~(0) = U n S; n Sy and we claim that 0 is a
regular value of g oi. For this, let ¢ € (go4)71(0) so that d(goi), = dg, o diy where diy : T,(U nSy) = T,U
and dgq : T,U — R™7 %2, Since 1 is transversal to Sa, we have T,U = di,(T,(U n S1)) + T,(U n S2). By
construction, dg, is zero on T,(U n S2) since g is constant on U n Sa. Thus, dg, is surjective even when
restricted to digy(Ty(U n S1)) which exactly implies that dg, o di, is surjective so indeed 0 is a regular value
of goi.

Thus, by the preimage theorem, U n S; n Sy is a submanifold of U n S; of codimension m — ss, i.e., of
dimension s; — (m — s2) = s1 + so — m. Since a manifold structure is determined locally, we conclude that
S1 N Sy is a submanifold of Sy of dimension s; + so — m.

Spring 2013-4. Let C < M be given as F~!(c) where F = (F!,...,F¥) : M — R* is smooth and
c € R” is a regular value for F. If f: M — R is smooth, show that its restriction f|c to a submanifold
C < M has a critical point at p € C' if and only if there exist constants Aq,..., Ax such that

df, = > \idF

where dg, : T, M — R denotes the differential at p of a smooth function g.

Hint: F is constant on C' so dF;; = 0 for all ¢ and any p € C. df,, can only be nonzero on directions normal
to C for which dF}, form a basis.

Let ¢ : C — M Dbe the inclusion. A point p € C' is a critical point of f|¢ if and only if d(f|c), : T,C —
TrmR = R is not surjective. But d(f|c), = d(f o1i), = df, o di,, and since R is 1-dimensional, this is

surjective if and only if it is nonzero. If df, = Z§=1 \;(dF7),, then we have

k k
dfy o diy = Y Nj(dF7), o diy = Y Nd(F oi), = > A;-0=0,
= : :



since each F7 oi : C — RF is just a constant function C' — ¢; by assumption. So certainly if df, is of this
form, p will be a critical point. Conversely, suppose that p € C' is a critical point of f|¢ so df, o di, = 0.
Write T,M = T,,C®V, where V,, is the orthogonal complement of 7,C in T, M. Then, note that di, : T,C —
T,C @V, is an injection into the first factor.

Thus, df,(T,C) = 0 so df, is nonzero only in directions normal to C. By construction, we know that

del, ce dFI’f form a (dual) basis for V,,. Thus, we can find constants A1, ..., Ay such that df, = Z§:1 )\deg
as desired.

Spring 2013-5. Let M be a smooth, orientable, compact manifold with boundary ¢M. Show that
there is no (smooth) retract r : M — 0M.

Hint: Use Z/27 coefficients in order to apply Lefschetz duality to simplify the long exact sequence for the pair
(M, 0M). Get ker(Hy,—1(0M) — Hyp_1(M)) = Z/27Z, contradicting the fact that it should be an injection if
r: M — OM is a retraction.

This is exactly Spring 2023-4.

Spring 2013-6. Let A€ GL,4+1(C).

(a) Show that A defines a smooth map A : CP" — CP".

(b) Show that the fixed points of A : CP™ — CP" correspond to eigenvectors for the original matrix.

(c) Show that A : CP" — CP" is a Lefschetz map if the eigenvalues of A all have multiplicity 1.

(d) Show that the Lefschetz number of A : CP" — CP" is n + 1. Hint: You are allowed to use that
Gl,,+1(C) is connected.

Hint: (d¢a). has no fixed points for any eigenvector = of A. Use local coordinates. Since we can homotope
anywhere by connectedness, use A = diag(1,2,...,n+ 1) to use part (c) so Lefschetz number is sum of local
Lefschetz numbers which are all +1 so answer is n + 1.

Referenced in: Spring 2024-9.

(a) Define A : CP" — CP" by
[20: 2] =[(A2)1 : -+ : (A2)n]

where we treat z = (2¢,...,2,)7 as a column vector in C"*! and we write v; for the ith component of
a vector v. Now, since A is invertible, it descends to a map C"*! — {0} — C"*! — {0}. Then, note that
A(Xz) = MA(z) so that A(A\z) ~ A(z) in CP", showing that A indeed factors through the map CP" — CP"
shown above which is thus well-defined. Finally, smoothness is merely inherited from A € GL,1(C) being
linear and thus a smooth map from C**! to C*+1,

(b), (c), and (d) This is exactly Spring 2022-10.

Spring 2013-7. Let F' : 5™ — S™ be a continuous map.
(a) Define the degree deg F' of F' and show that when F' is smooth

degF | w= f F*w
S‘VL n

for all we Q™(S™).
(b) Show that if F' has no fixed points then deg F' = (—1)"*1.

Hint: Ssn F*w = SF* gn w since we can view S™ as an n-cycle in the domain S™. Lefschetz trace fixed point
formula.
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Referenced in: Spring 2011-3, Spring 2010-8.

(a) Note that H,(S™) = Z so F : S™ — 5™ induces a map Fy : Z — Z on nth homology. Such a(n
additive) group homomorphism is precisely multiplication by some a € Z and we define deg(F) = «. Le.,
deg(F) = Fy[1] on top homology. If we view S™ as an n-cycle in the domain S™, we have

J F*w:f w=degF | w,
n F*S7l Sn

since F,(S™) is a (deg F)-fold cover of S™.
(b) This is exactly part (a) of Spring 2021-2.

Spring 2013-8. Let f: S"~! — S"~! be a continuous map and D" the disk with D™ = S"~ 1.

(a) Define the adjunction space D™ uy D™.
(b) Let deg f = k and compute the homology groups H,(D" uy D™ Z) for p=10,1,....
(c) Assume that f is a homeomorphism, show that D™ Uy D™ is homeomorphic to S™.

Hint: Cell structure with one 0-cell, one (n — 1)-cell, and two n-cells. Think of S™ = D™ ;g D™.

(a) D™ Uy D™ = (D™ L D")/ ~ where x ~ f(z) for all x € 0D™ = S"~!. Le., we have two copies of D" and
we glue their boundaries together via the function f.

(b) Let X = D™ uy D™ Then X has a CW structure with one 0 cell v, an (n — 1)-cell e attached to v to
make S"~!, and two n-cells f; and f,, one of which is attached via the identity map (in order to make the
first copy of D™), and the other is attached via the degree k map f : S"~! — S7~! (this is the other D"
glued to the first by f). So X has cell chain complex

02572 50— —0->7Z—0,

where the nonzero terms only appear in degree n,n—1, and 0. (Note that n > 1 so n—1 > 0 and there is no
overlap to worry about.) The single nonzero map 0 is given by (a,b) — a + kb by definition of the attaching
maps. Hence, we easily compute
Z k=0,n,
Hy(X) = .
0 otherwise.
(c) We can think of S™ as D™ ujg D™ and view D™ c R™ as the unit n-ball centered at the origin. Then
define
T between the first copies of D",
g: D" Uig D" — D" Uy D", i pies
T — Hx||f(m) between the second copies of D".
On the boundary S"~! = D", we note that these two cases agree because ||z|| = 1 in the first copy of D"
in D™ Uy D" is identified with f(z) in the second copy of D™ by definition. Moreover, this is continuous
bijection from a compact space to a Hausdorff space so is a homeomorphism.

Spring 2013-9. Let F': M — N be a finite covering map between closed manifolds. Either prove or
find counter examples to the following questions.

(a) Do M and N have the same fundamental groups?
(b) Do M and N have the same de Rham cohomology groups?
(¢) When M is simply connected, do M and N have the same singular homology groups?

Hint: All false with counterexample p : S2 — RP?,

All three are false with the same counterexample p : S? — RP?. We know 71 (S?) = 0 while 7 (RP?) = Z/2Z.
Also H2,(S?) = R while H2,(RP?) = 0. Finally, H»(S?) = Z while Hy(RP?) = 0.
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Spring 2013-10. Let A = X be a subspace of a topological space. Define the relative singular homology
groups H, (X, A) and show that there is a long exact sequence

= Hp(A) = Hp(X) — Hp(X, A) — Hp-1(A) = -~

Hint: Cp (X, A) = Cr(X)/Cp(A). Show we have short exact sequence of chain complexes which induces two
of the three maps on homology and the last is the connecting map from the snake lemma.

On the level of chain complexes, we have C,, (X, A) = C,,(X)/C,,(A) where the latter forms a chain complex
with boundary operator 0[A] = [0A]. This is well-defined because if A € C,,(X) has [A] = 0, then A € C),(A4)
s0 0A € C—1(A) and [dA] = 0. Moreover, it is clear that 0o d = 0.

Now, we claim that
00— Co(A) > Co(X) > Co(X,A) > 0

forms a short exact sequence of chain complexes. For each n, we have a short exact sequence of abelian
groups

0— Ch(A) = Cr(X) = Cp(X)/Cr(A) = 0

which by the above comment is the same as
0— Co(A) 5 Cu(X) L Cn(X, A) — 0.

It is clear that i o @ = 0 o4 by definition. Moreover j o d(A) = j(0A) = [0A] = J[A] = do j(A) so we also
have jod = doj. Thus, i and j are indeed maps of chain complexes, proving the claim. Then, the maps
H,(A) - H,(X) and H,(X) — H,(X,A) are simply induced by 7 and j respectively for each n. Finally,
the map H,(X,A) - H,_1(A) is the connecting map obtained from applying the snake lemma (say as in
part (b) of Fall 2022-6).

Fall 2012
Fall 2012-1. (a) Show that the Lie group SLs(R) = {A € May2(R) | det(A4) = 1} is diffeomorphic

to St x R2.
(b) Show that the Lie group SLz(C) = {A € May2(C) | det(A) = 1} is diffeomorphic to S3 x R3.

Hint: Polar decomposition for both parts, orthogonal/unitary and positive definite symmetric/hermitian.
Then SO2(R) =~ St and SU,(C) =~ S3.

Referenced in: Spring 2024-1.

(a) For A € SLy(R), we can find the polar decomposition A = OP for O an orthogonal matrix and P a positive
semidefinite matrix. Since det(A) = 1, we have det(O)det(P) = 1 implying that det(O) = det(P) = 1 as
det(O) = +1 for orthogonal matrices and det(P) = 0 for positive semidefinite matrices. Thus O € SO5(R)
and P is positive definite. Now, recall that SO2(R) =~ S! since a special orthogonal 2 x 2 matrix is just

rotation by some 6 € [0,27) which we can map diffeomorphically to S* via 6 +— €.

On the other hand, P is a positive definite matrix with determinant 1. So

a b
P-(4)
with ad — b*> = 1. Hence P is determined uniquely by @ > 0 and b € R since d = # is forced by
the determinant condition. Conversely, any choice of a > 0,b € R yields a positive definite matrix with

determinant 1 of the above form (by Sylvester’s criterion). Le., the positive definite matrices of determinant
1 are diffeomorphic to (0,0) x R = R2. Finally, it is easy to see that any choice of special orthogonal 2 x 2
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matrix and positive definite 2 x 2 matrix with determinant 1 gives a matrix with determinant 1 via A = OP
so we have the desired diffeomorphism SLs(R) =~ S x R2.

(b) Now, polar decomposition gives A = UP for U unitary and P positive semidefinite and Hermitian.
Similarly, we have det(U) = det(P) = 1 so U € SU2(C) and P is positive definite, Hermitian, and has
determinant 1. In this case, we recall that

SU,(C) = S3 via <_“b 2) < (a,b) € 83 < C2.

;)

for a,b,c € C with ac — |[b|> = 1. By Sylvester’s criterion, such a matrix is positive definite if and only if
1+[b]?
a

On the other hand, P must be of the form

R 5a > 0,ac — |b]?> > 0 and the determinant condition is satisfied if and only if ¢ = . Le., the positive
definite Hermitian matrices of determinant 1 are in bijection with ordered pairs (a,b) € (0,00) x C = R3 so
we have the desired diffeomorphism SLo(C) =~ S3 x R3.

Fall 2012-2. For n > 1, construct an everywhere non-vanishing smooth vector field on the odd-
dimensional real projective space RP?" 1.

Hint: Standard nowhere zero vector field on S™, (21, 22,...,%n, Tnt1) — (—T2,T1,..., —Tpt1,Tn), factors
through a vector field on RP™.

This is the second part of Fall 2019-3.

Fall 2012-3. Let M™ < R™ be a smooth submanifold of dimension m < n—2. Show that its complement
R™ — M is connected and simply connected.

Hint: Homotope a path in R™ to one that is transversal to M and show this must not intersect M. Use
extension theorem on a homotopy from [0, 1] x [0,1] — M with C' = {0,1} x [0,1] U [0,1] x {0,1} a closed
subset with the image of H|¢ transverse to M.

This is exactly Fall 2015-6.

Fall 2012-4. (a) Show that for any n > 1 and k € Z, there exists a continuous map f : S™ — S™ of
degree k.
(b) Let X be a compact, oriented n-dimensional manifold. Show that for any k € Z, there exists a
continuous map f : X — S™ of degree k.

Hint: Construct fj, : S® — S™ of degree k using z — 2* in S* and suspending. B < M homeomorphic to R",
show ¢ : M — M /(M — B) =~ S™ has degree 1 using a commutative square. Use Whitney’s approximation
theorem to get smooth map.

This is exactly Fall 2022-3.

Fall 2012-5. Assume that A = {X;,..., X} is a k-dimensional distribution spanned by vector fields
on an open set {2 € M™ in an n-dimensional manifold. For each open subset V' < () define

Zy ={ue C®(V)| X1u=0,..., Xru = 0}

Show that the following two statements are equivalent:

(a) The distribution A is integrable.
(b) For each x € Q there exists an open neighborhood x € V' < Q and n—k functions uy, ..., u,—x € Zy
such that the differentials duq, ..., du,_j are linearly independent at each point in V.
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Hint: Find chart for which N = {zF*!(¢) = a**1,...,2"(¢) = a"} and the coordinate functions are the
desired functions. Check that if 7 is a 1-form which annihilates A, then dn also annihilates A, using
duy,...,du,_x span Zy.

(a) = (b). For each p € , there exists an integral submanifold N for A at p. We can find a slice chart
(V,z) for N centered at p, i.e., x : V — (—¢,€)" and z(p) = 0, such that

NV ={geV|a"!(g)=---=2"(¢q) = 0}.

For g € N nV, note that

i=1,...,k} = Ay =Span{(X1)g, .-, (Xk)q}-

0
T,N = Span{w’q |

Then, since %xj = 0 for i # j, we have that z*+1, ... 2" are killed by all vectors in T,N = A, In
particular, for each g € N 0V, (X;)q(27) = 0for 1 <i < kand k+1 < j <n. Hence 2/ € Zy for all
k+ 1 < j < n. Finally, note that the differentials dz**',..., dz™ are clearly linearly independent at each

k+i

point in V since the x* are coordinate functions so letting u; = x*** gives the desired n — k functions on Zy .

(b) = (a). By Frobenius’ theorem, A is integrable if and only if A is involutive which occurs if and only
if the annihilator ideal

IA)={neQ(M)|1<j<nand n(Yr,...,Y;) =0forall Yy,...,Y; € A}

is closed under the exterior derivative. It suffices to check that if 7 is a smooth closed 1-form which annihilates
A (locally on V'), then dn also annihilates A. By the linear independence of duy, ..., du,—, we can tell that
they generate the degree 1 part of T(A) at each point, so if n € I(A), then n = Z;;k fidu; for some smooth
functions f;.

Then, dn = Z:;k dfi A du;. For X|Y € A, we have (df; A du)(X,Y) = dfi(X)du; (V) — dfi(Y)du;(X) =
0 — 0 = 0 since du; annihilates A. Thus, we see that dn(X,Y) = 0 and we conclude if 7 is a 1-form
annihilating A, so too is dn as desired.

Fall 2012-6. On R™ — {0} define the (n — 1)-forms
n ) ) -
o= Z(—l)l_lx’dxl Ao Adrt A Ada”
i=1
1 < i—1, 7.1 T n
= WZ(_U a'dx A-odat Ao A de
i=1

w

(a) Show that w = r* 0i*(0), where i : S"~1 — R™ — {0} is the natural inclusion of the unit sphere
and r(z) = &7 : R" — {0} — S™=! the natural retraction.

(b) Show that o is not a closed form.

(c¢) Show that w is a closed form that is not exact.

Hint: (a) 0p(X1,...,Xn-1) = det (p (X1)p, -+ (Xn-1)p). Check pointwise and do it for bases of the
components 7,57~! and N,S;~'. (b) Just compute. (c) Use part (a) to show closed, not exact since
integrates to n - vol(B) > 0.

(a) First, we claim that

Up(X17~-~7Xn—1) = det (p (Xl)p (anl)p)-

For this, it suffices to plug in the basis vectors =2t ..., =27, ..
ox ox

. a%n The right hand side then becomes

det (p er - & - ey)=(=1)""det(er -+ €1 p €1 - en) = (—1)""2'(p),
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which agrees with the coefficients of . To show w = r*i*o, it suffices to check pointwise and for a fixed
p € R™—{0}, it suffices to check by plugging in basis vectors. We choose a basis of T,R" = Tp,S'Z’,L—1 (—BNpSg_l
by selecting a basis for each component, where S;L_l is the unique (n — 1)-sphere containing p. For NI,S’;L_l7
we simply take the basis {p}.

First, we check that if any of the (X;),’s are in N,S»~1, then (r*i*o),(X1,..., Xp_1) and wp(X1,..., X, 1)

are both 0. Write (X;), = Ap. Then by the determinant form of o above, we see immediately that
op(X1,..., Xpn—1) =0. So wp(Xy,...,Xpo1) = ﬁap(Xl, ...y Xp—1) =0 as well. On the other hand,

(T*Z.*O')p(Xl, .- 7Xn—1) = 0 1 (d(’L o r)le, ceey d(’t e} T)an—l)-

[Pl

Taking ~v(t) = tAp, we see 7'(1) = A\p. Meanwhile r oy = % is constant, so that (dr),(Ap) = 0. Then
d(ior)p(Xi)p = (di)p)pdrp(Xi)p = 0 for (X;), = Ap. From this, we see

oz (d(ior)pXi,...,d(ior),X,—1) =0.
Hence wy(X1,...,Xn-1) = (r*i*0),(X1,...,Xs-1) = 0 whenever any (X;), € N,S;~'. By the above
remarks, it only remains to check on the basis vectors in T,,S;“l. However, if X, € TpS”’l, we may write

it as (djp)pYp, where j, : S7~1 — R™ — {0} is inclusion, for some vector field ¥ on S~!. Thus it remains to
check

(r*i*0)p(djp) p(Y1)ps - - +» (dip)p(Yn—1)p) = wp(dip)p(Y1)ps - - -+ (dip)p(Yr—1)p)-
However, for this, it simply suffices to check that jy(r*i*o) = j;(w). Note that i o7 o j, = z/|p| is just

multiplication by 1/|p|, so that (ioroj,)*o is o

0 lsn-1, where we gain a 1 /|p| factor from each z; and dx’
r
term. Meanwhile,

1 1 1 1
v B R I
I GRT) T ey, T T s
since |z|™ o j, = |p|™ is constant.

(b) We can just compute

-

do = (—1)i*1dxiAdx1/\~--/\d/:;i/\~--/\dx":2dx1/\-~-/\dxi/\-~-/\dx”:n(d:v1/\-~-/\dx”),
i=1

i=1

which is nonzero so ¢ is not closed.

(¢) We have w = r*i*0 so dw = d(r*i*o) = r*i*(do) = 0 since do is an n-form so i*do is an n-form on
S™~1 50 must be zero. So w is closed. On the other hand, i*w = i*r*i*c = (roi)*i*o = i*o since roi = id.
But from the expression for o, we can find a form & on R™ such that ¢ = j*5 for j : R™ — {0} — R™. Then,

de = n(dx' A -+ A dz™) by the same calculation as in part (b) so Stokes’ theorem gives us

J i*wzf i*azj i*j*c?:f d&zf n(dz' A -+ A dx™) =n-vol(B) # 0,
Sn71 S’n—l S*Vl*l B B

where B = {z € R" | || < 1} is the closed unit n-ball. But if w were exact, we would have w = df so that
i*w = i*df = d(i*0) is exact and hence integrates to 0, a contradiction so w is not exact.

Fall 2012-7. Let n > 0 be an integer. Let M be a compact, orientable, smooth manifold of dimension
4n + 2. Show that dimH?"T1(M;R) is even.

Hint: H*" (M) x H**Y(M) — R by (w,n) — §,,w A 7. Show this is bilinear, anti-symmetric, and non-
degenerate. Corresponds to an invertible k x k (k = dim(H?"**(M))) matrix with A = —A7T but if k is odd,
we get det(A) = —det(A), a contradiction.

This is exactly Fall 2021-5.
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Fall 2012-8. Show that there is no compact three-dimensional manifold M whose boundary is the real
projective space RP?.

Hint: ITmmediate from x(M) = 3x(0M) and x(RP?) = 1. Glue two copies of M together along the boundary
to make N. N is closed, odd-dimensional so has x(IN) = 0 by Poincaré duality (use Z/2Z coefficients) and
then use Mayer-Vietoris to get equation.

By Spring 2022-9, we know x(M) = 3x(0M). But x(RP?) = 1 and the Euler characteristic of a manifold is
an integer, so we get a contradiction if M = RP?.

Fall 2012-9. Consider the coordinate axes in R™ :

Li:{(xlv'--vxn)‘-fj =0 for allg;éz}

Calculate the homology groups of the complement R” — (L1 u --- U Ly,).

Hint: Hy(X) = Z) ® Z?:L’__Ql). X is homotopy equivalent to the wedge sum of 2n — 1 copies of S™2.

Note first that X = R" — (L; U -+ U L,,) deformation retracts onto S"~! — J where J is a collection of 2n
points. Then, we know that S"~! —{p} is homotopy equivalent to R"~! for p € S"~! a point so X =~ R"~! - K
for K a collection of 2n — 1 points. From here, each neighborhood of a removed point is homotopy equivalent
to S"~2. So with a proper deformation, we can isolate these neighborhoods and retract X onto the wedge
sum of 2n — 1 copies of S"~2. Hence, we get

2n—1 7 k' = 0,
Hy(X) = Hy, < \ S"‘2> =77 k=n-2,
i=1 0 otherwise.

We have degenerate cases for n = 1 and 2. Namely for n = 2, we get Hy(X) = Z* for k = 0 and 0 otherwise,
while for n = 0, X = J so we ignore this case.

Fall 2012-10. (a) Let X be a finite CW complex. Explain how the homology groups of X are related
to the homology groups of X x S*.
(b) For each integer n > 0, give an example of a compact smooth manifold of dimension 2n + 1 such
that H;(X) =Z for alli=0,...,2n + 1.

Hint: Hp(X x S') = Hx(X) ® Hy_1(X) by using product CW structure. CP" x St.

(a) For each 0 < k < N, let X have ny, k-cells, namely e¥, ..., eflk. Consider the CW structure on St given
by one O-cell v and one 1-cell e = [0, 1] which is attached to v by the endpoints. Then, the product X x S!
has cells that are the products of the cells of X and the cells of S!.

Namely, we have (ny +ng_1) k-cells ¥ x v and e?‘l xefori=1,...,ngand j =1,...,n5_1. We then have
boundaries as follows
ol x v) = del x v+ (=1)kel x dv = def x v,
o(eft xe) = ekt x e+ (—1)F e x de = deb T xe,
since dv = 0 and de = v — v = 0. So, given the following chain complex for X:

00— 00— Cy— 0,
we have the complex for X x S':

(0:,0i-1)
-

= CiD 0 Ci1®Ci_g — -+
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Clearly ker(0;,0;—1) = ker(0;) @ ker(d;—1) and im(0; 41, ;) = im(0;4+1) ®im(d;). So, taking the homologies
of these chain complexes, we have

Hi(X x S') = Hy(X)® H;_1(X),

where we set H_1(X) = 0.

(b) First, we know that the homology CP" is Z in all even degrees and 0 in all odd degrees up to 2n. Thus
CP" x S! has homology Z in all degrees from 0 to 2n + 1 (inclusive) by part (a).

Spring 2012

Spring 2012-1. Explain in detail from the viewpoint of transversality theory, why the sum of the
indices of a vector field with isolated zeroes on a compact orientable manifold M is independent of what
vector field we choose.

Hint: Vector field X corresponds to global (by compactness) flow ¢; that is a diffeomorphism for small ¢.
This is homotopic to ¢g = id;, independent of X.

This is precisely the Poincaré-Hopf index theorem. Let X be a vector field with isolated zeroes. By com-
pactness, X has only finitely many zeroes, and we can find a global flow ¢; corresponding to X (i.e.,
% lt=0 ¢+ = X.) For small enough ¢, ¢; is a diffeomorphism with fixed points precisely the zeroes of X which
are isolated. In particular, ¢; is a Lefschetz map. Then, we have

Z ind, (X) = Z Lp(dt) = Ay,

p|Xp=0 plé+(p)=p

Namely, the Lefschetz number of ¢; is the sum of the local Lefschetz numbers, which are identically the
indices of the zeroes of X. Now, note that ¢g = idy; so ¢¢ and id; are homotopic via the backwards flow
¢_¢. Since the Lefschetz number of a map is homotopy invariant, we have A4, = Aiq,, which is independent
of the vector field X that we began with.

Spring 2012-2. Call the index sum in problem 1 the Euler characteristic x(M). Explain why the Euler
characteristic of a genus g surface (2-sphere with g handles attached) is 2 — 2g. [Do this explicitly: do
NOT appeal to the theorem that the Euler characteristic in the vector field sense indicated is computable
from homological information. That comes next!]

Hint: Dunking the donut flow. Index of source and sink is +1 while of a saddle is —1 because of eigenvalues
being greater /smaller than one.

We construct a vector field on the surface of genus g as follows: imagine dunking an n-holed donut in some
kind of liquid and taking the vector field induced by the flow of the liquid after you pull it out. This will
have a source at the top, a sink at the bottom, and 2g saddles, one at the top and bottom of each of the g
holes. Now, we compute the indices of these zeroes.

Both the source and sink have index 1. This is because at the source, d¢; has eigenvalues both greater than
1 so d¢+ — I has both positive eigenvalues and is thus orientation preserving, while at the sink d¢; — I has
both eigenvalues less than 1 so again d¢; — I has positive determinant and is orientation preserving. On the
other hand, at a saddle, we have one eigenvalue of d¢; greater than one and one less than one, meaning the
determinant of d¢; — I is negative so it is orientation reversing. Thus, the sum over the indices is indeed
2 —2g.
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Spring 2012-3. Suppose that M is a triangulated compact orientable manifold, i.e., a manifold M
represented as a finite simplicial complex.

(a) Show that the alternating sum of the Betti numbers by — by + by — ... (where by, = rank of the kth
homology group with real coefficients) is equal to the alternating sum

(number of vertices) — (number of faces) + (number of 2-simplices) — ...

(b) Show that there is a vector field with the sum of its indices equal to the number described in part
(a).
[You do not need to worry about smoothness of the vector field — just describe how to build it. In
part (a), the result should follow from some dimension counting.|

Hint: (a) Use ker(d;) and im(0;) and dimension of quotient vector space etc. (b) Suffices to show for n-
simplex, define inductively so we get a sink at the center of each face which gives a zero of index (—1)* for
each k-simplex.

(a) Denote by ¢; the number of i-simplices of M. Let 0; denote the map C; — C;_; in the chain complex
with R coefficients, where we define C_; = 0. So C;/ker(0;) =~ im(0;) as vector spaces, implying that
dimgC; = dimgker(0;) + dimgim(0;). Clearly, dimgC; = ¢; by definition of simplicial homology (the rank
doesn’t change when using R-coefficients instead of Z-coefficients.) So we have

Di(=1)e; = Y (—1)*(dimgker(d;) + dimpim(;)).
=0 =0

Again, since the rank doesn’t change when using R-coefficients (by the universal coefficient theorem), we

have
b; = dimgH;(X;R) = dimg (ker(d;)/im(0;+1)) = dimgker(d;) — dimgim(0;41).

Hence
D=1 = > (—1) (dimgker(d;) — dimgim(d;41))
i=0 i=0
= Y 1(=1)'dimgker(d;) + > (~1)*dimgim(6;) — dimgim(dp) + (—1)"*'dimgim(n 1)
i=0 i=0
= > 1(=1)*(dimgker(d;) + dimgim(é;)) — 0 + 0
1=0
= ) (—Die;,
i=0
as desired.

(b) It suffices to exhibit such a vector field for A™, as then we can glue these vector fields as we glue the
simplices to get a vector field on M. Define X on A™ — 0A™ to be a vector field pointing towards the center
of the interior of A™. This will make the center an n-dimensional sink, with corresponding index (—1)" (we
may even insist the vector field near the center is just p = (z1,...,2,) — X, = (—21,...,—Zy)).

Now, dA™ is the union of (n — 1)-simplices so we repeat this process inductively, describing what to do on
the interior of each k-simplex. Each simplex will thus contribute a fixed point of index (—1)¥, so we will get
the sum of the indices to be the sum of (—1)* times the number of k-simplices, as desired.
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Spring 2012-4. Suppose V is a smooth (C*®) vector field on R? that is nonzero at (0,0, 0). The vector
field is said to be gradient-like at (0,0,0) if there is a neighborhood of (0,0,0) and a nowhere zero
smooth function A(z,y, z) on that neighborhood such that AV is the gradient of some smooth function
in some (possible smaller) neighborhood of (0,0, 0).

(a) Write V' = (P,Q,R). Show by example that there are functions P,Q, R for which V is not
gradient-like in a neighborhood of (0,0, 0).
[Suggestion: the orthogonal complement of V' taken at each point would have to be an integrable
2-plane field.]

(b) Derive a general differential condition on (P, @, R) which is necessary and sufficient for V' to be
gradient-like in a neighborhood of (0,0, 0).

Hint: w = —ydx + xdy + dz has w A dw # 0,V = (—y,z,1). If and only if w A dw = 0, implies ker(w)
integrable so we can find chart such that V = f %

Referenced in: Spring 2009-4.

(a) Write w = Pdx+ Qdy + Rdz. f V = (P,Q, R) is gradient-like, then Aw = df for some nonzero function A
and some function f. Then w = %df and dw = d(3) A df so that w A dw = Adf Ad(%) A df = 0. In particular,
if we take P = —y,Q =z, R = 1, then w = —ydx+xdy+dz so dw = 2dx Ady and w Adw = 2dx Ady Adz # 0
so w is not gradient-like. The corresponding vector field is V = (—y, x,1).

(b) In part (a), we showed that if V' is gradient-like, then its dual w satisfies w A dw = 0. Conversely, if
w A dw = 0, then ker(w) is an integrable distribution, meaning that there is a 2-manifold N containing 0 such
that V' is normal to N. We may then choose a coordinate system on an open set U containing 0 in which
V=Ff 6%' Since V is nonvanishing, f is nonzero so taking A = %, we see \V = % which is the gradient of
g(z,y,2) = (0,0, 2) so V is gradient-like. Le., the necessary and sufficient condition for V = (P, @, R) to be
gradient-like is for w = Pdx + Qdy + Rdz to satisfy w A dw = 0.

Spring 2012-5. (a) Define carefully the “boundary map” which defines the H,, to H,_; mapping
that arises in the long exact sequence arising from a short exact sequence of chain complexes.
(b) Prove that the kernel of the boundary map is equal to the image of the map into H,.

Hint: The art of the diagram chase cannot be hinted at. Show part (b) as two directions.

Referenced in: Spring 2008-7.
(a) We described the map in part (b) of Fall 2022-6.

(b) For a general short exact sequence of chain complexes 0 —» A, — B, — C, — 0, we have the following
set up:

ker 0 — ker ¢ -~

(_
Q—

0 A, — B, 0
,,,,,,i}% ,,,,,,,,,,,, % __________ c___

0 : Ai,1 fi1 B2 9i-1 CZ 0
L coker 04

Denote by § : kerdc — cokerdy the connecting homomorphism. Suppose 8 € kerdp maps to 7y € kerdc. By
the definition in (a), 6(y) = a + imdy € cokerdy where a € A;_1 is the unique element such that f;_1(«a) =
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0 (). But 8 € kerdp implies dp(8) = 0 so a = 0 since f;_; is injective and thus §(y) = imd4 = 0 € cokerd,.
Le., im(kerdp — kerdc) < kerd.

Conversely, suppose v € kerde has 6() = 0. By the definition in (a), this means there exists o € imd4 such
that f;_1(a) = 0p(B) for some B € B; such that g;(5) = . Suppose o = d4(a) and consider f;(a) € B;. By
commutativity, dp o fi(a) = fi—1 00da(a) = fi—1(a) = 0p(B) so B — fi(a) € kerdp. But now, ¢;(8 — fi(a)) =
9i(B) — gi(fi(a)) = v — 0 by exactness of the top row. Le., kerd < im(kerdp — kerds).

Spring 2012-6. Compute the homology of the real projective space RP" for each n > 1.

Hint: One cell in each dimension with double cover for attaching maps. Hy(RP") = Z if k = n and n is odd,
Z/27Z if k <n and k is odd and 0 otherwise.

The result in Fall 2020-7 generalizes trivially (noting the difference between n even and n odd).

Spring 2012-7. (a) Define complex projective space CP", (n = 1,2,3,...).
(b) Show that CP" is compact for all n.
(¢) Show that CP™ has a cell decomposition with one cell in each dimension 0,2,4,...,2n and no
other cells. Include a careful description of the attaching maps.

Hint: Attach by ¢, : € — CP", (20,...,2n-1) = [20,--»2n—1,t], t=4/1=3" 11 2;7Z;. Compactness

is immediate from CW structure.

(a) and (c) This was done in Spring 2021-5.
(b) CP™ has a finite CW structure so is certainly compact.

Spring 2012-8. Suppose a compact (real) manifold M has a (finite) cell decomposition with only even
dimensional cells. Is M necessarily orientable? Justify your answer.

Hint: Yes. A connected, closed n-manifold is orientable if and only if H,(M) = Z

Note that a closed, connected n-manifold is orientable if and only if H, (M) = Z. We suppose that M is path
connected. If not, we repeat this argument on each path component to conclude that each path component
is orientable. If n = dim(M ), we claim that H,,(M) = Z so indeed M is orientable. This is because we must
have an n-cell as the interior of a k-cell is locally homeomorphic to R¥ and we cannot have an (n — 1)-cell
or an (n + 1)-cell since n must then be even so n + 1 are odd. Thus, the map C,+; — C,, — C,,_1 are both
0 and H,(M) =~ C, is exactly Z. Further, we know that M has no boundary as if it did, it would be a
manifold of dimension n — 1 so would require an (n — 1)-cell which it cannot have.

Spring 2012-9. Suppose that a finite group I' acts smoothly on a compact manifold M and that the
action is free, i.e., v(x) = x for some z in M if and only if v = the identity of the group T

(a) Show that M /T is a manifold (i.e., can be made a manifold in a natural way).

(b) Show that M — M/T" is a covering space.

(c) If the kth de Rham cohomology of M is 0 for some particular k£ > 0, then is the kth de Rham
cohomology of M /T necessarily 07 Prove your answer.

Hint: 7=(y) = {g12, ..., gnx}. Find neighborhoods V; of g;x so that V; ~ R™ and g;V; = V) where g;g; = gi.
(c) Finite cover induces injection on de Rham cohomology.

) and (b) This is exactly Spring 2017-10.

(a
(c ) Yes. By Spring 2019-6, 7 : M — M/T" induces an injection 7* : H¥,(M/T') — HX.(M) for any k. So if
Hko (M) is zero, then HdR(M/F) is also zero.
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Spring 2012-10. Let M = RP? x RP? (where RP? is real projective 2-space). In a product manifold
like that, homology elements can arise by taking in effect the product of a cycle in one factor with a cycle
in the other factor. Show that in the case of this particular M, there is an element in the 3-homology
with Z coefficients that does not arise in this way be exhibiting such an element explicitly, e.g. in terms
of a cell decomposition.

Hint: Product CW-structure, ker(ds) = {(z,2) € Z? | v € Z} and im(0,) = {(v,z) € Z* | x € 2Z}.

This is exactly Spring 2017-9.

Fall 2011

Fall 2011-1. Let M be an (abstract) compact smooth manifold. Prove that there exists some n € Z*
such that M can be smoothly embedded in the Euclidean space R”.

Hint: Finite cover, collection of bump functions.

F: M — RN 2o (X (2)¢1 (), .., A (@) B (), Ar (), .., Ak ().

Referenced in: Spring 2009-5.

For compact manifolds, an embedding is an injective immersion (properness is immediate). Let dimM = m.
Since M is compact, take a finite cover (Ui, ¢1),...,(Un,¢n) of charts. Let A; be a partition of unity
subordinate to the cover U; and define:

F:M—RNTD g (A (2) (), - Ak(@) ek (2), A (), -, Ak(2).

Suppose that F(z) = F(y). Then \;(x) = \;(y) for all i. We know z must be in some U; as they cover M so
some \;(z) # 080 \j(z)p;(x) = A\;(x)¢;(y) implies that ¢;(x) = ¢;(y). But the ¢;’s are all homeomorphisms
which are injective so x = y and thus F' is injective.

Next, suppose that v, w € T, M have dF,(v) = dF,(w). Then, d(\;).(v) = d(\;).(w) for all i. Further, we
must have

d(Ai¢i)a(v) = d(Xi)e(v)¢i(x) + Ai(2)d(Pi)2(v) = d(Xi)a(w)di(x) + Ai(2)d(¢i)e (w),
implying that
Ai(@)d(¢i)e(v) = Ai(z)d(¢i)a(w)

for all ¢. Again, some \;(z) # 0 so d(¢;)z(v) = d(¢;)s(w) for some ¢ which implies that v = w since ¢; is
a diffeomorphism so has bijective derivative locally. Thus F' is an immersion since dF; is injective for all
ze M.

Fall 2011-2. Prove that the real projective space RP" is a smooth manifold of dimension n.

Hint: Define charts where one coordinate is not zero and send to fraction.

We define charts on RP". Let
Ui ={[xo::2,] € RP" | z; # 0} = RP",

for each 0 < i < n. Note that its preimage in S™ is V; = {x € S™ | &; # 0} which is open so U; is open in the
quotient topology. Clearly the U;’s cover RP" since [0 : - - - : 0] ¢ RP". Define

@i Ui >R [zg: - :xy] — (mo LA )a:,,)

ﬂfi, .ZL'Z'7 Z;



This is invariant under scaling so is well-defined. It is also clear that ¢; is a homeomorphism. Further, the
transition maps are all smooth since ¢; o qb;l is defined by

—~
~ Vo (] v

(V0y« vy Viy oo yp) > (gl to] — <7...,J,...,n>,
Uj Uj Uj

where v; := 1 which is smooth since v; # 0 on the intersection U; n Uj.

Fall 2011-3. Let M be a compact, simply connected smooth manifold of dimension n. Prove that
there is no smooth immersion f: M — T, where T" = S* x --- x S! is the n-torus.

Hint: Submersion is open map so onto. Local diffeomorphism implies locally even covering and then piece
together using compact/connected. Then simply connected covering is universal, a contradiction.

Suppose f: M — T" is an immersion. Since dim(M) = n = dim(7T™), f is actually a local diffeomorphism.
By Spring 2018-1, we know that f is a covering map. Since M is simply connected, we conclude that M is
the universal cover of T". But we know the universal cover of T is R™ which is not compact, a contradiction
so no such immersion exists.

Fall 2011-4. Give a topological proof of the Fundamental Theorem of Algebra: any non-constant
single-variable polynomial with complex coefficients has at least one complex root.

Hint: Select r > 0 with >)7" L o] < 1. Show [p(2)t + (1 —t)z™| > 0 for all ¢ € [0,1] and z with |z| = 7.

0 rm‘L

So we can define a homotopy between (z/r)™ and p(z)/|p(z)| from {z € C | |z| = r} to S'. The latter can be
extended while the former has degree m so m = 0, a contradiction.

Suppose p(z) = 2™ + Z?jol a;z*;m > 0 has no roots in C. Notice for ¢ € [0, 1] that

m—1 m—1
pl2)t+ (1 —1)2" = 2™+t (Z aizi> =™ (1+t > & ) .
Zm—’L
=0 =0

Choose r > 0 large enough such that Zm ! Tla\ <3 L which is possible since this sum goes to 0 as 7 goes to

infinity. Then, for any z € C with |z| = r and for any t € [0,1], we have
m—1 a
™1+t ’.
m—1 a
7
m’”t 2 Zm_’
i=0
m—1 s
K2

a;
> ™ (1 | ‘ )
rm Z

-0

p(z)t + (1 —)2"] =

In particular, p(z)t + (1 — t)z™ is nonzero for |z| = r and all ¢t € [0,1]. So, letting S, = {z€ C| |z| = r}, we
may define the homotopy

m
H:[0,1]x S, -»S'cC, H(tx)= p(2)t + (1= #)z .
Ip(2)t + (1 - 1)z
By construction, we have H(0,z) = z™/r™ = (z/r)™ while H(1,2) = p(z)/|p(z)|. The map S, — S',z —
(z/r)™ has degree m and degree is homotopy invariant so z — p(z)/|p(z)| also must have degree m. But we
can extend z — p(z)/|p(2)| to D? = {z € C | |z| < r} since p(z) has no roots so this is always well-defined.
So the degree of z — p(z)/|p(z)| must be 0, implying that m = 0, a contradiction so no such p(z) can exist.
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Fall 2011-5. Let f: M — N be a smooth map between two manifolds M and N. Let « be a p-form
on N. Show that d(f*«a) = f*(da).

Hint: Show induction for function and then for o = dg A 7). Linearity/locality finishes the proof.

Referenced in: Spring 2008-1.

We proceed by induction. First let a be a 0-form, « = g € C®(N). Then d(f*a)(X) = d(go f)(X) = X(gof)
while f*(da)(X) = (da)(f+X) = (f+X)(g) = X(g o f) for any vector field X so d(f*a) = f*(da). Next,
suppose this holds for (k — 1)-forms. Let a = dg A n for some (k — 1)-form n and g € C*®(N). Then

d(f*a) = d(f*(dg ~n)) = d(f*dg ~ f*n) = d(f*dg) ~ f*n— f*dg ~ d(f*n)
=d(df*g) A f*n— f*dg A f*dy=—f*dg A f*dn = f*(d(dg A 1)) = f*(da).
Finally, observe that every k-form can locally be written as a sum of terms of the form gdzi A -+ A dxg =

dxy A for a (k—1)-form 7. So it follows by linearity and the fact that it is enough to show this locally that
d(f*a) = f*(da) for every form.

Fall 2011-6. (a) What are the de Rham cohomology groups of a smooth manifold?
(b) State de Rham’s theorem.

Hint: Cochain complex with exterior derivative as boundary operator.

HYp(M) = HP(M;R) = Homg (H,(M),R), via w — ([c] = § w).

(a) This is the first part of Spring 2015-7.

(b) For M a smooth manifold and any nonnegative integer p, we have an isomorphism

HY (M) = HP(M;R) = Homg (H, (M), R), via w — ([c] — Jw) .

Fall 2011-7. Consider the form
w= (22 +x+y)dy A dz

on R3. Let S? = {2? + y? + 2% = 1} = R? be the unit sphere, and i : $? — R? the inclusion.

(a) Calculate §, i*w.
(b) Construct a closed form a on R? such that i*a = i*w, or show that such a form a does not exist.

Hint: Stokes’: 4m/3. No such form exists since otherwise {, i*w = 0 # 4m/3.

(a) Note that S? is the boundary 0B for B = R3 the unit 3-ball. Thus, using Stokes’ theorem

f z'*wzf dwzf (2:E+1)dxAdy/\dz=J (2z + 1)dV.
52 B B B

Now, {, 22dV = 0 by the symmetry of the unit ball and §, 1dV = vol(B) = 47/3 so {, i*w = 47/3.

(b) Suppose « is a closed form on R3 with i*a = i*w. Then

47r/3=f i*wzf i*Oz:J dozzj 0=0,
S2 S2 B B

a contradiction so no such « exists.
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Fall 2011-8. (a) Let M be a Mdbius band. Using homology, show that there is no retraction from
M to oM.
(b) Let K be a Klein bottle. Show that there exist homotopically nontrivial simple closed curves ~y;
and 5 on K such that K retracts to 1, but does not retract to 7s.

Hint: Use Z/27 coefficients in order to apply Lefschetz duality to simplify the long exact sequence for the pair
(M,0M). Get ker(H,—1(0M) — H,_1(M)) = Z/2Z, contradicting the fact that it should be an injection
if r : M — 0M is a retraction. Look at polygon representation of the Klein bottle, zig-zag shape vs loop
around outside.

(a) This follows from Spring 2023-4.

(b) First, note that K = M uapy M is space obtained by gluing two Mdbius bands along their boundaries.
Thus, if we take v = 0M < K to be the loop defined by the boundary of either Mébius band, we immediately
get, by part (a) that K does not retract onto 2 since M does not retract onto 0M = 5.

On the other hand, we can also treat K = (S* x [0,1])/ ~ where (z,0) ~ (271,1) for any z € S* = C. Let
L= {1} x [0,1] = S* x [0,1] and L’ be the image of L under the projection 7 : S x [0,1] — K. Note that
L' is a loop in K since (1,0) ~ (1,1). Now, consider the composition S* x [0,1] — L * L’ given by (z,t) —
(1,¢) — [(1,t)]. This descends to a well-defined map f : K — L’ since (z,0) — [(1,0)] = [(1,1)] < (2,1) for
any z € S1. By construction foi = idy, for i : I’ — K so taking 71 to be the loop L’ shows that K retracts
onto ;. However, it is clear that ~; is homotopically nontrivial.

Fall 2011-9. Let X be the topological space obtained from a pentagon by identifying its edges as in
the picture:

Calculate the homology and cohomology groups of X with integer coefficients.

Hint: CW structure has one 0-cell, one 1-cell, and one 2-cell attached via a degree 5 map. H.(X) =
Zoy ® Z/5Z1y. Universal coefficient theorem. H*(X) = VAQRSYALYASR

We have a CW structure on X with one O-cell v, one 1-cell a, and one 2-cell A attached via a degree 5
map. X is connected so Hy(X) = Z. Since the boundary of A is attached to a by a degree 5 map, we know
that Hy(X) = Z/5Z. Finally, this map is injective so ker(dz) = 0 implying that Ho(X) = 0 and all higher
homology groups are trivially zero. To summarize,

Z k=0,
Hy(X)=<2Z/57Z k=1,
0 otherwise.

For cohomology, the universal coefficient theorem gives

H°(X) = Homgz(Hy(X),Z) ® Ext}(H_1(X),Z) = Z,

HY(X) = Homgz(H,(X),Z) ® Ext},(Ho(X),Z) = 0,

H?(X) = Homg(Hz(X), Z) ® Extz(H1(X), Z) = Z/5Z,
(X)
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Fall 2011-10. Let X,Y be topological spaces and f,g : X — Y two continuous maps. Consider the
space Z obtained from the disjoint union Y| |(X x [0, 1]) by identifying (z,0) ~ f(z) and (z,1) ~ g(z)
for all x € X. Show that there is a long exact sequence of the form:

o Hy(X) = Hy(Y) = Hy(Z) = Hy 1 (X) = - .

Hint: Two long exact sequences for the pairs (X x I, X x ¢I) and (Z,Y) where the relatively homology fits
in with an isomorphism.

This was done in Fall 2016-10.

Spring 2011

Spring 2011-1. Show that if V' is a smooth vector field on a (smooth) manifold of dimension n and if
V(p) is nonzero for some point p, then there is a coordinate system defined in a neighborhood of p, say
(z1,...,2n), such that on a neighborhood of p, V' = the x; coordinate vector field.

Hint: Use local flow ¢ : I x U — U, define ¥(ay,...,a,) = ¢(a1,(0,as,...,a,)). Show diyy = id so inverse
function theorem gives local inverse (yi,...,yn) = ¥~ '(z1,...,2,) and this chart is what we want % =V

Referenced in: Spring 2008-2.

Since this is a completely local property, it suffices to work in R™ with p = 0. We may also assume that
Vo = ﬁh) by rotating and rescaling as necessary. We can then write

- 0
p J; i) o, 1P

where f;(0) = d1; since Vp = %b. Let ¢ be a local flow corresponding to V near the origin. Namely, find
a neighborhood U of 0, an interval I = (—¢,€), and a smooth map ¢ : I x U — U such that for all pe U, we
have

) 0
¢p : I — U satisfies ¢,(0) = p and gcbp(t) = Vs, (t)-

Then, define
1/) U — U’ ¢(a17 B 'aa’n) = ¢(a17 (0,&2, B 'aan)) = ¢(0,a2,...,an)(a1)7

where we may shrink U such that this is well-defined. Letting f = (f1,..., fn) so that V,, = f(p), we notice

0 0
aixlw(xlv sy xn) = 7¢(O,x2,4..,wn)(xl) = V¢(D,w2,...,:l;n)(w1) = V’L[)(wl,...,il?n) = f(1/1($17 S 71.71))

(9331
Now, we claim that diyy = id. To see this, note that the ith column of di)g is %(b(xh (0,22,...,2,))]0. As
we just showed, the first column is thus
0 0
'\ ¢(.’E1, (Oa T2,. .. ,l’n))|0 = 7¢(0,I27---,1n)(m1)|0 = f(w(xla s 7xn))‘0 = f(w(o))

0xq 0x1

:f(¢(070)) =f(0) = (17030)

While for 2 < i < n, we note that z; = 0 is fixed so we have

0 0 0 0
53:1' ¢(x17 (0,%27 s 7mn))|0 = 5% ¢(07 (0,%2, s 7xn))‘0 = aixi¢(07w2,.u,ln)(0)|0 = 67331(0’ T, ... ,ifn)|07

128



which is clearly the vector (0,...,0,1,0,...,0) with a 1 in the ith position, showing the claim. Thus, by the

inverse function theorem, v is invertible in some neighborhood of 0. Define (yi,...,yn) = ¥~ (21,...,2y)
as a new coordinate system around 0. Then, we have
0 N 0
oy1 1 on oxj’
But using the formula (z1,...,z,) = ¥(y1,...,Yyn), we may compute
(S 2 = Dtyin) = POl ) = Sl

= (filx1, .y Tn)y ooy [T,y 20)),
so that

-

0 = 0

Spring 2011-2. (a) Demonstrate the formula L, = dix + i,d, where L is the Lie derivative and i is
the interior product.
(b) Use this formula to show that a vector field X on R? has a flow (locally) that preserves volume if
and only if the divergence of X is everywhere 0.
[Here divergence is the classical operator that takes a vector field with components f, g, h to the
function f; 4+ gy + h», in the usual partial derivative notation f, = %’ etc.]

Hint: Work locally, d commutes with pullbacks so Lx(dw) = d(Lxw) and use induction, product rule and
product rule for contraction. (b) ¢ preserves volume if and only if ¢fw = w for small ¢t where w = dz Ady Adz
is the standard volume form on R3. Show this if and only if Lxw = dixw = 0.

(a) We work locally. Let ¢ be a flow corresponding to X so that by definition

®(0) —
Lxw = lim 7¢h(w> )
h—0 h
We know the exterior derivative commutes with pullbacks so Lx (dw) = d(L,w). Given a O-form f, we have
Lyf=Xf= ,{iﬂg&,:if = df(X).

On the other hand,
d(ix f) +ix (df) = d(0) + df (X) = df (X),

so the formula holds for 0-forms. Now, suppose the formula holds for all (k — 1)-forms and consider df A n
where 7 is some (k — 1)-form. Then, we have

Lx(df A ’I]) = Lx(df) An+df A LX(U) = d(Lx(f)) An+df A (ixdn + dZXn)
=ddf(X) An+df nixdn+df A dixn,
and we also have
dix (df ~nn)+ixd(df nn)=d(ix(df) nn—df n(ixn)) —ix(df A dn)
= d(df (X) An—df A (ixn)) = (ixdf) A dn+df A (ixdn)
=ddf(X) an+df(X) ndn+df A (dixn)—df(X) ~dn+df A (ixdn)
= ddf(X) nn+df A (dixn) +df A (ixdn) = Lx(df ~n).

So the formula works for k-forms of the form fdfy A --- A df. Then, by linearity, this holds for all forms by
induction.

(b) This is exactly part (b) of Spring 2017-4.
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Spring 2011-3. (a) Explain some systematic reason why there is a closed 2-form on R3 — {(0,0,0)}
(Euclidean 3-space with one point removed) that is not exact. You may do this by exhibiting such
a form explicitly and checking that it is closed but not exact or your may argue using theorems
that such a form must exist.
(b) With ¢ such a form (as in part (a)), discuss why, for any smooth map F : §2 — §2,

g2 F*¢

[o v = deg(F).

[Note that this includes explaining why the denominator integral cannot be 0.]

Hint: R3 — {0} =~ S? which has non-trivial second cohomology. Ssn F*w = SF* gn w since we can view S" as
an n-cycle in the domain S™.

(a) We know R® — {0} deformation retracts onto S? so they have the same homology groups. We know
Hy(S?) = Z so by Poincaré duality, since S? is a closed, oriented 2-manifold, H?(S?) = Z which means that
H?(S%R) = Z®z R = R and by de Rham’s theorem, H35(R? — {0}) = H3;(S?) = R is nontrivial so there
are closed forms that are not exact on R® — {0}.

(b) By Spring 2011-4, ¢ is not exact so SSZ ¢ # 0. Then, the equality is shown in part (a) of Spring 2013-7.

Spring 2011-4. Show without using de Rham’s Theorem (but you may use the Poincaré Lemma
without proof), that a 2-form ¢ on the 2-sphere S? that has integral 0 is exact, i.e., equal to dw for
some 1-form w on S2.

Hint: Split into A = §? — {N} and B = 5% — {S} which are homotopy equivalent to R? so we can find an
wa,p on each of these. Glue together using the S1 version of this result which says since w4 — wp is closed,
it is exact on the intersection so we can make w global via a bump function.

Referenced in: Spring 2011-3, Spring 2009-1.

Let A= 5% —{n} and B = S? — {s} where n and s are the north and south poles of the sphere respectively.
Let iy : A— S? and i : B — S? be the inclusions. Then,

| o= @)= [ e-o

since A and S? differ only be a set of measure zero and similarly for B. But A and B are homotopy equivalent
to R? which is contractible. Now, note that dy = 0 since ¢ is a top form so d(i¥(p)) = i¥%(dp) = 0 and
d(i%(¢)) = 0 similarly. Thus, by Poincaré’s lemma, i%(¢) and i%(p) are exact, say i%(¢) = dn and
i%(¢) = dv. Now, consider the form 7 —~ on A n B and we see that

A% =) = i4p (T4 () —iB(p)) = ia~p(p —¥) = 0,
since again, d commutes with pullbacks. Note that A n B deformation retracts onto S'. Then, since

i* . g(n—") is closed and integrates to 0 (because w does over S?), the S! version of this result implies that
1n — v = df for some 1-form df.

So we may choose a smooth bump function such that on a small neighborhood of the south pole, we have
¢ =n+df and ¢ = v on a small neighborhood of the north pole. In this case, this gives a valid gluing of ¢
to make it a global form which satisfies d{ = ¢

Spring 2011-5. Suppose that V : U — S? is a smooth map, considered as a vector field of unit vectors,
where U = R3 with a finite number of points pi,. .., p, removed, all of which lie strictly inside the unit
sphere S2.

Explain carefully, from basic facts about critical values and critical points and the like, why the degree
of Vg2 : S? — S? is equal to the sum of the indices of the vector field V at the points p1,...,pn.
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Hint: Neighborhood around each point. Outward pointing normal vector points into each of these disks.
Extension theorem says deg(V|sw) = 0.

The index of a point p; is the degree of the map Vg, : S; — S? where S; = 0D; for some closed 3-ball in
the interior of S? containing p; but not containing p; for j # i. This degree is independent of the choice of
D;. Let W = D® — | J, D;. Giving 0W an outward pointing normal is like giving the disjoint union of S?
and each of the 0D; = S; a normal vector which points outward for S? and inward for each S;.

The degree is the signed sum of preimages of a regular value so since 0W is a disjoint union, we have

deg(V]ow) = deg(V|g2) — Z deg(V

where the right term is exactly the sum of the indices. Note that we can extend V to all of W which means
that deg(Vow ) must be 0 by the extension theorem so we get the desired equality.

Spring 2011-6. (a) Explain what a short exact sequence of chain complexes is.
(b) Describe how a short exact sequence of chain complexes gives rise to a long exact sequence in
homology. Include how the connecting homomorphism (where the dimension changes) arises. You
do not need to prove exactness of the sequence.

Hint: Chain map (commutes with partials) that makes an exact sequence at each degree).

(a) Let A., B.,C, be three chain complexes. Given chain maps, fo : Ae — B, and g, : B, — C,, we say
that
0— A, LB, 20, -0

is a short exact sequence of chain complexes if at every degree i € Z, the following sequence
0— A; ELN B, —C;—0

is a short exact sequence of abelian groups. Note that f, and g, being chain maps means they commute
with the boundary operators as follows: do f; = fi_1 o 0 for all i € Z and similarly for g.

(b) This is done in part (b) of Fall 2022-6.

Spring 2011-7. (a) Define complex projective space CP",n =1,2,3,....
(b) Compute the homology and cohomology of CP™ with Z coefficients. (Any method is allowed. Cell
complexes are particularly simple to use. Be sure to explain what the attaching maps are if you
adopt this approach.)

Hint: Attach by ¢, : €™ — CP", (20,...,2n_1) = [20,- -+, 2n_1,t], =4/1 —Zl 1 %% Hy(CP") =

Loy ® L2y @ - - @ Z(an)-

This was done in Spring 2021-5.

Spring 2011-8. (a) Find the Z-coefficient homology of RP? by any systematic method.
(b) Explain explicitly (not using the Kiinneth Theorem) how a nonzero element of the 3-homology
with Z-coefficients of RP? x RP? arises.

Hint: H(RP*Z) = Z/2Z(1) ® Z(o). Product CW-structure, ker(ds) = {(z,z) € Z? | x € Z} and im(ds) =
{(x,2) € Z* | x € 2Z}.

This is exactly Spring 2017-9.
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Spring 2011-9. (a) State the Lefschetz Fixed Point Theorem.
(b) Show that the Lefschetz number of any map from CP*" to itself is nonzero and hence that every
map from CP?" to itself has a fixed point (Suggestion: The action of the map on cohomology with
7 coefficients is determined by what happens to the 2*? cohomology since the whole cohomology
ring is generated by the 2" cohomology).

Hint: If Ay # 0, then f has a fixed point where Ay = I(A, graph(f)) is the intersection number.
H*(CP?**.7) = %, la] =2 s0 L(F) = Z?io m? for some m € Z.

(a) Let f : X — Y be a smooth map on a compact orientable manifold. If Ay # 0, then f has a fixed point,
where Ay is the Lefschetz number of the map f which is defined to be the intersection number I(A, graph(f))
of two submanifolds of X x X where A = {(z,z) € X x X | x € X} and graph(f) = {(z, f(z)) e X x X |z €
X}

(b) This is exactly Spring 2023-2.

Spring 2011-10. Compute explicitly the simplicial homology with Z coefficients of the surface of a
tetrahedron, thus obtains the homology of the 2-sphere.

Hint: Ho(X) = Ho(A3) = Z and H(X) = H1(A3z) = 0 for Az a (contractible) 3-simplex. Compute
Hy(X) = ker(02) directly by looking at the 2- and 1-simplices of X.

Let Ajz be a 3-simplex and let X be a hollow tetrahedron, so X is As minus the interior. We know
Hi(X) = I;e(%(a:z) only depends on the i- and (i + 1)-skeletons. So since X and Ag have the same 0-, 1-, and
2-skeletons, we have Ho(X) = Ho(As) = Z and H1(X) = H1(A3) = 0 since the 3-simplex is contractible
so has H,(A3) = Hy(*) = Z in degree 0 and 0 otherwise. To compute H2(X), we consider the following

diagram (but imagine relabeling it so it actually agrees with what we say later):

e/‘ \f
e N
e —c— d—).vz
”\b A
~

*

Note that C3(X) = 0 since X has no 3-simplices so Ha(X) = ker(d2). Now, we explicitly write out the four
2-simplices and the six 1-simplices:

o = [vOaU17v2]7 ﬁ = [UO7U17v3]7 Y= [’U07027’03], 0= [0170277}3]

a=[vo,v1], b=[vo,v2], c=vo,v3], d=[vi,v2], e=[vi,v3], [f=[ve,uv3]

And our boundary map acts according to
O2(a)=d—b+a, 02(8)=e—c+a, &(y)=f—c+b 020)=f—e+d

Let © = (71, 2,23,74) € Co = Z* be in the kernel of d;. By inspection, we see that 21 = —x5 since the
coefficient of a in d3(z), which must be 0, is #1 + 2. Similarly, we have 1 = 23 and x; = —x4, showing us
that © = (1, —x1,21, —21) but any such x will have d3(z) = 0 so ker(d2) = Span((1,1,—1,—1)) which is a
rank 1 free subgroup of Z*, implying that Hy(X) = Z. Finally, it is clear that Hy(X) = 0 for all k¥ > 2 since
there are no k-simplices for k > 2. To summarize,

Z k=02,
0 otherwise.

Hy(X) _{
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Fall 2010

Fall 2010-1. Let M be a connected smooth manifold. Show that for any two non-zero tangent vectors
vy at point 1 and ve at point o, there is a diffeomorphism ¢ : M — M such that ¢(z1) = z2 and
dg(v1) = va.

Hint: Connectedness is required. Map v to w in R™ (n > 2) using a rotation of the plane spanned by v and
w. Need to use flows and 1-parameter subgroup of diffeomorphisms.

This is an easier version of Fall 2020-1.

Fall 2010-2. Let X and Y be submanifolds of R™. Prove that for almost every a € R™, the translate
X + a intersects Y transversely.

Hint: Show F : X x R" —» R", F(z,a) = x + a is transverse to Y. Thom’s transversality theorem.

This is exactly Spring 2016-2.

Fall 2010-3. Let M,,«,(R) =~ R™ be the space of n x n matrices with real coefficients.

(a) Show that
SL(n,R) = {A € Muxn(R) | det(A) =1}

is a smooth submanifold of M, «,(R).
(b) Identify the tangent space to SL(n,R) at the identity matrix I,,.
(c¢) Show that SL(n,R) has trivial Euler characteristic.

Hint: Preimage theorem with A — det(A). Tr(SL(n,R) = ker(d(det);) = {B € M,(R) | Tr(B) = 0}.
Homotopy equivalent to SO(n) which is parallelizable so has nowhere vanishing vector field. Also, compact
so has x = 0 by Poincaré-Hopf.

Referenced in: Spring 2009-6.
(a) This is exactly part (a) of Fall 2015-1.

(b) By the regular value theorem, we have
T]SL(TZ,R) = ker(d(det);), d(det)] T My (R) = MN(]R) —TiR =R.
Taking A = I in part (a), we get

d(det); (B) = lim S+ AB) =1

lim o Tr(B).

This is because, if we let Aq,..., )\, be the generalized eigenvalues of B, then I + hB has generalized
eigenvalues 1 + h\1,..., 1+ hA, so

det(I + hB) = ﬁu + hA;) = 1+ hTe(B) + h2p(h)

for some polynomial p(h) in h. From here, it is clear that the limit is the coefficient of the h term which is
exactly the trace of B. Thus, T;SL(n,R) = {B € M,(R) | Tr(B) = 0}.

(c) This is exactly Fall 2020-10
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Fall 2010-4. (a) Let f; : M — N,i = 0,1, be two smooth maps between smooth manifolds M
and N, and f : Q*(N) — Q*(M),i = 0,1, be the induced chain maps between the respective de
Rham complexes. Define the notion of chain homotopy between f and f;*. Here the co-boundary
operators on the de Rham complexes are the exterior derivatives.

(b) Let X be a smooth vector field on a compact smooth manifold M, and let ¢, : M — M be the
flow generated by X at time ¢, i.e., the solution of the differential equation %(x) = X(¢(x))
with initial condition ¢¢(z) = z. Find an explicit chain homotopy between the chain maps ¢
and ¢F, where ¢¥,i = 0,1, are the induced chain maps from Q*(M) to itself.

Hint: Use the formula that for any differential form w and vector field X, the Lie derivative

L,w =doizw + i, odw. Here i, is the contraction with respect to X.

Hint: Pt : QY(N) — Q71(M) so that fi — f& = do P' + P**1 od. (b) Cartan’s magic formula and
fundamental theorem of calculus. Define P by w — Sé ix (oF (w))dt.

(a) Let f¢, f1 be the induced map on chains at degree i. Since Hom(Q!(N), Q¢(M)) is itself an abelian group,
it makes sense to consider fi — fg, giving us the following commutative diagram:

Qi_l(N) d Q’L(N) d_, QH—l( ) d . ...

fffl_féill fii—f(ﬁi J{ft#’l 1+1

D YN M) —— (M) —— QM) —

We say that f§ and f;f are chain homotopic if there exists maps P? : Q/(N) — Qi=1(M) for each i such that
fi—fi=doP' + P od.

This can be thought of as the two triangles in the below diagram adding to the vertical map (not commuting
directly):

S — QFY(N) — Qi(N) —L QFY(N) —— -

/ fl fO Al

[N Qi—l( *> QZ( ) QZ+1( ) - s ...

(b) Note first that ¢f = id since ¢9 = id. We claim the chain homotopy is given by ix, the interior product
by the vector field X. Cartan’s magic formula gives us

1
Lyw= }llin%) E((b;’;w —w) = ix(dw) + d(ixw).

By the fundamental theorem of calculus, and using the above, we have

wt oot = [ g [ ot

0

_ J dix (w(6e(p))) + ix (dw (e (p)))dt

0
1 1
f dix (w( dt—i—j ix (dw(e(p)))dt
0 0
1 1
=dfi (w( dt+fzxdw¢t )))dt.
0 0

So if we define )
PO > @00, we | ix(6F )i
0

we can see that ¢¥ — ¢f = do P+ Pl od.
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Fall 2010-5. Let w = dx1 A dxo + dxs A dxg + -+ + dxon—1 A dxo, be a 2-form on R2", where
(21,2, ..,72,) are the standard coordinates on R*". Define an S'-action on R?" as follows: for each
t € St, define g; : R?" — R2" by considering R?" as the direct sum of n copies of R? and rotating each

R? summand an angle t. Let X be the vector field on R?" defined by X (z) = dg:iigw)h:o for any x € R?".

(a) Find the Lie derivative Lxw and a function f on R?" such that df = ixw.

(b) The S'-action above induces an action on S?"~L. Let P"~! be the quotient space of S?"~! by
this S'-action. Show that the quotient space P*~! has a natural smooth structure and that the
tangent space of P! at any point x can be identified with the quotient of the tangent space
T,,5?"~! by the line spanned by X (), for any x € z. Here z is the orbit of x under the S'-action.

(c) Show that w descends to a well-defined 2-form on the quotient space P"~! and that this 2-form
so defined is closed.

(d) Is the closed form in (c¢) exact?

Hint: For (c) and (d), use (a) and (b).

Hint: f(z1,...,%2,) = —3(a? + -+ + 23,) since we can test ixyw = w(X,—) on arbitrary Y to get ixw =
—Z?:l zidr; so Lxyw = 0. P! is just CP" !, X(z) is tangent vector in 7,,S>"~! that corresponds to
rotation in the appropriate complex plane that we are identifying to a point. Descends because Lxw = 0,
closed because original is closed. Not exact because w = dn with 7 not descending as it is not invariant
under the group action.

(a) We note that
X(xl, e ,Jjgn) = (—Z‘g, Llyeeny —Jfgn,l‘gn_l)

is the standard nowhere vanishing vector field on §?"~!. Cartan’s magic formula gives Lxw = dixw + i xdw.
First, we consider

z'Xw = w(X, —) = (Z dl’gifl AN d$2¢> (X7 —).

i=1
Locally, at the point © = (z1,...,z2,), we have
n
0 0
X =) —Zoyimz— +To15—,
; " 0T9i—1 " 0xo;

soif Y = 2311 yjaiyj is some arbitrary vector field, then

—Zo; i
droi—1 A drei(X,Y) = det ( .21 Yai ‘1> = —(T2i—1Y2i—1 + T2:Y2i)-
T2i—1 Y2i

So we can see that

2n
Ixw = — Z x;dx;.
i=1

Thus, if we set f(z1,...,22,) = —3(z3 + -+ + 23,), we would have df = ixw. On the other hand, dw = 0

is clear so Lxw = dixw = ddf = 0 since dw = 0 is clear.

(b) We claim that P*~! is just CP""! in the following sense. Consider R*” = C" where each pair of
coordinates is identified with a copy of C. Then the rotation by S' in each plane simply corresponds to
complex multiplication by A € C* for some |A| = 1. But this is precisely the identification on C™ that gives
us CP"~ !, which we know has a natural smooth structure induced from the quotient (C™ — {0})/ ~.

Next, we know that X (z) is the tangent vector in T,.5?"~! that corresponds to the rotation in the appropriate
complex plane that we are identifying to a point. Since TQ(CIP’"*1 has dimension n — 1, what remains after
the quotient by the rotation tangent vector must be the remainder.
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(¢) We note that w descends to CP"~! precisely when w is invariant with respect to the quotient action.
Since this identification is given by the flows of the vector field X, it suffices to show that Lxw = 0 which
was done in part (a). Pulling back the descended form gives the original which is closed so the descended
one must be itself closed.

d) Despite the original form being exact, w = dn, we note that n = >, x9;_1dxs; is not invariant under
n n =1
the group action so does not descend to a form on cprt

Fall 2010-6. Suppose that f : S® — S™ is a smooth map of degree not equal to (—1)"*1. Show that
f has a fixed point.

Hint: Lefschetz trace fixed point formula.

This is exactly part (a) of Spring 2021-2.

Fall 2010-7. (a) Let G be a finitely presented group. Show that there is a topological space X with
fundamental group 71(X) =~ G.
(b) Give an example of X in the case G = Z = Z, the free group on two generators.
(¢) How many connected, 2-sheeted covering spaces does the space X from (b) have?

Hint: Fundamental theorem of finitely generated abelian groups. Disjoint union of spaces gives direct sum
of homology groups. Attach (n + 1)-cell to S™ by a degree m map to get Z/mZ. Three 2-sheeted coverings.

(a) This is exactly Fall 2013-8.
(b) X = St v St
(

¢) These correspond to graphs with two vertices, four directed edges, two of which labeled a and two labeled
b such that each vertex has two incoming a edges, two outgoing a edges, two incoming b edges, and two
outgoing b edges. It is easy to see that there are three such graphs:

CLO &

Fall 2010-8. Let G be a connected topological group. Show that m;(G) is a commutative group.

Hint: Define a second product which is v # « : t — (t)a(t) using the group operation in G. Reparameterize
loops to be half the identity to show this is the same as the concatenation operation and also is abelian.

Referenced in: Fall 2008-8.
Define a second product on m1(G) = 71 (G, e). For two loops, v, : [0,1] — G, define

[+l [0,1] = G, (V] + [e)(#) = [v(Ba(®)],

where v(t)a(t) € G is the product in the group G. This is well-defined since v(0)a(0) = €2 = e = v(1)a(1)
so this is still a loop and we can multiply homotopies pointwise to show that this is independent of repre-
sentatives chosen. We claim that this operation * and the standard concatenation operation - are actually
the same on 71 (G, e).
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Reparameterize v and « to define

s ) (2t) tel0,3 s e telo,1],
7(t)_{e te[i 1], a(t)_{a(%—l) te[i 1]

By this construction, we have [y] = [¢] and [a] = [@/]. Moreover, the loop t — 7/(t)a/(t) is exactly the
concatenation of v and o so [{] * [¢/] = [ 'l - [&/], showing that [y * @] = [y «]. Since v and « were
arbitrary, this shows that * and - are indeed the same operation so it suffices to show that * is an abelian
operation.

b

o O
—_ N
i

)

However, this is clear because for any ¢ € [0, 1], one of 4/(t) or «'(¢) is the identity by construction so
v () (t) = &' (t)y'(t) for all ¢ € [0,1] as the identity commutes with everything else in G. Thus, [v] * [a] =
[a] * [v] and we are done.

Fall 2010-9. Show that if R™ and R™ are homeomorphic, then m = n.

Hint: Treat n = 1 case separately using connectedness on removing a point. Otherwise, remove a point and
consider homology of S™~1 and S™~1.

First, note that if m = 1 and n > 2, then removing a point from R™ leaves a disconnected space while
removing a point from R™ leaves a connected space so R™ and R" cannot be homeomorphic. Similarly for
n = 1 so we may assume m,n > 2. Now, suppose f : R™ — R" is a homeomorphism. Then, removing a
point still gives us a homeomorphism f|gm_gy : R™ — {p} — R™ — {f(p)}.

But R™ —{p} deformation retracts onto S™~! and R" —{f(p)} deformation retracts onto S"~! so R™ —{p} =~
R™ — {f(p)} implies that H;(S™ ') =~ H;(S" 1) for all i. However, we know the homology of a k-sphere is
Z in degree 0 and k, and 0 otherwise. So the only way this can happen isif m — 1 =n—1so m = n.

Fall 2010-10. Let N, be the nonorientable surface of genus g, that is, the connected sum of g copies
of RP?. Calculate the fundamental group and homology groups of Ny.

Hint: CW structure with 2-cell attached via e?---e2. Hy(Ny) = Z) ® (29" @ Z/2Z) ).

We give Ny, a CW structure with one O-cell, v, g 1-cells, e, ..., e4, and one 2-cell, A, which is attached to

the 1-skeleton via e? - - - eg. Hence, we have a cellular chain complex

0272792, Z — 0,

where we know that 01 = 0 and 02(A) = 2eq + - - - + 2¢,4 so im(d2) = Span((2,...,2)) < Z9. Hence, we can
easily compute

Z k=0,
Hi(Ny) = 791 D727 k=1,
0 otherwise.

We can also figure out the fundamental group directly from this CW decomposition. Namely,

m1(Ng) = {e1,..., €4 | e%~--e§>.

Spring 2010
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Spring 2010-1. Let M, be the space of all n x n matrices with real entries and let S,, be the subset
consisting of all symmetric matrices. Consider the map F : M,, — S, defined by F(A) = AA? — I,
where I is the identity matrix and A? is the transpose of A.

(a) Show that 0, (the n x n matrix with all entries 0) is a regular value of F.

(b) Deduce that O(n), the set of all n x n matrices such that A~ = A? is a submanifold of M,,.

(c) Find the dimension of O(n) and determine the tangent space of O(n) at the identity matrix as a
subspace of the tangent space of M,, which is M, itself.

Hint: F : Mat,xn(R) — Sym,,,,,(R) by M — MTM. Then dFs(1AC) = C. Preimage theorem. Skew-
symmetric matrices.

(a) and (b) This is exactly Fall 2022-2 (though the map is a little different, it yields the same result).

(c) We computed the dimension above. By the regular value theorem,
T]O(n) = keI‘(dF'[)7 dF] : T]Mn = Mn i TISn = ST,

Note that by the above, dFj(A) = ATT + ITA = AT + A so T;O(n) = {A e M,, | AT = —A} is the set of
skew-symmetric matrices.

Spring 2010-2. Show that T2 x S™ n > 1 is parallelizable, where S™ is the n sphere, T? = S! x !
is the two torus, and a manifold of dimension k is said to be parallelizable if there are k vector fields
Vi,...,Vx on it with Vi(p),..., Vi(p) linearly independent for all points p on the manifold.

Hint: Show SP x S? (for p odd) is parallelizable and that the product of parallelizable manifolds is par-
allelizable. Nowhere vanishing vector field on S?"~! : (xy,...,29,) — (=22, 21, —T4, T3, ..., —Ton, Ton_1)-
Gymnastics with vector bundles using projection maps and moving two copies of R? over to get trivial
bundle.

We showed in Fall 2021-2 that SP x S9 is parallelizable as long as one of p or ¢q is odd. Thus ' = §* x S°
and S! x S™ are both parallelizable. Since T2 x S™ = S! x (S! x S™), the result follows from the fact that
the product of parallelizable manifolds is parallelizable. This is because

T(Mx N)=r5sTM@®r5TN =n5;/(M xR)@ (N xR™) =M x NxR"®M x N x R™
=M x N x R,

Spring 2010-3. Suppose 7 : M1 — M> is a C* map of one connected differentiable manifold to another.
And suppose for each p € My, the differential 7 : T, My — T} (,) Mo is a vector spae isomorphism.

(a) Show that if M is compact, then 7 is a covering space projection.
(b) Give an example where M is compact but 7 : My — M; is not a covering space (but has the
isomorphism property).

Hint: Local diffeomorphism is open map so onto. Local diffeomorphism implies locally even covering and
then piece together using compact/connected. €27 : (—0.1,1.1) — S*.

This is exactly Spring 2018-1.
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Spring 2010-4. Let F*(M) denote the differentiable (C*) k-forms on a manifold M. Suppose U and
V' are open subsets of a differentiable manifold.

(a) Explain carefully how the usual exact sequence
0->FULVV)->FU)@FV)>FUNV)—-0
arises.
(b) Write down the “long exact sequence” in de Rham cohomology associated to the short exact
sequence in part (a) and describe explicitly how the map

Hp(U V) - HEPL U V)

arises.

Hint: Suffices to do short exact sequence in each degree as restrictions commute with taking the exterior
derivative. Maps are w — (w|y,w|v) and (w,n) — w|u~v — Nju~v. Second part comes from snake lemma,
for w e H*(U n' V), represent it by ny — nv, glue dny and dny together on U U V.

(a) Note that the maps between these chains have degree 0 and we know that the exterior derivative d
commutes with pullbacks (restrictions, as we are doing here are a specific case of pullbacks). Thus, it suffices
to show that we have a short exact sequence

0— FHUOV) S PRy @ FHV) LS FEU A V) -0

for each k since the commuting with the boundary map part will be automatically satisfied. We define f*
and ¢* as follows:
fk(w) = (CU|U7(AJ|V)7 gk(wvn) :w|UﬁV_77|UﬁV7

where |y is the restriction of the form 7 to the open set W < M. Now, we show exactness. Given
we F¥U N V), we have
w e (Wr,wly) = wlvay —wlvay =0

so indeed im(f*) < ker(g*¥). Conversely, if (w,n) € ker(g*), then w|y~v = nlu~v so we may glue the two
forms together to define
o) {w(z) zeU,

n(xz) zeV-U.
Then, 6 € F*(U U V) and we clearly have f*(6) = (0]v,0|v) = (w,n).
(b) The long exact sequence is
k

k
---—>Hk—1(UmV)in(UuV)f—*>Hk(U)@Hk(V)g—*>Hk(UmV)—»--.,

where 0 is the usual connecting map arising from the snake lemma. In this case, we can explicitly describe
it as follows: given w e H¥(U n V), we are guaranteed a ny € F*(U) and ny € F*(V) such that w is given
by nulv~v — nvlvav. Then, dw = dny|lu~Av — dpv|v~v = 0 so dyy|lu~v = dnv|u~v meaning we can glue
these two together to form a (k + 1)-form on U U V.

Spring 2010-5. Explain carefully why the following holds: if 7 : SN — M, N > 1 is a covering space
with M orientable, then every closed k-form on M,1 < k < N is exact.

(Suggestion: Recall that the covering transformations in this situation form a group G with SV /G = M).
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Hint: Finite-sheeted cover induces injection on de Rham cohomology. U < Y evenly covered by f~1(U) =
Ui, U; with local inverses ¢; : U — U; to f. Then, define g(w)|y = £ 3" | ¢¥w which is well-defined and
satisfies g o f* = id.

Note that SV is compact so 7 is a finite-sheeted covering map. Note that

R k=0,N
HE(SY) = v
an(5”) {O otherwise.
Then, by Spring 2019-6, we know that 7* : HX,(M) — H%,(S1) is injective for all k. In particular, for
1 < k < N, this allows us to conclude that H%,(M) = 0 for 1 < k < N, implying that every closed k-form
on M is indeed exact.

Spring 2010-6. Calculate the singular homology of R™,n > 1, with k points removed, & > 1. (Your
answer will depend on &k and n).

Hint: Hy(X) = Z) @Zlfn,l)- Wedge sum of k S" 1.

We can isolate a neighborhood around each of the removed points, allowing us to deformation retract this
space onto the wedge sum of k (n — 1)-spheres which have homology:

k
H; (\/S"—1> =37k i=n-—1,
j=1

0 otherwise.

Spring 2010-7. (a) Explain what is meant by adding a handle to a 2-sphere for a two dimensional
orientable surface in general.
(b) Show that a 2-sphere with a positive number of handles attached can not be simply connected.

Hint: Remove two disks and attach a cylinder. Connected sum of tori, induction. m(T?) = Z x Z is no
trivial.

(a) Remove two 2-disks from the surface and attach a 2-cylinder (with each boundary circle glued to the
boundary of one of the removed disks in an orientation-preserving way).

(b) In part (a) of Spring 2018-7, we showed that m (M#N) = 71 (M) = w1 (V). We note that a 2-sphere with
k > 0 handles attached is the connected sum of k — 1 tori (T2 = St x S') where the torus is diffeomorphic
to a 2-sphere with a single handle attached. Thus, by induction, we have 71 (My,) = %' (T?) where My
is a 2-sphere with & handles attached. But we know 71 (7?) = Z x Z so m1(My,) # 0 for all k > 1, showing
that M}, is not simply connected.

Spring 2010-8. (a) Define the degree deg f of a C* map f : S? — S? and prove that deg f as you
present it is well-defined and independent of any choices you need to make in your definition.
(b) Prove in detail that for each integer k (possible negative), there is a C* map f : S2 — S? of
degree k.

Hint: Ssn F*w = SF*S" w since we can view S™ as an n-cycle in the domain S™. Construct fi : S™ — S™ of

degree k using z — zF in S' and suspending.

(a) This is exactly Spring 2013-7.
(b) This is exactly Fall 2022-3.
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Spring 2010-9. Explain how Stokes Theorem for manifolds with boundary gives, as a special case,
the classical divergence theorem (about SSSU divVd(vol), where U is a bounded open set in R? with
smooth boundary and V is a C® vector field on R3).

Hint: §§§,,div(X)aV = §§,,,(X,n)dS for n the outward pointing normal unit vector to M and dS =
1*1,dV the induced volume form on dM. Recall div(X)dV = Lx(dV) and use Cartan’s magic formula.
Consider Y = X — (X, nyn.

This is exactly Fall 2019-1.

Spring 2010-10. (a) Show that every map F : S™ — S! x ... x St (k copies of S!) is null-homotopic
(homotopic to a constant map).
(b) Show that there is a map F : S x --- x S (n copies) — S™ such that F is not null-homotopic.
(c) Show that every map F': S™ — S™ x S™2 x ... x ™ nj+---+ny =n,n; >0,k > 2, has degree
0. (You may use any definition of degree you like, and you may assume F' is C®.)

Hint: 7(S™) = 0 (assuming n > 1) so F lifts to F : S — RF, straight-line homotopy shows F is
nullhomotopic. One point compactification, map an open neighborhood diffeomorphically to S™ — {N}. (c)
Show that F'* sends a volume form to an exact form, implying that it must be zero.

Referenced in: Fall 2008-9, Spring 2008-6.
(a) We must assume n > 1 or else this is false. This is then an easy generalization of Spring 2018-8.

(b) Write T™ for S* x --- x S*. Let U = T" be some open set diffeomorphic to R™ and let V = S™ — {N}
be the n-sphere without the north pole, noting that V = R™ as S™ is the one-point compactification of R".
Define F : T™ — S™ by letting F map U diffeomorphically onto V' and sending all of 7" — U to N. It is
easy to see that this is continuous by construction. Moreover, we can make it smooth if necessary by the
Whitney approximation theorem.

Then, only points in V' can be regular values of F' and any such point is necessarily contained in an open
neighborhood onto which F is a diffeomorphism. In particular, F'~!(z) contains only one point for any z € V/,
showing that deg(F') = 1. But we know that the degree of a map is homotopy invariant and a constant map
has degree 0 so F' cannot be nullhomotopic.

(c) Let 7; denote the projection S™ x --- x S™ — S™ and let w; be a non-vanishing closed n;-form on S™:.
Then, take
w=Twy A A TEWE,

so that w is a non-vanishing closed n-form on S™* x .- x S™. Now, we have
F*w = F*rfw; A+ A F*rfwy.

We know that n; < n for all i so H}j,(S™) = 0, implying that every closed n;-form on S™, such as F*r¥w;,
is exact. Let 6; be such that F*r}w; = df; for all i so

F*w=df; A+ Adb, =d(01 AdbBs A -+ A dOE)

implying that F*w is exact. Then by Stokes’ theorem, since 5™ = 0, we have Ssn F*w = 0. In particular,
if we let the w; be volume forms on S™ respectively, then w is a volume form with SS2 w # 0, implying that
deg(F) = 0 by the definition of F* acting as multiplication by deg(F’) on top cohomology.

Fall 2009

Apparently, this exam doesn’t exist!
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Spring 2009

Spring 2009-1. (a) Show that a closed 1-form # on S x (—1,1) is dF for some function F : S* x
(=1,1) - R if and only if {4, i*6 = 0 where i : S' — S' x (—=1,1) is defined by i(p) = (p,0) for
pe St

(b) Show that a 2-form w on S is df for some 1-form 6 on S* if and only if {4, w = 0.

Hint: Define g(x) = S% w where 7, is path from xy to x. Well-defined since integrating any loop gives 0 by
assumption. Then dg = w. (b) Split into A = §% — {N} and B = S% — {S} which are homotopy equivalent
to R? so we can find an w4 p on each of these. Glue together using the S version of this result which says
since wa — wp is closed, it is exact on the intersection so we can make w global via a bump function.

Referenced in: Spring 2008-4.

(a) Note that S* x (—1,1) is homotopic to S* so i* : H¥(S x (—=1,1)) — H*(S') is an isomorphism for all
k, where i* is induced by the inclusion 7 : S* < S* x (—1,1). Thus, a closed form w on S* x (—1,1) is exact
if and only if *w is exact on S!. But then, this reduces to Spring 2019-5.

(b) This is exactly Spring 2011-4. The other direction is a simple application of Stokes’ theorem.

Spring 2009-2. Suppose that M, N are connected C'® manifolds of the same dimension n > 1 and
F: M — N is a C* map such that dF : T, M — Tpq,) N is surjective for each p € M.

(a) Prove that if M is compact, then F is onto and F' is a covering map.

(b) Find an example of such an everywhere nonsingular equidimensional map where N is compact, F'
is onto, F'~1(p) is finite for each p € N, but F is not a covering map. [A clearly explained pictorial
version of F' will be acceptable; you do not need to have a “formula” for F'.]

Hint: Submersion is open map so onto. Local diffeomorphism implies locally even covering and then piece
together using compact/connected. > : (—0.1,1.1) — St.

This is exactly Spring 2018-1.

Spring 2009-3. (a) Suppose that M is a C™ connected manifold. Prove that, given an open subset
U of M and a finite set of points p1,ps2,...,pr in M, there is a diffeomorphism F' : M — M such
that f({p1,p2,...,pr}) < U. (Suggestion: Construct F' one point at a time.)

(b) Use part (a) to show that if M is compact and the Euler characteristic x(M) = 0, then there is
a vector field on M which vanishes nowhere. You may assume that if a vector field has isolated
zeros, then the sum of the indices at the zero points equals x(M).

Hint: Do each x; — y; separately and compose. Connectedness is required. Sum of indices of isolated zeros
is zero. Put them all in a neighborhood diffeomorphic to a ball and the function on the boundary X,,/||X,||
has degree zero so can be extended into the ball. Define new vector field based on this.

(a) This is a simpler version of Fall 2020-1.
(b) This is exactly part (a) of Fall 2017-7.

Spring 2009-4. A smooth vector field V on R? is said to be “gradient-like” if, for each p € R3, there is
a neighborhood U, of p and a function A, : U, — R — {0} such that A,V on U, is the gradient of some
C* function on U,. Suppose V is nowhere zero on R3. Then show that V is gradient-like if and only if
curl(V) is perpendicular to V at each point of R3.
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Hint: V = P2 +Q
fact that ker(w) is integrable and we can take V = f % Then just compute w A dw and V - curl(V).

(7‘; + R()% is gradient-like if and only if w A dw = 0 for w = Pdz + Qdy + Rdz using the

By part (b) Spring 2012-4 of, we know that V' = P% + Q(ay + R% is gradient-like if and only if w A dw = 0
for w = Pdx + Qdy + Rdz. Then, note that

OR 0Q 0P OR\ 0 oQ 0P\ 0
curl(V) = ((7y_é’z>6x+<az_(7x)(7y+<6x_6y>az’

p(TR QY (P ORY (i@ P
14 curl(V)P(ay 82)+Q(8z 6x)+R(6x ay).

SO

On the other hand,

w A dw= (Pdx + Qdy + Rdz) A (dP A dx +dQ A dy + dR A dz)

= (Pdz + Qdy + Rdz)
/\(aydy/\dx—i-aadz'/\dx+dex/\dy+de2/\dy+gda;/\dz—i-aady/\dz)
(R Q P—Q—Qa—R (j;R>dx/\dy/\dz
ox

B oR 0Q 0P OR 0Q 0P
() o) (- )

so indeed w A dw = 0 if and only if V - curl(V) = 0, i.e., if and only if curl(V) and V are perpendicular.

Spring 2009-5. Suppose that M is a compact C* manifold of dimension n.

(a) Show that there is a positive integer k such that there is an immersion F': M — R¥.
(b) Show that if k& > 2n, there is a (k — 1)-dimensional subspace H of R* such that P o F is an
immersion, where P : R¥ — H is orthogonal projection.

Hint: Finite cover, collection of bump functions.

F: M — RN g s (N (2)d1(2), ..., \e(@)dr(2), M (2), .. ., A (x)). Orthogonal complement of Span(a)
for a a regular value not in the image of g : TM — RL (p,v) > DF,(v).

(a) This is exactly Fall 2011-1.
(b) This is done in Fall 2016-2.

Spring 2009-6. Let Gt (n,R) be the set of n x n matrices with determinant > 0. Note that GI* (n,R)
can be considered to be a subset of R* and this subset is open.

(a) Prove that SI*(n,R) = {A € Gi*(n,R) | det(A) = 1} is a submanifold.
(b) Identify the tangent space of SI™(n,R) at the identity matrix I,,.
(¢) Prove that, for every n x n matrix B, the series I,, + B+ $B*+ B3+ .-+ L B" + ... converges

to some n X n matrix. Notation: this sum = eB.

(d) Prove that if e!Z € ST (n,R) for all t € R, then Tr(B) = 0.
(e) Prove that if Tr(B) = 0, then e? € SI*(n,R). [Suggestion: Use one-parameter subgroups or note
that it suffices to treat complex-diagonalizable B since such are dense.]

Hint: Preimage theorem with A — det(A). Tr(SL(n ,R) ker(d(det);) = {B € M,(R) | Tr(B) = 0}.
Operator norm satisfies ||A™|| < ||A]|™. Show det(exp(A)) = exp(Tr(A)) for (d) and (e).
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Referenced in: Spring 2008-5.
(a) and (b) This is exactly Fall 2010-3 (having GI* (n,R) instead of M, (R) changes nothing).

(c) Let || - || be the operator norm for matrices, i.e., ||A|| = sup{|Az]| | |z| = 1}. We know this norm satisfies
[|[A™]| < [|A]|" so we have

= 0 <[lexp(A)]| < exp([|A]]),

where we have also used the triangle inequality. Now, ||A]|| is just a finite number, so exp(||A||) < oo, showing
that the sequence converges to some n X n matrix since the space of real matrices is complete.

(d) For this, we claim that
det(exp(A)) = exp(Tr(A)).

This is true for a diagonal matrix D = diag(A1,...,A,) since exp(D) is diagonal with diagonal entries
(exp(A1),...,exp(Aa)) so

det(exp(D H exp(A;) = exp (

Then, for a diagonalizable matrix A = PDP~!, we note that A” = (PDP~!)" = PDPP~! implying that
exp(A) = Pexp(D)P~! so

HM:

) = exp(Tr(D)).

det(exp(A)) = det(Pexp(D)P ™) = det(exp(D)) = exp(Tr(D)) = exp(Tr(A)),

where we have used the multiplicity of det, the previous result, and the fact that trace is independent of
base change. Then, since diagonalizable matrices are dense in all matrices, we have shown the claim for all
matrices. Now, e'B € SI*(n,R) implies that det(e!®) = 1 so exp(Tr(tB)) = 1 for all ¢ by the above claim.
In particular, we have exp(tTr(B)) = 1 since trace is linear which implies that Tr(B) = 0.

(e) This follows immediately from the claim in part (d).

Spring 2009-7. (a) Define complex projective space CP".
(b) Calculate the homology of CP". Any systematic method such as Mayer-Vietoris or cellular ho-
mology is acceptable.

Hint: Attach by ¢, : € — CP", (20,...,2n_1) = [20,- -+, 2n_1,t], =4/1 —Zl | %iZi. Hye(CP") =

Loy ® L2y @ - - @ Z(an)-

This is exactly Spring 2021-5.

Spring 2009-8. Let p : E — B be a covering space and f : X — B a map. Define E* = {(x,¢) €
X x B| f(z) = p(e)}. Prove that ¢ : E* — X defined by ¢(z,e) = x is a covering space.

Hint: Evenly cover f(y). Define W, = ¢~(U,) where q((y,%)) = . Then, z — (z,p|f]1f(z)) is inverse to
7T|Wa-

This is exactly part (a) Spring 2017-6 (note that we didn’t use any of the assumptions in part (a)).

Spring 2009-9. (a) Explain carefully and concretely what it means for two (smooth) maps of S!
into R? to be transversal.
(b) Do the same for maps of St into R?.
(c) Explain what it means for transversal maps to be “generic” and prove that they are indeed generic
in the cases of (a) and (b).
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Hint: The two loops must not intersect tangentially. No intersection. We can perturb the maps by an
arbitrarily small amount so as to make them transversal. In our cases, this boils down to moving them apart
or bit or making the intersection non-tangential if it is.

(a) In general, we say that two submanifolds X, Y < Z are transversal if they satisfy
T.X+T,Y =T,7Z, forallz€e X nY.

For two maps f,g : S* — R? to be transversal, we require that for all z € im(f) n im(g) and any y €
fl(x),z € g (x), we have
dfy(T,S") + dg.(T.S") = T,R>.

In this specific case, we note that dim(7,S*) = dim(7,S*) = 1 while dim(7,R?) = 2 so this condition is
equivalent to saying that for any v € TS, w € T,S* neither of df,(v) or dg,(w) is a scalar multiple of the
other (so that the pair is linearly independent and spans a two dimensional vector space). In other words,
this means that the two loops defined by f(S*) and g(S') must not intersect tangentially.

(b) In this case, note that we can never have df,(7,S') + dg.(T.S') = T,R3 since 3 > 1 + 1 so instead, we
must have this being vacuously true. Le., there is no pair x,y € St such that f(z) = g(y) which occurs if
and only if the two loops do not intersect at all.

(c) Generic means that, given any two maps, they may be perturbed by an arbitrarily small amount so that
they are transverse. In fact, we know that whenever any smooth function is not transverse to a smooth
submanifold, we can perturb it an arbitrarily small amount so that it is transverse but we will only prove it
in the two cases above.

For case (a), suppose first that f and g intersect tangentially on a discrete set. Then, we may take small
neighborhoods around each point that are pairwise disjoint. In these neighborhoods, we may take one loop
and move it past the other, creating two non-tangential intersections which are thus transverse. If they
intersect tangentially on a non-discrete set, then these problem areas are open sets on which the two loops
overlap. Here, we can simply translate one map slightly to pull these areas apart so they don’t intersect and
are trivially transverse at these points.

For case (b), we do the same thing, using the extra dimension. If f and g intersect non-tangentially at
f(@) = g(y) = z € R3, then df,(T,S') + dg,(T,S') is a plane in T,R* which we may identify with a
neighborhood of z. Then, we may pull the loops apart in the direction perpendicular to this plane so that
they are no longer intersecting and are thus transverse, completing the proof.

Spring 2009-10. Let M be the 3-manifold with boundary obtained as the union of the two-holed torus
in 3-space and the bounded component of its complement. Let X be the space obtained from M by
deleting k points from the interior of M.

(a) Calculate the fundamental group of X.
(b) Calculate the homology of X.

Hint: Homotopy equivalent to S* v St v \/f:1 S2.Som(X)=Z+*7Z and Hy(X) = Zé) (—BZ%U D Z(0)-

(a) With a little bit of mental gymnastics, one can visualize a homotopy equivalence between X and S! v
Sty \/f=1 S2 as follows. If we were removing 0 points, we can just flatten X down onto the wedge sum of
two circles. For each point that we remove, we have to avoid a closed ball surrounding that point when we
do our flattening. In so doing, we would be left with the wedge sum of two circles onto which are glued k
unit 3-balls with holes in them that we can see each deformation retract onto S2. Thus, we can immediately
calculate using Van Kampen’s theorem:

k
m(X) = m(S' v S v \/ S%) = mi(Sh) x mi(S") b mi(S?) = Z+ L.
i=1

145



(b) Using the same homotopy equivalence noted in part (a), we can immediately see that

Z i=0,
72 i=1,
Hz(X>= 7k i—9

0 otherwise.

Spring 2009-11. Let P be a finite polyhedron.

(a) Define the Euler characteristic x(P) of P.

(b) Prove that if Pj, P, are subpolyhedra of P such that P n P is a point and P, v P, = P, then
X(P) = x(P1) + x(P,) — 1.

(c) Suppose that p : E — P is an n-sheeted covering space of P, that is p~!(z) is n points for each
x € P. Prove that x(E) = nx(P).

Hint: Alternating sum of number of i-simplices. Inclusion-exclusion. Lift characteristic maps, n k-cells for
each k-cell in X.

(a) The Euler characteristic is
X(P) = > 1(~1)'Rank(H;(P)) = »(—1)"(#i-simplices).
i=0 i=0

(b) This is a simple inclusion-exclusion. x(P;) + x(P2) will count over all simplices in P since P; U P, = P,
but will double count the single point in P; n Py accounting for the —1 in the formula for x(P).

(c) This is exactly part (a) of Spring 2023-6.

Spring 2009-12. Let f : T — T = S! x S be a map of the torus inducing f, : 7 (T) — m(T) = ZOZ
and let F' be a matrix representing f.. Prove that the determinant of F' equals the degree of the map f.

Hint: Take abelianization to get map on homology, dualize to get map on cohomology with transpose matrix
representing it. Use Kiinneth theorem and cup product structure on H*(T') to deduce the result

Taking abelianization, we note that the induced homomorphism on first homology
fo Hi(T)> H(T)=ZZ

is represented by precisely the same matrix F' since 7 (T') = Hy(T) is already abelian. Since the ith homology
of T is free and finitely generated for all ¢, we can use the univerisal coefficient theorem to dualize in all
dimensions, obtaining a map

f* L HY(T) — H*(T).

In particular, f* : HY(T) — H'(T) is represented by the transpose matrix F* of F. Let z,y be a basis for
HY(T) with respect to which, F'* is given by
« (o b
P = (c d) .
2

Then, by Kiinneth’s theorem the cup product structure on H*(7T') can be described as follows. In H?(T), 22 =
y? = 0 and @y is a generator with zy = —yx. Then we may compute (using the above matrix)

f*(xy) = (f*2)(f*y) = (ax + cy)(bx + dy) = abx® + adxy + beyx + cdy® = (ad — be)xy.

One definition of degree is that f* : H>(T) = Z — H?(T) = Z is just multiplication by deg(f). So since xy
is a generator for H2(T), we have deg(f) = ad — bc = det F'* = det F' as desired.
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Fall 2008

Fall 2008-1. Let G(k,n) be the collection of all k-dimensional linear subspaces in R".

(a) Define a natural topological and smooth structure on G(k,n), and show that with respect to the
structures you defined, G(k,n) is a compact smooth manifold.
(b) Show that G(k,n) is diffeomorphic to G(n — k, n).

Hint: Gr(kz n) ~ Matk _, (R)/ ~. Deﬁne charts on the subsets with each certain k£ x k submatrix invertible
777 . Dimension is (n — k) x k. Dimension is (n — k) x k. Compact as
it is the quotient of the Stiefel mamfold Vk (R™). (b) Send space to its orthogonal complement.

(a) This is exactly Fall 2022-1. To see that G(k,n) is compact, note that it is a quotient of the Stiefel
manifold Vi (R™) of orthonormal vectors vy, ..., v € R™ given by identifying two lists of vectors if they span
the same k-dimensional subspace of R™. Then, Vi (R") is compact as it is a closed and bounded subset of
R™*,

(b) The diffeomorphism is given by sending a space to its orthogonal complement. Bijectivity is clear and
smoothness follows from the definition of the charts in part (a) though we will not check all the details.

Fall 2008-2. Let M and N be two smooth manifolds, and f : M — N be a smooth map. Assume that
dfy : Ty M — Ty, N is surjective for all z in M and that the inverse image f~1(y) is compact for all y
in N.

(a) Show that for any y in N there is an open neighborhood V' of y such that f=1(V) is diffeomorphic

to V x f=(y).
(b) Assume further that N is connected, can you take V to be N in (a)? (Justify your answer.)

Hint: (a) is actually false, say by exp : (0,1) — S*. Even if we were to assume that f is proper (so that
part (a) is true and f is a covering map), we have the counterexample S — S' < C given by z ~— 2.

(a) This is false. Consider f : (0,1) — S* = C given by z +— €?™@. Then, f~!(1) = & and f~!(z) is a single
point for any other z € S* — {1} so f~!(z) is indeed compact. Moreover, f is clearly smooth and a local
diffeomorphism so df, is indeed a surjection for all x € (0,1). But any neighborhood V of 1 € S! contains a
point in the image of f so f~1(V) # & while f~1(1) = & so V x f71(1) = & which is not correct.

(b) No we cannot. Consider the two-fold cover f : S! — S! given by z ~— 2z2. This satisfies all of the
conditions and, in fact, f is a covering map, but we still cannot take V to be N. Clearly f=1(S') = S! #

St x f7Hy) = 8 < {yy, i}

Fall 2008-3. Let M be a connected smooth manifold. Show that for any two points x and y in M
there is a diffeomorphism f of M such that f(z) =y

Hint: Do it in R™ first and compose along a path.

This is an easier version of Fall 2020-1.

Fall 2008-4. Let 0 = > | (2;dy; — yidx;) be a 1-form defined on R?", where (21,...,Zn, Y1, Yn)
are the coordinates of R?". Consider the 2n — 1 dimensional distribution D = kerf). Is D integrable?
(Justify your answer.)

Hint: Use if and only if 8 A df = 0 condition. Not 0 so not integrable.
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By Fall 2022-4, we simply check if 8 A df = 0. Note that
df = dei A dy; —dy; A dx; = Qdei A dy;.
i=1 i=1

Then,

Ondf=2 Z zidy; A dxj A dy; — yidz; A dzy A dy;

i,j=1

=2 Z xidy; A dxy A dy; — yidx; A dxy A dy;
%]

=2 2 7Iidl‘j AN dy7 A\ dyj — yvdl’7 A\ dl‘j AN dyj + 2 Z SCZ‘dej A\ dyj A dy, + y,dI7 AN dl‘, A\ dyj
1<j 1>7

#0

so ker(#) is not integrable.

Fall 2008-5. Let D be a bounded domain in R™ with a smooth boundary S, j : S — R™ be the inclusion
map and X be a smooth vector field defined on R".

(a) Denote the standard volume form dxzy A -+ A dx, by w. Show that j*(ixw) = (X, N)dS, where
N is the outer unit normal vector field along S, (X, N) is the Euclidean inner product of X and
N. Here ixw is the contraction of w along X, dS is the “area” form on S. Explain carefully the
definition and geometrical meaning of the term “dS”.

(b) Use (a) and Stokes theorem to show that

JD Lxw = L<X, NYdS.

Here Lxw is the Lie derivative of w along X.

Hint: dS = *(iy(w)). (b) T = X — (X, N)N is tangent to M so any T,dtXq,...,dtX,,_; is linearly
dependent so ¢*(i7(dV))(X1, ..., X,—1) = 0. Stokes’ and Cartan.

This is exactly parts (a), (b), and (c) of Fall 2018-5.

Fall 2008-6. Find 71 (T2 — {k pts}), where T2 is the two-dimensional torus.

Hint: Wedge sum of k + 1 circles.

Note that if k = 1, then T? — {p} deformation retracts onto the wedge of two circles. If we remove more
points, then it deformation retracts onto the wedge sum of k + 1 circles so the fundamental group is *fillZ,
the free product of k + 1 copies of Z.

Fall 2008-7. Find the homology groups Hi(A%k)),i = 0,1,...,k. Here A%k) is the k-skeleton of the
n-simplex A,, with k& < n.

Hint: H * (A%k)) = Z(’““) by induction using long exact sequence coming from the mapping cone for inclusion

- k)
ASLk:ll) — Agk_)l. Unreduced has one extra copy of Z in degree 0.

This is exactly Spring 2021-4 (except there we did reduced homology which makes the formula look a bit
cleaner).
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Fall 2008-8. Let G be a topological group with the identity element e. For any two continuous loops
1 and 72 : S — G sending 1 € S! to e € G, define v; * 72 : ST — G by v *72(t) = y1(t) 0 Y2(t) for
t € S'. Here o is the product operation in G.

(a) Show that the product # so defined induces a product structure on 71 (G, e) and that this new
product on 71 (G, e) is the same as the usual one.
(b) Is m1(G, e) commutative? (Justify your answer.)

Hint: Reparameterize with one of the two loops being the identity for the first half, and the second being
the identity for the second half.

This is exactly Fall 2010-8.

Fall 2008-9. (a) Show that any continuous map f : S? — T2 is null-homotopic.
(b) Show that there exists a continuous map f : 7% — S? which is not null-homotopic.

Hint: 71(52%) = 0 so f lifts to F : §2 — R2, straight-line homotopy shows F is nullhomotopic. One point
compactification, map an open neighborhood diffeomorphically to S? — {N}.

This is a specific case of parts (a) and (b) of Spring 2010-10.

Fall 2008-10. Let A and B be two chain complexes with boundary operators 04 and dp respectively, and
f: A — B be a chain map. Define a new chain complex C whose ith chain group is C; = A; ® B; 1 and
whose boundary operator d¢ is defined by dc(a,b) = (04(a), dp(b) + (—1)3°8(%) f(a)) for any (a,b) € C;.
Here A; and B; are the ith chain groups of A and B respectively.

(a) Show that C' so defined is indeed a chain complex and that there is a short exact sequence of chain

complexes:
0-B—->C—->A—-0

sending B; ;1 to C; and C; to A;.

(b) Write down the long exact sequence of the homology groups associated to the short exact sequence
in (a). What is the connecting boundary map in the long exact sequence?

(c) Let (f«)i : H;(A) — H;(B) be the induced map of f on the ith homology groups. Show that
(f«)i : Hi(A) — H;(B) is an isomorphism for all ¢ if and only if H;(C) = 0 for all i.

Hint: Check 6% =0, g; : Bi+1 — C; and h; : C; > A; are chain maps (commute with differential), and this
is an exact sequence. Snake lemma: d;(a) = (—1)f;(a). Look at long exact sequence.

(a) First, we show 02 = 0.

08 (a,b) = 0c(2a(a), 0p(b) + (=1)%# f(a))
= (94(a), 2B(0B(b) + (=1)*EW f(a)) + (=1)15@4 (D) f(0,4(a)))
= (0,03(b) + (=1 (f(a)) + (=1)*5 " f(2a(a)))
= (0,0) + (=1)*V(f(0a(a)) — £(2a(a)))
= (0,0),
where we use the facts that 04 = 0% = 0 and that f is a chain map so dg o f = f 0 d4. Next, we show that
gi : Biy1 — C; and h; : C; — A; are themselves chain maps.
0c(9i(b)) = 0c(0,0) = (0(0), 95 (b) + (—1)" fi(
=(0,05(b) + 0) = g;-1(75
hi(dc(a,b)) = hi(2a(a), dp(b) + (=1)'f.
= da(a) = da(hi(a,b)),

fi(0

)
(b))
i(a))
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showing dc 0 g = godp and 04 o h = ho J¢ as desired. Finally, we show that this sequence is exact at each
i. For this, note that h;(g;(b)) = h;(0,b) = 0 so im(g;) < ker(h;). Conversely, let (a,b) € ker(h;), then a =0
and (a,b) = (0,b) = g;(b) so ker(h;) < im(g;) and we have exactness. Thus, we have a short exact sequence
of chain complexes.

(b) The induced sequence is
- Hi1(B) = H;(C) — Hij(A) 25 Hy(B) — -+,

where 0; : ker(d4) — coker(0p) is the connecting map coming from the snake lemma. In this particular case,
we can describe it more explicitly by considering the following commutative diagram with exact rows:

kel‘(aA)

;

0 Bit1 a i 0

bk

Ai—l — 0

coker(0p)

Given a € ker(da), we can find (a/,b) € C; so that h;(a’,b) = ¢’ = a so o’ = a. By the standard argument
of the snake lemma, our output is independent of this choice so we may as well take b = 0 for simplicity,
i.e., we have (a,0) € C;. This gets mapped to dc(a,0) = (da(a),(—1)'f;(a)) € C;_1 which we know by
commutativity of the right square gets sent to 0 by h;_1, namely d4(a) = 0 as we already knew.

Thus, by exactness of the bottom row, we know there exists a unique ¥ € B; such that g,_1 (V) =
(0a(a),(=1)'fi(a)). We clearly have b’ = (—1)f;(a) and so our map is defined by &;(a) = (—1)'fi(a
which descends to a map on homology by the snake lemma.

(¢) If H;(C) =0 for all 4, then our long exact sequence becomes
c > 0— Hi(A) 2 H(B) > 0— -,

at each degree i. By exactness, we immediately conclude that ¢§; is an isomorphism. Thus, if i is even, §; = f;
is an isomorphism while if 4 is odd, §; = —f; so f; is still an isomorphism with (f;)~! = —5{1.

Conversely, if f; is an isomorphism for all 4, then &; = (—1)%f; is also an isomorphism for all 4, implying that
ker(d;) = coker(d;) = 0 for all ¢ which can only occurs if H;(C) = 0 for all ¢ by considering the long exact
sequence.

Spring 2008

Spring 2008-1. Let M and N be smooth (C®) manifolds, not necessarily of the same dimension, and
F: M — N be a smooth map.

(a) Define the map F* of p-forms on N to p-forms on M,p=0,1,2,....
(b) Prove that, if w is a p-form on N, then F*(dyw) = dp (F*w).

Hint: Precomposition of the coefficient functions by F'. Show induction for function and then for o = dg A 7.
Linearity/locality finishes the proof.

(a) It suffices to give a definition in local coordinates. Let x1,...,x,, be coordinates on N so that a basis
for the space of p-forms on N is given by dx;, A -+ Adz;, for 1 <ip <--- <ip < n. So a general form looks
like

w= Z Gir,yoinATiy A -0 A ATy,

1<ip<--<ip<n
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where g;,,.. i, € C*(N). Then, we define

F*w = 2 (ir,.iip © F)d(xi, o F) A -+ -d(x;, 0 F).

1<ip<--<ip<n

(b) This is exactly Fall 2011-5.

Spring 2008-2. Let M be a C® manifold and X a C* vector field on M.

(a) Suppose X (p) # 0 for some particular p € M. Show, using the ﬂow of X, there is a neighborhood
U of p and a coordinate system (x1,...,2,) on U with X = T on U.

(b) Use part (a) to prove that if ¥ is another O vector field on M with [X,Y] = 0 everywhere on
M, then ¢ (:(p)) = ¥:(ps(p)) for all s,t with |¢| and |s| sufficiently small, where ¢, 1) are the
flows of X and Y respectively. [Suggestion: Write ¥ near p in the coordinate system of part (a).]

Hint: Use local flow ¢ : I x U — U, define ¢(aq,...,a,) = ¢(a1,(0,a9,...,a,)). Show dipy = id so inverse
function theorem gives local inverse (yi,...,yn) = ¥~ 1(z1,...,2,) and this chart is what we want % =V

(¥
Don’t follow suggestion: instead use LxY = limj_, M = 0 for all g, let ¢(t) = (¢fY), be a curve
and show that ¢/(t) = 0 so ¢fY =Y and consider ﬂows correbpondlng to both.

(a) This is exactly Spring 2011-1.
(b) We note that LxY = [X,Y] = 0. Thus, for all g € M, we have

tim Y2 = CiY)a

h—0 h 0.
Let ¢ be a curve in M, given by c(t) = (¢;Y),. Then,
fon g c(t+h) —c(t)
¢(t) = Jim, h
- lim (‘P;kJrhY)p — (@Y )p
h—0 h
— lim wf(wzy)wft(p) - "nywft(p)
h—0 h
— o lim (wzy)wft(p) = Yo ()
gpt h—0 h
=¢;0=0,

where in the last line, we took the point ¢ = ¢*,(p) and used the above equality. Hence, this shows that ¢
is constant, i.e., ¢(t) = ¢(0) for || small enough. Namely, (¢FY), = (¢Y), = Y, so the flows corresponding
to ¢fY and Y are the same. But we know the flow corresponding to ¢fY is ¢ 015 0 p_; while that of Y is
g, giving us the desired relation.

Spring 2008-3. Gauss’s Divergence Theorem asserts that if U is a bounded open set in R?® with
smooth boundary and if X is a smooth vector field defined in a neighborhood of the closure of U, then
§§§, div(X)d(vol) = {§., X - Nd(area) where N is the exterior unit normal to 6U. Show how the
Divergence Theorem follows from Stokes Theorem for differential forms on manifolds with boundary.

Hint: §§§,,div(X)aV = §§,,,(X,n)dS for n the outward pointing normal unit vector to M and dS =
1*1,dV the induced volume form on dM. Recall div(X)dV = Lx(dV) and use Cartan’s magic formula.
Consider Y = X — (X, nyn.

This is exactly Fall 2019-1.
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Spring 2008-4. (a) Let 0 be a 1-form on S? with df = 0. Construct a function f on S? with df = 0.

(b) Let 6 be a 1-form on S* x (0,1) with df = 0. Show that there is a function f : S* x (0,1) - R
with df = 6 if and only if SSlx{1/2} 0 =0.

(c) Use part (b) to show that if w is a 2-form on S? with {g, w = 0, then there is a 1-form 6 on S? with
df = w. [Suggestion: You may assume the Poincaré Lemma so that w = df; on S? — {South pole}
and w = df; on S? — {North pole}. Use Stokes theorem to show f; — 0 satisfies the integral
condition of part (b).]

Hint: Define g(z) = S'y, w where 7, is path from zy to x. Well-defined since integrating any loop gives 0 by
assumption. Then dg = w. (b) Split into A = S? — {N} and B = S? — {S} which are homotopy equivalent
to R? so we can find an w4 p on each of these. Glue together using the S version of this result which says
since wa — wp is closed, it is exact on the intersection so we can make w global via a bump function.

(a) This can actually be proved in the same way as part (c) since we only use there that dw = 0.

(b) and (c). This is exactly Spring 2009-1.

Spring 2008-5. Let SO(3) = the set of all 3 x 3 matrices A with AA® = identity (orthogonal matrices)
and determinant of A = 1. Also, for each 3 x 3 matrix B, let

ot 14 (2) 4 () s

(a) Prove that the infinite series for exp(B) converges for each 3 x 3 matrix B, so that exp is a map
from the space of 3 x 3 matrices to itself.

You may assume from here on that this map is smooth and that the series can be differentiated
term by term to give the differential of the mapping.

(b) Show that the map exp is injective on some neighborhood of the 0 matrix in the space of all 3 x 3
matrices. [Suggestion: Inverse function theorem.]

(c) Prove that exp(B) is in SO(3) if B satisfies B = —B (B is “anti-symmetric”).

(d) Show that the mapping exp restricted to the vector space of 3 x 3 anti-symmetric matrices is a
surjective (onto) map from some neighborhood of the 0 matrix to a neighborhood of the identity
matrix in SO(3). [Suggestion: Note that every element of SO(3) is a rotation around an axis, so
check this case.]

(e) Discuss how to combine parts (b), (c), and (d) to give coordinate charts on SO(3) and thus to
make SO(3) a differentiable manifold.

Hint : Use matrix norm which satisfies ||A™|| < ||A]|™. Differentiate termwise, d(exp) = exp. Show
det(exp(A)) = exp(Tr(A)) and exp(A + B) = exp(A) exp(B) for A, B commuting. Rotation can be sent
to by 0 —0

6 0

(a) This is exactly part (c¢) of Spring 2009-6.

(b) Differentiating termwise, we get d(exp) = exp so d(exp)o(0) = exp(0) = I3 # 0 so by the inverse function
theorem, exp is invertible in some neighborhood the zero matrix. In particular, it must be injective.

(c) By part (d) of Spring 2009-6, we have det(exp(A)) = exp(Tr(A)) for all matrices A. Thus, if B! = —B,
we note that B must have zeros on the diagonal so Tr(B) = 0 and thus det(exp(B)) = exp(0) = 1. Moreover,
we note that for commuting matrices A and B, the formula for exp tells us that exp(A+ B) = exp(A) exp(B)
so in particular,

exp(B) exp(B)" = exp(B) exp(B") = exp(B + B") = exp(B — B) = exp(0) = I3,

showing that exp(B) both has determinant 1 and is orthogonal so must be in SO(3).
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(d) Using the hint, we let A € SO(3) be a rotation about an axis, which up to an orthonormal base change,
is given by

cosf) —sinf 0
A= |[sinf cosf O
0 0 1

It is not too hard to see that (or noting the similarity with complex numbers) taking

0 -6 0

B=|[6 0 0

0 0 0

gives exp(B) = A where B is clearly antisymmetric. Then, it is also clear that exp takes a neighborhood of
0 to a neighborhood of the identity since exp(0) = I and exp is continuous so we are done.

(e) The antisymmetric matrices have a natural smooth structure inherited from M3(R), the space of all 3 x 3
matrices with real entries. Then, (b), (c), and (d) gave us a surjective immersion from the antisymmetric
matrices to SO(3) which we can use to define the charts on SO(3) so that it has the induced smooth
structure.

Spring 2008-6. Let M and N be two compact, oriented manifolds of the same dimension. And let w
be a nowhere vanishing n-form on N with SN w=1. Let F: M — N be a smooth map.

(a) Set deg, F' = §,, F*w. Show that deg,, F" is independent of the choice of w. [You may assume de
Rham’s Theorem.] We shall call the common value the degree of F.

(b) Show that there is a smooth map from S? x S to S* of degree 1.

(c) Show that no map from S* to S? x S? has degree 1.

Hint: wy — wy is exact by de Rham, then use Stokes’ as M has no boundary. One point compactification,
map an open neighborhood diffeomorphically to S™ — {N}. Show that F'* sends a volume form to an exact
form, implying that it must be zero.

(a) Suppose w; and ws are two nowhere vanishing n-forms on N with SN wp = SN wo = 1. Then, by de
Rham’s theorem, we know that w; and ws are in the same cohomology class so w; — wy is exact, say with
w1 — we = dn for some (n — 1)-form 7. Then,

Fean) = | artm = | P -0

M M

deg,, F —deg,, F = J F*w; —f F*uwy = J F*(w; —wy) = J
M M M

by Stokes’ theorem and since 0M = &, showing that the degree is independent of the choice of w.

(b) Follow the method in part (b) of Spring 2010-10, noting that S? x S? is a 4-manifold so has a 4-cell.

(c) This is an easier version of part (c) of Spring 2010-10.

Spring 2008-7. Describe carefully the basic algebraic construction of algebraic topology, namely, how to
go from a short exact sequence of chain complexes to a long exact sequence in homology. Give explicitly,
in particular, the construction of the “connecting homomorphism”, the map where the dimension drops,
and prove exactness at its image, that is, prove that the image of the connecting homomorphism = the
kernel of the map that follows it. [You need not prove exactness of the long exact sequence elsewhere.]

Hint: This is the snake lemma, for which, the art of the diagram chase cannot be hinted at. Show part (b)
as two directions.

This is exactly Spring 2012-5.
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Spring 2008-8. (a) Prove that S™ is simply connected if n > 1.
(b) Prove that 71 (RP") = Zg,n > 1.
(c) Prove that RP" is orientable if n is odd (n > 1).

Hint: Sard’s theorem shows S' — S™ not surjective so factors through map to R®. CW structure with
RP? < RP". Top homology is Z if and only if n is even.

(a) First, we note by Sard’s theorem that since n > 1, any map f : S' — S™ cannot be surjective. This is
because every point in the image of f must be a critical value so the image has measure 0. Thus, f factors
through a map f : S' — S™ — {p} for some p € S™. But we know S™ — {p} is homotopic to R" so we can
think of f as a map f : S' — R™ which means f is nullhomotopic via f, = tf, showing that S™ is simply
connected.

(b) We know that 71 (RP") only depends on the 1- and 2-skeleta of RP™ which we know to be exactly
RP' =~ S! and RP? since we can give RP" a CW structure such that its k-skeleton is RP* for all 0 < k < n.

Then, we know that RP? is formed by attaching a 2-cell to a 1-cell via a degree two map, so it is clear that
71 (RP?) = (a | a®) = Z/27.

(c) We showed this in Spring 2021-6.

Spring 2008-9. Find by any method the homology groups of RP" with integer coefficients.

Hint: One cell in each dimension with double cover for attaching maps. Hg(RP") = Z if k = n and n is odd,
Z/2Z if k < n and k is odd and 0 otherwise.

The result in Fall 2020-7 generalizes trivially (noting the difference between n even and n odd).

Spring 2008-10. (a) Define complex projective space CP".
(b) Show that CP" is compact.
(¢) Show that CP' = S? (homeomorphic is enough).
(d) Show that CP" is simply connected.
(e) Find the homology of CP" (integer coefficients). [Any method will do. But cell complex decom-
position is the easiest.]

Hint: Attach by ¢, : €™ — CP", (20,...,2n_1) = 205+, 20_1,t], t =14/1 72?:—11 2:Z;. Hy(CP") =

Loy ® L2y @ - - @ Z(2p,y and m1(CP") = 0. Compactness and homeomorphism are immediate.

(a), (d), and (e) are done in Spring 2021-5.
(b) This is immediate since we have given CP" a finite CW structure.
(

¢) By the cell decomposition, we know that CP' is formed by gluing a 2-cell to a 0-cell, which is exactly
the same CW structure as S? so they are homeomorphic.

SJhe end...
C == 9
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